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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
Table  Eguation

(X 28101
Inequality ~ Complex

Better Mathematics Learning
with Scientific Calculator




Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section



Limits of sequences (convergence, divergence, and oscillation of infinite sequences

TARGET To understand the convergence, divergence, and oscillation of infinite sequences.

\
\

S —

STUDY GUIDE

Limits of sequences

Convergence of infinite sequences

A sequence of numbers with an infinite number of terms is called an infinite sequence. When n is infinitely large in an
infinite sequence { a.. } and approaches a certain value « (a finite definite value) that has a.. , we say that, “the sequence
{a. }is converging on o, and write it as” lim an = ¢ "or"when n—00, then a, =" Also, we call cx the limiting

n—oo

value of the sequence { a. }.

Jim ~ = 0

n—oc 1
Divergence of infinite sequences
When a sequence { a.. } does not converge, then the sequence { @ } is said to diverge.
When n—00, then a. also increases infinitely, and we say that“sequence { a. } is diverging to positive infinity’, and
write it as”%i_rgo an = 00" or “when n—00, then @, —o0" On the other hand, when n—o0, a, takes a negative value and
its absolute value increases, then we say that “sequence { a. } is diverging to negative infinity’, and write it as
711111010 an = —o0"or"when n—>o0, then @, =—00"
This means that there is no limiting value.
lim n° = oo
n—oo
Also, when a sequence { a. } does not converge but does not diverge to positive infinity or negative infinity, then we say
that the “sequence { a.. } is oscillating. This means that there is no limit %EEC an

lim (—2)" does not exist. (The sequence {(—2)"} is oscillating.)

n—oo

( N\
Limits of sequences
(1) Converging--- Hasalimitvalueax lim a, = ]
n—oc
- Diverges to . o
positive infinity 7%1_{210 an =00  t Hasa limit
(2) Diverging { Divergesto lim a, = —oco
negative infinity n—ro00 ’
| Oscillates ¢+ cccccecececccccceceee.. Has no limit

\ J

16. Limits 1



Properties of limits of sequences

When the sequence {an},{bn} is convergingand lim an = a, lim by, = 3, then the following holds.
n—oo n—oo

4 )
(1) lim ka, = ko (kisaconstant)

n—oo

(2) lim(an, £b,)=a=x 3 (doublesign same order)

n—00

(3) ALIEO a.b, = af
lim =2 (B=0
@ limt= (5=

. J

In particular, from (1) and (2), we get lim (kan £ Ibn) = ka2 13 (k [ are constants with double signs in same order).

N —o0

Note that for sequences {an},{bn}, when hm an = oo, lim by = 0, itis not always the case that lim anbn = 0.

Nn—oo n—oo

1
B2 When an=n’bn = we get lim an = oo, lim bn = 0, but it becomes lim anbn = lim n = oo.

Nn—o0

How to find the limits of indeterminate forms

00 0
When determining the limits of sequences, we say that forms like —, 00—00, X0, 6 , etc. are indeterminate forms.
(0.¢]

Usually, we transform and calculate them as follows.
. . m P . .
(1) For the fractional expression (; ) we divide the denominator and numerator by the highest order term of the

denominator.

3n2 -n 3
lim 5 = lim no_ 5
n—oo n—o0
n’ 2+

(2) Forthe polynomial expression (0c0—00), we factor it out by using the highest order term.
4

—| =0
,,,LQ

lim (n? —2n +4) = lim n?

n—oo Nn—oo

2
1-=+
n

(3) For the irrational expression (co—00), we rationalize the numerator or the denominator.

n+2-n
To rationalize the numerator ~ lim (\/n +2 — \/— =0

li =1li
e ”ﬂ\/nJr +n ”ﬂ\/nJr +n

16. Limits

2



EAENCIOE

@ Find the limits of the following.

o4Ant+2n—1
(1) 11m2—
n—< N-—nm-—3
2 1
4
. n
=1 =4
)
n n’
(3) limﬂ
i (0 +2) (1 + 3)
5
277
= lim —— n 57 =2
n n

n

(5) lim %2(8/1: -3)

’n/—soo/n/ k‘:1
o1 1 o 4An*+n
= lim —1{8-—n(n+1)—3n;= lim ———
. 1
=lim|4+—|=14
n—oo n
(7) lim(2n —+4n* +n)
n—oo
o 4An*—(4n*+n) -n
= hm IEE———— S 1 1 1 £ ey
e on AN+ TR 2n 4Rt +n
-1 1
= lim ————=

Nn—oo 1
2+ J4+—
n

n—4n
(2) 1
n— 5n? — 3n
1
——4
n
4
4 5

(6) lim(5n —4n?)

N—o0

= lim n’

Nn—oo

5
——4]=—oo
n

. 2
2(\/n+3+\/ﬁ) 2(\/TL—+3+\/5)

= lim —————— = lim —
new MA+3-m

n—oo 3

13

16. Limits 3



PRACTICE

@  Find the limits of the following.

n®—5n*+2
(1) lim —
n—oo 6n —1

2 _ 2
n’—5n+
n

= lim
n—oo ]_

6— —
n
. 52
n 1—7+73
n n

= lim
—00 1

n 6_7
n

(3)  Jim {log,(n +3) ~log, (4n 1)}

. n+3
= lim log, 1

n—oo n —

= lim log,
n—oo

4 —

1 ! 2
= log, — = —
g24

(5) lim 132":k2

neee 3N° 5=

1 1
= lim{ ; -—n(n+1)(2n+1)}
n—oo | 3N, 6

. (n+1(2n+1)
= lim 5
n—o0 18n
1 1
1+—|12+—
. n n 1
= lim = —

(7) TLim(n? +3n —vn* —n)

. n*+3n—(n*—n)
= lim
"H""\/n2+3n—|—\/n2—n

= lim an
frree \/'n,2 +3n +Vn?—n
. 4

= lim =2

1+~ +,1——
n n

1+~

(@) 1 5n% +1
m —————_
n—o (M +2)(n + 4)

1
5+—
2

n
1+~

ol

=5

= lim

nN—oo

—2

(6) lim(8+3n—n?)

8.3
n’ n

. 2
= lim n
n—o00

= —O0

. 1
8 ’ILEEOx/ﬁ(\/nH —Jn—-1)

. Jn+2+n—1
o In{n+2—(n—1)}
Jn+2+Jn—1

3Vn

1J 2 J 1] 2 9
1+=+1—=|=2 2
3 n n|”3 3

= lim
n—o0

= lim —
2 n—o00

16.Limits 4



EXTRA Info.

Use the scientific calculator to confirm the limits of sequences.

This section introduces a method to confirm the limits of infinite sequences by using the VARIABLE function of the

scientific calculator.

After inputting the general term of the sequence and substituting a value with a large number of digits, we can find the

same results by using regular calculations to derive the limits.

6n° +3n —4
Use the scientific calculator to confirm the limit of lim ————=
n—o 2n* —5m +1

62> +3x—4

Confirm by substituting 10" for in the formula .
207 —5xr +1

Press @), select [Calculate], press

I\l A
Statistics  Distribution

Xy=0
Spreadsheet  Table  Equation
62 + 31 —4
Input ———. bt
20" =5 +1 Bx +3x—4
BOX@PODODVRO@OO®DD® |222-5x+1
In the VARIABLE screen, input [x=10" (*)]. - . Ex;25+m3x—4 s
AOOOOO@OO® O@ [ % 22’ —5x+1
] " 3
* If you set too large a value to be substituted, the scientific calculator may stop processing the operation.
We recommend using the values given as examples in this manual while "
doing the exercises.
(If processing stops, press the clear button (D to recover.)
1 n
Use the scientific calculator to confirm the limit of Tllim FZ(% —4)=4,
— k=1
1 A
Confirm by substituting 10 for A in the formula FZ(&T —4).
r=1
1 A
Input FZ<8$_4)' —,'51 T ry
r=1 — 2. (Bx—4)
0ICIOIOISIOICITIVIVITIOIOICIOCIVIOINIOIONI 3=
In the VARIABLE screen, input [A=10"]. b 5 e i
- - — 2, (Bx—4)
DO0PO® O [J 0 a5 8%
=0 »=0
z=00 i |

16.Limits 5



Squeeze theorem g /

TARGET To understand the squeeze theorem and how to use it.

STUDY GUIDE

Squeeze theorem

For the converging sequence {@n},{bn}, when we have lim an = , lim b, = [3, then the following holds.

n—oo n—o0

( )
Limit values and magnitude relationship of sequences

a,<b, = a<pg
Squeeze theorem
a,<c,<b, anda=3 = sequence {c,} alsoconverges,

for lim ¢, = «¢
n—oo
\_ J

Even when it is difficult to directly find the limit of a sequence {cn}, by using the squeeze theorem, we can find the

limit value of the sequence {cn} from the limit values of the sequences {@n},{bn} .

RERCIS|

1
L

@  Find the limits of the following when 7 is a natural number.

(1) lim —sinnm
n—oo M,

. 1 1 . 1
From —1<sin n7 <1, by dividing each side by n(n>0), we get - < —sinnm < o

1 1 1 .
Now, because lim [— —] = (, lim — = 0, the squeeze theorem gives us lim —smnm = 0.
n—oo0 n n—oo N, n—oo N

N
lim —smnmT =0

n—oo N,
—1)"
2 tim Y
n—oo n
When nis even (—1)" =1 orwhen nis odd, because (—1)" = —1, we get —1<(—1)" <1.
. . 1 (=" 1
By dividing each side by m(n>0), we get —— <——< —.
n n n
, 1 1 . ="
Now, because lim |—=—|= 0, lim — = 0, the squeeze theorem gives us lim =0,
N—o0 n n—oo 1, n—oo n
. (=1)"
lim =1 =0
n—oo n

16.Limits 6



371

R
3" 3-3..3 _3-3-3n3-3 3 3" 3
When n>3, we get o 1oom s 1'2.3\3'” o . Therefore, we get 0 < o
3 n
Now, because hm 3 0, the squeeze theorem gives us lim — = 0.
2n N—oc0 ’fL' 371,
lim — =0
n—oo ’n,'
PRACTICE
@ Find the limits of the following when mis a natural number.
(1) lim lcosgn—ﬂ
n—co N 4
3n 1 3n71' 1
From —1< cos <1 by dividing each side by n(n>0), we get — — < —cos——<—
n n 4 n’
Now, because lim [— —] =0, hm — = 0, from the squeeze theorem,
n—o00 n—oco N,
Inm
we get lim —cos =0. 1 Inm
n—oo M 4 lim —cos—— =0
n n—oo M,
(2) lim o
| 4" 4-4..4 _4-4-4-44-4 4
When >4, we get — = < =,
n! 1:2..m 1.2-3- 44N
4" 4*
Therefore, weget 0 < — <—
n!~ 6n’
4" n
Now, because lim — = 0, the squeeze theorem gives us lim — = 0. n
lim — = 0
n—oo N,
(3) lim _taHQTL_W
n—co N 3

Because 71 is a natural number, for the value of tan nm we get 0 when
n=3m(m=1,2,3,...); ’

we get —/3 when n=3m+1(m=0, 1, 2, ...); and we get J3 when
n=3m+2(m=o, 1,2, ...).

2
Therefore, from —/3 <tan % <3, by dividing each side by 1(12>>0),

2nm \/_

we get ——3§—ta —<—
n o n 3
\/_

Now, because lim |———

n—00

3
=0, lim P = 0, from the squeeze theorem,
n—00

noo M, 3 ’ lim —tan—— =0

n—oo M,

2
we get lim —tanﬂ =0 1 2NTT

16. Limits 7



Limits of infinite geometric sequences

TARGET To understand how to find the limits of infinite geometric sequences and the limits of sequences
expressed as geometric sequences.

STUDY GUIDE

Limits of infinite geometric sequences
The sequence a,ar, ar’,---,ar™ "', iscalled a geometric sequence of g, the first term, with a common ratio of 7.

The limits of an infinite geometric sequence {r"} with a first term of 7and a common ratio of 7 are outlined below.

4 )
When 7>1, then lim 7" = oco.

n—oo

When 7=1, then lim " =1.

n—o0

When || <1(—1<7<1), then lim " = 0.

n—oo

| When r<—1, then the sequence {r"} oscillates.

9>1,50 lim 2" = oo
n—oo

n
Since |[——| <1, then lim [—z] =0.
n—oo 3
—2<—1,50 lim(—2)" does not exist. (The sequence {(—2)"} is oscillating.)

n—oo

Conditions for convergence of geometric sequences

From the limits of infinite geometric sequences described above, the following holds.

Thesequence {r"} converges < —1<r<1

The sequence {ar™ '} converges < a=0or —1<7r<1

RERCIS|

i
|11
1

Find the limits of the following.

27L+1 _ 37’L+1
(1) lim

We can find the limits by dividing the denominator and numerator by 3", which has a large base, such that the

denominator converges,

n
2
2[] 3
n+1 3n+1 3
to give us TILIEEC 3 on :}nglo o7 =3
1— 3 _3

16.Limits 8



(2) lLm(3" —2")

n—oo

n
. . 2
Factor out 3" to find the limit, so we get lim (3" —2") = lim 3" {1 — [5} =00,

n—oo Nn—oo
oo
-5 n
(3) im ( )
n—oo 3" —1 5\
Divide the denominator and numerator by 3", to get lim = lim ———.
Nn—oo

3" =1 ne> ()"
17 J—
)

n
Now, when n—o9, the sequence [[_g] ] oscillates, so there is no limit.

Has no limit

n
4m — 3" -3
4" —3" on 4
iy e Y O L e
1 - 217, 1 - Z
1
Find the ranges of values x, such that the following infinite geometric sequences converge.
T n
(1) {=
3
T T _
Since the common ratio is g , conditions for convergence are —1< 5 <1, so we find the range of values for s
—3<x<3.
—3<x<3
(2) {z(z—4)"}
Since the first term is 2{2—4) and the common ratio is £—4, the conditions for convergence are 2(x—4)=0 or
—1<z—4<1.
From a(x—4)=0, we get £=0,4 ...(i)
From —1<x—4<1, we get 3<z<5 ...(ii)
From (i) and (ii), the range of values we find for 2 is =0 or 3<x<5.
=0, 3<x<5

16.Limits 9



PRACTICE

Find the limits of the following.
4n+1 _ 3"1

W

3
4n+1 3n 4_ Z
= lim — = lim =4
4
(2) 1lim ”;18”
s 9
5 n
8" {l=| —1
8 5 n
= lim - = lim 2" [—] —1{=—00
(3) lim (\/3—\/5)"
N—o00 no_ /3"
n n
V543 3
s . 5
= lim = lim ——F—==0
—00 n —00 n
5 5 0
(4) fm =Y
nex 142"
1 n
2] —(=1)"
= lim p
n—oo 1
[ ] 1
2

Now, when nn— o0, the sequence {(—1)"} oscillates, so there is no limit.
Has no limit

Find the ranges of values ;, such that the infinite geometric sequence {(z> —x —1)"} converges.

Since the common ratio is £ — « — 1, the condition for convergence is

—1<z’* —z—1<1.

From —1<z’—x—1,weget x’ —x > 0,x(x —1) > 0,s0 x<0and 1< ...(i)

Fromz’ —x—1<1l,weget £’ —x—2<0or (z+1)(x—2)<0,s0 —1<x<2 ...(ii)

From (i) and (ii), the range of values we find for xis —1<x<0or 1<x<2.
—1<2<0, 1<xL2

16. Limits 10



EXTRA Info.

Use the scientific calculator to confirm the limits of infinite geometric sequences.

Confirm the limits of infinite geometric sequences by using the VARIABLE function of the scientific calculator.

27L+1 +37L+1
- Use the scientific calculator to confirm the limit of Tllim W =3
. . , . 2$+1 Jr?)JE-H
Confirm by substituting 10” for zin the formula W
Press @), select [Calculate], press
2x+1 +31'+1
TN P
CIBISIGICIOISIOCIOISIGICIOIVIOISIGISIOIOIGIG N IETFTT
In the VARIABLE screen, input [2=10]. = B0 S+ fam
DOOOVOO®® O® [ = Erra
9=0
16. Limits 11
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L /
° ° g /
Recurrence formula and limits
To understand how to find the limits of sequences defined by the recurrence formula.

STUDY GUIDE

Recurrence formula and general terms

The general terms of a sequence defined by the recurrence formula between 2 adjacent terms is found mainly by the

following methods.

(a) Use the characteristic equation to transform the recurrence
formula and solve as a geometric sequence.

(b) Use asequence of differences.

(c) Predict general terms and prove them by mathematical induction.)

Recurrence formula and limits

The limit of a sequence defined by the recurrence formula is found by determining the limit of the general terms found by

the above methods.

AEREIS|

|
L

@ Find the limits of the sequences {an} defined as follows. Provided that 7is a natural number.
1
(1) a1 =Lan = 5 an -2
. . 1 1
From the characteristic equation ¢ = Ea —2,we can get Ea =2 a=—-4.
1
Therefore, we can transform the recurrence formulato an+1 +4 = E(Gn +4).
1

The sequence {an + 4} has a first term of (a1+4=)5 and is a geometric sequence with a common ratio of —, so we

1 n-1 2

5 .

1

n—1 n—1
1 . .
Therefore, since an = 5[—] —4,weget lim an = lim [5[—] — 4} =—4.
2 n—oo n—oo 2

getan+4=>5

(2) @=1, 4"ann = 4"an +12

n—-1 n—1
1 1
From 4" an+1 = 4" an + 12, we get Gn+1 = an + 3[2 ,an+1— Gn = 3[2] .

3

—1

k-1
n—1 1
Thus, an = a1 + (ak+1—ak)=1+23[z] =1+
k=1

el
[l

1

n—oo

n—2
1
Therefore, we get }Lim an = lim [5 - [Z] ] =5,

| e

16. Limits 12



PRACTICE

Find the limits of the sequences {an} defined as follows. Provided that 7 is a natural number.

1
(1) m=5H, An+1 = _Ean +4

1 4
From the characteristic equation o = — 3 «a +4,we can get 3 a=4,u0=3.
1
Therefore, we can transform the recurrence formulato a,+; —3 = — 3 (an—3).
The sequence {@, — 3} has a first term of (5—3=)2 and is a geometric sequence with
n—1

, 1 1

a common ratio of BEX soweget a, —3 =2 3

n—1 n-1
1
Therefore, since a,, = 2|—— +3,weget lim a, = lim {2|—— +3;=3
(2) w=4, 3"an+ =3"an—2"
n n
n n n — 2
From3"a,.,. =3"a, —2",weget an = ap — |- ,anﬂ—an——g
n—1
2 2
R 1 — | —
n—1 n—1 k 3 3 n-t
2 2
an:a1+2(ak+1—ak):4_ [_] -4 — =4—2411—1|—
k=1 k=1 3 1— E 3
2" 5
=2+3 3 (n=2)
2 n
Therefore, we get lim a,, = lim {2+ 3 —] = 2.

Find the limit value lim an , given bn = log, an, of the sequence {an} defined as a1=32, Gn+1 = 43/an .

Because a; > 0, then inductively from @+ = 43/an , for all natural numbers 1 we
geta, >0.

Then, we take the logarithm using as a base the 2 on both sides of the recurrence formula.
1

A 1
log, an. =log, 43/a,, = log, 4+ log, 3/a, =log, a,* +log, 2* = Elog2 an+2
1
Now, given b, = log, a,, we can get b,,.; = gb" +2 ...(1)

1 2
From the characteristic equation o = 3 a + 2, we can get 3 a=2,u=3.

1
From this, we can transform the recurrence formula (i) to b+, —3 = 5 (bn, —3).
Since the sequence {b, — 3} is a geometric sequence with a first term of

1
(b; —3 =log, 32 —3 = 5 — 3 =)2 and a common ratio of 3

n—1 n-1

+3t=3.

1
then from b, — 3 =2 [E

n—oo n—oo

n-1
1
+3,we can get lim b, = lim 2[—

,bn=z[1
3

From b, =log, an,so a, = 2", which givesus lim a, = lim 2’ = 2% =38, ]
n—oo n—oo

16. Limits 13
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Convergence and divergence of infinite series

TARGET To understand the convergence and divergence of infinite series and how to find their sums.

-

3\

STUDY GUIDE

Convergence and divergence of infinite series

Infinite series

An expression of an infinite sequence {@n}, in which each term is connected by the “+"symbol
a+a:+as+--+an+-- and Zan Jis called an infinite series, and a sum S of its terms from the first term to

n=1
the n-th term is called a partial sum.

n
Sn=Y k=a:+a:+as++an
k=1

Sums of infinite series

The sequence { S } of the partial sum of an infinite series Zan converges, such that its limit value is S, giving us

n=1
n o0
S = lim Sn = lim Y@k = Y an,and we call this Sthe sum of the infinite series.
Nn—oo Nn—o0 k=1 n=1
Convergence and divergence of infinite series
4 )

(1) Za’n converges < Sequence {5} converges

n=1

(2) Zan diverges < Sequence {5} diverges

n=1
\. J

Convergence and divergence of infinite series and limits of sequences

4 )

(3) Za’n converges = lima,, =0

n=1 n—00

(4) lima,=0 = Zan diverges

Proof of (3)

Given that Y @n converges and its sum is S, then lim an = lim (Sn — Sn-1) = lim Sy — lim Sna =S5 -8 = 0.

n=1 Nn—o00 Nn—o0 Nn—o00 n—oo

Converse of (3) and (4)
The converse of (3) and (4) does not hold.

16. Limits 14
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@ Determine whether the following infinite series converge or diverge, and if they converge, find their sum.

1 1
(1) —+-—+—+
1.2 2-3 3-4 (n+1)
1 1
Bytransformatlon
n n+1
1 1
Sn=|1- 4+t =1-
n+1 n+1

Therefore, because hm Sn = lim [1 — m] =1, this series converges and the sumis 1.
n—oo

Converges and the sumiis 1

1 1 1 1
n + b ———
1+v3 V2+2 V3445 Jn ++n +2

1 Ant2-n _ W
Jnidnia n+2-n n+2-n).s

Sn:%{(ﬁ—1)+(Z—\/§)+(¥§\—ﬁ)+--~+(\/n+2—ﬁ)}:%(\/nw +n+1-+2 -1

By transformation

Therefore, because lim Sn = hm Wn+2+yn+1- \/5 —1) = o0, this series diverges to positive infinity.

n—oo N—oo

Diverges to positive infinity

2 2 2
B) = +—+—++—
3 15 35 4n” —1

2 2 1 1
By transformation —;
m’—1 @n-D@n+1 2m-1 2m+1’

RN

Therefore, because lim S» = lim [1 o

1
2n +1

Sn = +oot

% 1 2n+1

=1, this series converges and the sum is 1.

+1

Nn—oo n—oo

Converges and the sumiis 1

16. Limits 15



PRACTICE

@ Determine whether the following infinite series converge or diverge, and if they converge, find their sum.

6 6 6 6

O s e T omry
6 1 1
By transformation =3 so
(n+1)n+3 n+1 n+3|
S =31~ ot
" 2 f{-l-l n+3
5 1
=3{—— +
{6 n+2 n+3
. . 5 1 1 5 . .
Therefore, because lim S, = lim 3{— — — = —, this series
N—00 Nn—o00 6 n+2 mn-+3 2

converges and the sum is 2" 5
Converges and the sum is Py

1

1 1 1
? \/2+2+2+\/6+\/6+2\/2+m+ 2n +2n +2
1 _N2n+2—+2n \/ \/7 \/—

By transformation \/—+m M+ 2 —9n
5= Y2 (2 1+ (5 V) + a—ﬁ>+-~+<fn+ — )
:%(«/n—i—l—l)

Therefore, because lim S, = lim ﬁ (vn +1—1) = oo, this series diverges to

n—oo n—oo
positive infinity.
Diverges to positive infinity
(3) LRI R L +
3 3+5 3+5+7 3+5+7+--+02n+1)
By transf ; 1 1 1[1 1
y transformation = =—|————|,so
1
3+5+7+--+(2n+1) 7n(2n+4) 2ln n+2
1 1 1
Sn==11— X |+|=— et
2 2 n+2
13
= —4—— +
2|2 (n+1 n+2
113 1 1 3
Therefore, because lim S, = lim —{— — + = —, this series
N—oo n—oo 2 | 2 n+1 n+2 4

3
converges and the sum is R 3
Converges and the sum is 2

16. Limits 16
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EXTRA Info.

Use the scientific calculator to confirm the sums of infinite series.

Confirm the sums of infinite series by using the VARIABLE function of the scientific calculator.

B Use the scientific calculator to confirm —— + —— + —— + -+ e Y 3
d _— _— _— _— o= 1Im = —
se the scientific calculator to con mi st a3 nn 12) lim 2 3+ 5
A 2
Confirm by substituting 10” for A in the formula Z—
Srr+2)
Press @), select [Calculate], press
MpUtE: x—%Q) o 3
Z R E—
CIICIVITISICIGICIGIOCINIOIVIOINIONO; x=1[x‘x"‘2’ ]
In the VARIABLE screen, input [A=10"]. o L, 5 i
BOEP6 O [ 09 2 (zary)
] i 1. 498002995
Use the scientific calculator to confirm
Lyt L et ! Fe= lim Y ! lim 3 = 2
1 142 1+2+3 14243 +4n a1+ 243++k awikk+1y o
A
Confirm by substituting 10” for A in the formula ZL
23w+

Input Z

r=1

xx+D

i 2
PBVOBOOBRODODOVDDD® b Zwry)

In the VARIABLE screen, input [A=10"].

OO®O® O

C
E
ks
2

R e

@ T O m
[T RTI

Lo e o i o }

1.998001598

16. Limits
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Convergence and divergence of infinite geometric serie

TARGET To understand the convergence and divergence of infinite geometric series and their sums.

= 4

STUDY GUIDE

Convergence and divergence of infinite geometric series

o0
From the convergence and divergence of the infinite geometric series Z:a/r'"_1 =a+ar+ar’+---+ar"t+-,
n=1

we can derive the following.

4 \
If a=0

When | 7|<1, the series converges, and the sum is given by
a

a o0
el DO
1—r |42 1—7r

When |7 >1, the series diverges.
If a=0

The series converges and the sum is 0.
\ J

Infinite geometric series and recurring decimals

We can express recurring decimals as fractions by using the concept of infinite geometric series.

36
. 00 36 4
0.36 = 0.36 + 0.0036 + 0.000036 + - = —00 2 _ =
R TINT!

100

AERGIS|

nn
11
1

Determine whether the following infinite geometric series converge or diverge, and if they converge, find their sum.

(1) J2-2+2J2 —4+-

2
The first term is not 0, the common ratio is T = —\/5 ,and because | —\/5| >1, it diverges.

2
Diverges
2 4 8
(2 1+=+—+—+
3 9 27
. 2 2 :
The first term is 1, the common ratio is E,and because 3 <1, it converges.
. 1
So the sum is 2 =3.
1—— .
3 Converges and the sum is 3

16. Limits 18



Find the ranges of values of &, such that the following infinite geometric series converge.
(1) z+z@-2)+z2—-2)+-
Since the first term is zzand the common ratio is 2—, the conditions for convergence are =0 or |2—x|<1.
From |2—2]<1, we get —1<2—2<1 and 1<z<3.

Therefore, the range we find is =0 and 1<x<3.

r=0,1<x<3

(2) 1+log, x + (log, x)* + -
Since the first term is 1 and the common ratio is log, &, the condition for convergence is | log, « [<1.

Therefore, from —1<log, <1 we get 271 < < 2. Also, this satisfies the anti-logarithm condition 2>0.

1
Therefore, the range we findis — < x <2. 1
2 5 <T<2

PRACTICE

Determine whether the following infinite geometric series converge or diverge, and if they converge, find their sum.

1,1 2 4
(1) -4+t —+
2 3 9 27

1 1 1 2 2
The first term is E' the common ratiois — = 5 = E, and because E <1,it
converges.
1
Soth i _3
o the sumis LR 3
1—3 Converges and the sum is P
W3

(2) 12—4\/§+4—T+~--

The first term is 12, the common ratio is

—4+/3 V3 3
—— = ——,and because ——| <1,
. 12 3 3

it converges.

12
Sothesumis —— = 18—6\/5.

1+ \/33 Converges and the sum is 18 — 6\/5

(3) —3+3-3+3—--

The first term is not 0, the common ratio is —1, so because | —1|>1, it diverges.
Diverges

16. Limits 19



4) +v3)-B+3)+6-(18-6y3)+

3443

= —3++3 ,and because
2++/3

The first term is not 0, the common ratio is —
| —3 + J3 |>1, it diverges.

Diverges

Find the ranges of values of &, such that the following infinite geometric series converge.
(1) 1+ax@+2)+2’(x+2) +--
Since the first term is 1 and the common ratio is 2(x+2), the condition for
convergence is | x(x+2)| <1, which gives us —1<x(x+2)<1.
From —1<x(x+2),weget ° +2x+1>0,(x +1)* > 0, = —1 ...(i)
From x(x+2)<1,weget £’ +2x—1<0,—1— J2 <z<—1+42 ...(ii)
From (i) and (ii), the range we find is —1 — J2 <z < —1,-1<x<-1+ J2.

12 <z<—1-1<xz<—-1++2

(2) 1—-2cosx+4cos’z—8cos® z +-- (0<z<2m)

The first term is 1, the common ratio is —2cos ¢, so 1

the condition for convergence is | —2 cos x | <1, so

—1<—2cosx <1, 3 .
togiveus—%<cosm<%. -1 —% 0 % !

Because 0< <27, the range we find is

T 2 4 5
—<zr<—m—rn<rl—"T.
3 3 3 3

16. Limits 20
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EXTRA Info.

Use the scientific calculator to confirm the sums of infinite geometric series.

Confirm the sums of infinite geometric series by using the VARIABLE function of the scientific calculator.

I

A
Confirm by substituting 10” for A in the formula » ,1-

Press @), select [Calculate], press

A 1 T—1
Input » 1+-|=| .
= 2

r=1

In the VARIABLE screen, input [A=10"].

1
Use the scientific calculator to confirm the infinite geometric series g =t —+"-

Confirm by substituting 10” for A in the formula Z ] _ .
Input ié[%] _ .
CITIOIVITIOICIOIOICIOICIOIOIOISIGICIOIVIOINIOO)

A

r=1

In the VARIABLE screen, input [A=10"].
@O0®® O®

3

|

1

3

QO0O®D® O®

1 1 =
Use the scientific calculator to confirm the infinite geometric series 1+ B + 7 +- = ZL

-

n=

CITIVIVITIOICI0ICIOISIOISIGICIOIVIOINIONO

1

@ T O m
[T RTI

Lo e o i o }

C
E
ks
2

R e

9

1
27

@ T O m
[T T RTIN
L o o o |

C=
E=i
=]
==

R e

=
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Properties of infinite series /

TARGET To understand how to find sums by using the properties of infinite series.

STUDY GUIDE

Properties of sums of infinite series
Zan =Sand an =T Then, for the sums of

n=1 n=1

Given that the infinite series Zan and an converge such that
n=1

n=1

infinite series, we can derive the following from the properties of limits of sequences.

4 )
(1) Zkan = kS (kisa constant)
(2) (an, £b,) =85 T (double sign same order)
From (1) and (2): E(ka,n +1b,)=kS £1IT

\(kand lare constan::l;nd double sign same order) )

XERCISE

i

@  Find the sums of the following infinite series.

n=1
= (L2 5
1
Now, because 5 <1, E <1, both the infinite geometric series, which are their common ratios, converge.

n-1 n—1 n—1 n-1
1 1 >\ 1 =1 1 1 5 3
Therefore, — = = = — = = - —9_Z_Z
Z|[2 3 ] 3 I e

2

NS
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n

4 4

Now, with these infinite geometric series, for Z[—] ,the first term is E and the common ratio is g :and for
n=1

n=1

n
>3 3 3
Z[—] ,the first term is g and the common ratio is g

4 3
Both of their common ratios are = <land = <1, so both of these infinite geometric series converge.
4 3
o 4 n 3 n o 4 n o 3 n g g 3 5
Therefore, Z = —|T :Z - —Z —| T 4=
= 5 e ) nei( 4 3 2
I-— 1-— 5
5 5 —
2
(3) > L sinT
n= 3" 2
Consider 4 separate cases depending on the value given to nin Sin%, given mis a natural number.
If n=4m—3 then sinnTW =1;if n=4m—2 or 4mthen sinng =0; and if n=4m—1 then simn2—7T =—1.
Therefore, S —sin 20 = L Loor Loy Lo tas t o Lo =04
ere Ore’ n 2 3 32 33 34 35 36 7 38
1111
3 33 35 37
1 1) 1)
This is an infinite geometric series with a first term of 3 and a common ratio of — [5] ,and it converges because |— [g <1.
1
=1 3
Therefore, the sum we find is Z—Sln— -3 =—. 3
3" 1V T9+1 10 -
s 10
@ Find the sums of the following infinite series.
|1 1
1 2[3 2n1]
n n—1
=311 13 ]
~s) |2
1 P . . . .
Now, because 3 <1,|=| <1, both the infinite geometric series, which are their
common ratios, converge.
a 1
00 n n—1 00 n 00 n—1 —
1 1 1 1 3 1 1
Therefore,2<— —|= ZZ— —Z— = - =——2=——
=t |3 2 o1 3 pryu _l 1_1 2
) 2
3
2
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4n+1

[] i

1
<l,|—

002711
)

n=1

Now, because |— < 1, both the infinite geometric series, which are their

common ratios, converge.

n-1 n-1 -1 n-1
=11 1 = 1(1)" =1 I 1 1 1 25
—1= 22| =) <~ = =12 =—+4="—",
Therefore,nZ:1 8[4 [2] 25| nZ:l [2] 8 1_1 1_1 6 6
4 2
25
s 6
°°3"1+ —1

<1,

Now, because 5 — E‘ < 1, both the infinite geometric series, which are their

common ratios, converge.

n-1 n n-1 n
= [1(3 ) (s &1 1 1 1 111
—|— +|—— = —|— + — | =—- — = —— — = —
Therefore, ), [ [5] Z:5[5] Z[ 5] 5 3 5 1 2 6 3
5

n=1 5 5 n=1 n=1

L
) 3

(4 > 2% cosnmw

n=1

Consider 2 separate cases depending on the value given to nin cos n7m, given m
is a natural number.

If n=2mM—1 then cos nm™ =—1; and if n=2m then cos nmw =1.

= 1 1 1 1 1
Therefore, Zz—ncosnﬂ' = 5-(—1)+§.1+2_3.(_1)+2_4.1+...

n=1

1
This is an infinite geometric series with a first term of — 2 and a common ratio of

. 1
Y and it converges because |— 5 <1.
oo 1 92 -1 1
Therefore, the sum we find is E — COSNT = = =——. 1
o 2" 1 2+1 3 -
1+
2 3
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EXTRA Info.

Use the scientific calculator to confirm the properties of infinite series.

Confirm the properties of sums of infinite series by using the VARIABLE function of the scientific calculator.

= Use the scientific calculator to confirm the sum of the infinite series
=== n—1 n—1
| 2 = 1 1
Z[?+ 31]=Z 2'[—] +3'H =7
n-1\3 4 n=1 3 4
- ) : [ 2 3
Confirm by substituting 10° for A in the formula Z Y= + =k
=1
Press @), select [Calculate], press
A1 1
Input +—1.
P ;[31,1 4:1:—1 ]
vt I A
EROO® %[33-”43-1]
=
BISIOITIGICIOIOIOICISISIOITIGICIOIVIOINIOIC,
In the VARIABLE screen, input [A=10]. . 4 m2 3 C
= - +
900©e 06 [ o SlEearay
D o 7
) ) ) ) ) x 3" _ 9" © |3 3 n-1 1 1 n-1
o Use the scientific calculator to confirm the sum of the infinite series » =Y 4= 5 == =2,
i o 4" |44 2 |2
) . ) . A 3:r _ 2x
Confirm by substituting 10° for A in the formula Z T
=1
A 31 o 2:r
Input Z B
- 4
Vot [ Y
ClCVIOITICIOISIOIOICIOISIOIVIOITIOIOIOINICION =1 WPt
In the VARTABLE screen, input [A=10°]. . R @BE;—E" ‘
BOOO® O® [} 2 555
=0 v=0
z=0 2
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2
o o -~ cosnm 1 1 1
Use the scientific calculator to confirm the sum of the infinite series Z 3 = 3 + T
n=1

AL cosxm
Confirm by substituting 10 for A in the formula Z pr
Tr=1

Set the angle display to Radian.
Press @), select [Calce Settings], press @), select [Angle Unit], press @), select [Radian], press @), press

Input/Qutput | [CDegree
System Settings »| EIEEEIGER: >
Reset = | |[Number Format »| [oGradian
Get Started »| Engineer Symbol »
A cosam
Input Y : 4 B
o~ 3 Z[cus(zn’)]
CICIVIVIITIGIOINIOICIOISIGIVIOINIOICH = 3"
In the VARIABLE screen, input [A=10°]. . . .
=i o Z[cus(zn’)]
@OO®@® O [ F=0 =1 3* 1
v=0 =0 -1
z=0 4
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“Limits of functions

TARGET To understand the limits of functions (converging and diverging) and how to find them.

STUDY GUIDE e

Limits of functions

The limits of functions are outlined below.

4 )
o (a finite definite value)------Converges
lim f(x)=1 oo } . Has a limit
T—a ---Diverges
— 0
;:irrgi f(m) doesnotexisteccccccccccccccccccccccce Has no limit
\_ J

Given « as a limit value, it is not always the case that fla)=a.

Properties of limits of functions

Given lim f(z) = ,lim g(x) = ( (and that v and (3 are constants), then the following properties hold.
Tr—a Tr—a

((1) ilir; kf(x) = ka (kis a constant) |
(2) ili_[)!(ll {f(:l:) + g(a:)} = a =+ 3 (double sign same order)

Namely, (1) and (2) give us
lim {kf(x) £ lg(x)} = ka+ 13
(kand lare constant and double sign same order)
(3) lim f(x)g(x) = a3 lim —— = —
o ~ug(@) B

\ J

For"xz—a’"in the limits above, it is acceptable as either “x—0o0" or "x——00".
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EAERGISE

@ Find the limits of the following.

(1) lim(z® +3z—5)

T—2

=4+6—-5=5
(3) lim _ L
-0 iL’2

Sofor limz® = 0, weget ° > 0.

T—0

lim|——| = —00
Tr—0 €T
©) Jm 2
L1
=93 = =
8
PRACTICE

@ Find the limits of the following.

(1) lim(z—1)Q22*—7)

T—3

=2-11=22

(3) lim
zooo g2 — 3

So, we get lim =’ = co.
L—00

. 1
lim ; =0
T—oo 7 — 3

(5) ling log, (x* — x +10)
Tr—

=log,(9 —3 +10) = log, 16 = 4

55% —3
(2) lim
-1 41 +1
5-3 2

441 5

|

(4) lim (2-2°)

T——00

So,we get lim z° = —o0.

T——00

lim (2—2°) =
— 00 Tomee

(6) lzlgf log,

| Tlg1=0
8
2) r+8
=2 (z+1) (x> =7)
22 —1-(—-3) 3 2

: 1
W Zh*ms{l Tty }

| o e

13

=)

Sofor lim (z+3)* =0, weget (x + 3)* > 0.

T——3

T——3

1
lim — 1 =00
0 {l-l-( }

T+ 3)

oo
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_ Limits of functions (indeterminate form)
To understand how to calculate the limits of functions that have indeterminate form.

2 TUDY GUIDE

How to find the limits of functions that have indeterminate form
0 o
When determining the limits of functions, we say that forms like 6 — , and 0c0—0o0 are indeterminate forms. For these forms,
(0.¢]

we transform them into forms from which we can find their limits and then calculate them, the same as the limits of sequences.

( )
Main ways to transform indeterminate forms
0
a) For —
(@) For

Fractional functions — Factorize the denominator and
numerator, then reduce.

Irrational function — Rationalize the numerator or the
denominator, and then reduce.

o0

(b) For —

o0
Fractional functions — Divide the denominator and the

numerator by the highest order term of the denominator.
(¢) Foroo—oo
Polynomial functions — Factor it out by using the highest order term.

Irrational function — Rationalize the numerator or the denominator.
\_ J

EXERGISE

Find the limits of the following.

2 —
(1) hmx +4x—5
ol g’ — 47+ 3

(@-D@+5) . x+5 6
= lim = lim =—=-3
i (x—=1)(r—-3) +1x—3 =2 -3

(2) Qim S VT 6

=3 r—3

= lim 9-(z+6) = lim ~(z—-3) = lim —1 = — 1 :—l 1
T (x—3)(3+Vr+6) TP (x—-3)3+NT+6) TIF3+Jr+6 3+3 6 ——

2 _
(3) pjp 3L —T+3

T—o0 4:1')2
1 3
8——+-
i R A
=lim————=—=29 )
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(4) Um(3z® —2*)

I—o00

. 3 1
=lim2’|3——|=
T—00 €T
o @]
(5) limVe(z+1-+x)
T—00
B O Gy S D S
S o f e [ 141 2 1
rz+1+ \/5 14+ +1 -
z 2
2 J— J—
(6) lim —M
T——o0 T
Let z=—1, then when z——00, we get {—00.
. Nzt -2-1 . NtP-2-1 2 1
lim ———=lim——— =lim|—,[1-—— +-|=—1
T——00 _'L‘ t—oo —t t—oo t2 t
-1
. Nr+a-b 1
When lim ————————— = — is true, find the values of constants @ and b.
==l x+1 4
Because liml(:E +1) =0, then we must get %iml(\/:c +a —b) = 0.Therefore, weget Vva—1—-b=0,b =va—1.
P S
Substitute this into the left side, then rationalize the numerator to find the limits.
. Nx+a-b . Nr+a—-VJa—-1 z+a—(a—1) . 1 1
lim = lim = lim = lim =
2 S T “l@+)Wr+ra+Va—-1) T r+a+Ja-1 2Ja-—1
1 1
Therefore, from = n wecangetva—1=2a=5b=+va—1= JZ: 2.
2Va —1
a=>5, b=2
Find the limits of the following.
2 — J—
(1) lim xr—4xr —12
v=2 pf 46 + 8
. r+2)(xr—=~6 . r—6 —8
:llm( ) ):llm—:—:—4
o2 (x+2)(x+4) z—=—2x+4 2
—4

(2) lim 37

:11m3w(\/2_$+\/2+w) :lim{—%(\/z—m+\/2+w)} =32

r—0 2—;3—(24-33) T—0

~3y2
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(4) lim (2’ +z+2)

T——00

Let z=—1{, then when £— —o0, we get {— 0.

lim (°+x+2)= llm(t —t+2)= 11mt2[1—1+ 2

= 0
L——00 t t2 OO
When 13313%_2_() =1 is true, find the values of constants @ and b.
Because lin;(w — 2) = 0, then we must get lin;(a r+1—b)=0.
T— T—
Therefore, we get J3a—b= 0,b = J3a.
Substitute this into the left side, then rationalize the numerator to find the limits.
. aJr+1—>b a\/m+1—\/ga a(x+1—3)
lim = lim = lim
22 x—2 = 2 T2 (g —2) (Y +1+3)
=lim a
N f
Therefore, from T =1wegeta =2v3,b= \/Ea =6,
243
a=2J3,b=6
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EXTRA Info.

Use the scientific calculator to confirm the limit of functions (indeterminate form).

Confirm the limits of functions that have indeterminate forms by using the VARIABLE function of the scientific

calculator.
2 rz—1)(x+3
= Use the scientific calculator to confirm the limit of lim L = lim )( ) = 4.
= g —3p+2 o (x—1)(z-2)
o . , ’+2x -3
Confirm by substituting 1 +10"" for zin the formula ————.
r —3r+2
Press @), select [Calculate], press
' +2x—3
Input — 5"
—3r+2 X +2x—3
BO@PO®OAVO@OO®DD [x2-3x+2
In the VARIABLE screen, input [z=1+10""]. - . x2+;52;—3 “
BDOVOOPOO@O®® O [ F0 2’ —3+2
; i -4. 00000005
5
I 4+2 4=
x Use the scientific calculator to confirm the limit of lim M =lim+—% L _9
S T—00 xr— 3 T—o0 1 _ i
o . _ VATP +52 +1
Confirm by substituting 10° for in the formula B E—
NAax' + 5z +1
e (axrsxe1
- x°+5%
ClOIOIGISICIOIGIOICIOIVIGICIO, x—3
In the VARIABLE screen, input [2=10"]. j _ Fm i
P . o {82 +5% +1
SIQIVIVIOIOISICITINOIT E=il F=00 x—3
" 2, 000000083
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One-sided limits /

TARGET To understand one-sided limits and the existence of limits.

STUDY GUIDE

Right-sided limits and left-sided limits

Let xhave a larger value than @, then as it approaches a, we expressitas £ — a + 0; let £ have a smaller value than g,
then as it approaches a, we express itasZ — a — 0. Furthermore, the limits for f{z) at this time are called the
right-sided (right) limit and the left-sided (left) limit, which we express as Zliglof(z) and xlig}o f(x) . In particular,

when a=0 then we omit @ and write z—0-+0 as z—+0, and write z—0—0 as £——0.

4 N
YA ny(iﬂ)

Right-sided limit lim f(x) =3

T—a+0

Left-sided limit lim f(x) = «

r—a—0 0 d X

\_ J
Existence of limits

For }:m% f(x) = a, the right-sided limit and the left-sided limit are both v, specifically, this means that

xliﬂrio flx)= zlirﬁof(x) = If xliar}—o flx) = xlizriof(a:),then }61511 f(x) does not exist.

EAERGISE

Find the limits of the following.

Y/ A
(1) lim L
T=3+0p — 3
When £—3+0, because —3>0, we get lim ; = 00.
T—3+0 p — 3 O '
oo ; >
yA
(2) lim 21
I

+1
When £——0, because <0 and z+1>0, we get limo L = —00.
-0 1
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2 —9

®) A s
. =9 . (z+3)(x-3)
lim —— = lim ————=
o340 [ — 3| a-s+o |z —3]

When £—3+0, because 2—3>0, we get |2—3|=2—3.

. r+3)(x—3 . r+3)(r—3 .
Therefore, we get lim M = lim M = lim (x +3) =
T340 |z — 3| T—3+0 T —3 T340
6
i 124
SRS N
lz—4] . Jz-4|(z+2)
lim —— = lim
T—4-0 x — 2 T—4-0 X — 4
When £—4—0, because 2—4<0, we get |z—4|=—(2—4).
Clz-4lWz+2 . —@-9Wz+2)
Therefore, we get  lim | I ) = lim ( I ) = lim {~-(Vz +2)} = 4.
T—4-0 T —4 T—4-0 T —4 T—4-0
—4
-
Determine whether the limit %Eln% iz exists.
When 2—+0, because >0, we get |z]=x.
. r=3r . x-3r
Therefore, we get lim = lim = lim(x —3)=-3.
a—+0 || T—+0 T—+0

When 2——0, because <0, we get |z]=—=1.

2 2
. T =3z . T —3z .

Therefore, we get lim = lim =lim{—-(z—-3)}=3.

T——0 | T | T——0 —T T——0

2 2 2

. -3z . —3T .. T3

Therefore, since lim = lim . there are no limits lim
T+ | T | T—0 | T | -0 | T |

There are no limits

PRACTICE

Find the limits of the following.

) 2x
When £—1+0, because x—1>0 and 2x>0, we get mhrﬂo p— = 00,

o0
T-1
2
@ -0 P —Ag
. r—1 r—1
lim = lim
zo-0 p? — 4y @0 x(xT — 4)
. r—1
When x— —0, because <0, x—4<0, and z—1<0,we get lim ——— = —oo0.
T——0 €T — 433
—00
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. +3r+2
lim ———
z=-2-0 |37 + 6|
z+3x+2 . (z+1)(x+2)

(3)

Iim ——MM = 1m
z>-2-0 |31+ 6| zo—2-0 3 |x+2]|
When ——2—0, because +2<0, we get | z+2|=—(x+2).
. r+1)(r+2 . r+1)(xr+2 r+1 1
Therefore, we get lim ( ) ) = lim ( ) ) = —_— =,
z—-—2-0 3 | Tr+2 | T——2—0 _3(w + 2) T——2—0 3 3
1
3
. NP —2r+1
(4) lim YL 2T
Z—1-0 =1
. oNTP—2+1 . (-1 |z —1]|
lim 5 = lim ————— = lim -
—1—0 -1 z—1-0 3 —1 —1—0 (.’B — 1) (:B + x4+ 1)
When £—1—0, because £—1<0, we get |t—1|=—(x—1).
. —(r—1 . 1 1
Therefore, we get lim ( - ) = -——|=——. 1
e (p—1)(z* +x+1) =0 '+l 3 _
Determine whether the limit lzlir% 2|xm: |x exists.
. 2 —2x . 2x(x—1)
lim— = —_—
1 |m—]_| 1 |$—1|
When £—1+0, because £—1>0, we get | z—1|=x—1.
. 2x(r—1 . 2x(x—1 .
Therefore, we get lim g = lim Q = lim 2x = 2.
140 | —1| z-1+0  p—1 ZT—1+0
When £—1—0, because £—1<0, we get |z—1|=—(x—1).
. 2x(x—1) . 2x(x—1) .
Therefore, weget lim ——— = lim ——— = lim (—2x) = —2.
10 | —1| z—1-0 —(x — 1) T—1-0
2 _ 2 21 —9
Therefore, since lim 2 — 2w =z lim u,there are no limits liII}H.
r— T —

T—14+0 |w—]_| T—1—0 |w—]_|

There are no limits
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M

EXTRA Info.

Use the scientific calculator to confirm one-sided limits.

Confirm the one-sided limit by using the VARIABLE function of the scientific calculator.

Use the scientific calculator to confirm the limit of lim

r’—16 lim(x+4)(x—4)

xﬂ4+o‘$_4‘_zﬁ4+o T —4
o . , z? —16
Confirm by substituting 4 410~ for in the formula 4|
Press @), select [Calculate], press
? —16
[ vor I ry
nPut T 22-16
CIGISICIOIOIVICIVICITITIGICIONIT =Y
In the VARIABLE screen, input [z=4 +10°]. - . xz—;sﬂl; .
DOOVOPOO@O®® O® [ o [x—a]
i 8. 00000001
Use the scientific calculator to confirm the limit of
CJz-9l . Jz-9] Nz +3 . —(z-9)(\z+3)
lim = lim . = lim =—6.
T-9-0 \/E _g =90 \/E —3 \/E 13 @90 T—9
o . |z —9|
Confirm by substituting 9 —10™® for zin the formula \/— .
T —
Input |z -9 w B 4
p \/* _3 |23l
@@VOAM®OOVE®OOOR [{x-3
In the VARIABLE screen, input [z=9 — 107" . - Ix—EIIE B
EIVIVIVIOICIOIOISICICITNOIT) e {x—3
" -5. 999999998
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2

. T +2T
Use the scientific calculator to confirm whether the limit of %Ulrr[l) ] exists.
T T

. X2 42z
(1) Confirm the value of lim by substituting 107" for zin
T—+0 | T | | T |
42T
Input s B
|z | 22 +2x
BO@POOOUVEOVO®®® | |x
In the VARIABLE screen, input [2=10"]. - b xzf'z: C
BOOOOO@OOO® O® [ Pg Il
U »=0 3
. T2 ' +2x
(2) Confirm the value of }L@UW by substituting —10~"" for zin Izl
In the VARIABLE screen, input [2=—10""]. . 6 xzfzj o
BOOVEOOO@OOO® GO® [ P Izl
=0 -
242 242 T +2
Since lim +ar =2 and lim T = —2,s0the limit of lim does not exist.
=0 |z =0 |z N
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Limits of various functions and Napier’s numlger e

\

TARGET To understand the limits of trigonometric functions, exponential functions, and logarithmic functions.

STUDY GUIDE

Limits of exponential functions and logarithmic functions
Limits of exponential functions

The limits of exponential functions are outlined below.

s}
=

<

4 )
When a>1 lim a® = oo, lim a® =0

L— 00 L——0o0

0<a<l a>1

When 0<a<1l lima” =0, lim a” = co
L L—r 00 L——0o0 )

o
)/

Limits of logarithmic functions y=log, T

The limits of logarithmic functions are outlined below. ya
a>1

( )
When a>1 lim log, T = oo, lim log, € = —o0

T—00 T—+0

o
—
]Y

When 0<a<1 lim log, = —o0, lim log, = oo
T—00 T—+0
\. J 0<a<l

Definition of Napier’s number €
The graph of the exponential function ¥ = a”, from a’ =1, is a curve that passes Y4
through the fixed point (0, 1). The slope of the tangent at this point (0, 1) changes

Slopeis 1

<

Il

9y
8

corresponding to the value of the base @, and the value of @ when the slope is 1, as 1
shown in the figure on the right, is defined as e, which is called Napier’s number. /

]Y

Napier's number e is defined by one of the following 3 expressions, giving a value of 0
about 2.7182... Furthermore, a logarithm with base eis called the natural logarithm,

and is usually abbreviated as e.

T
1 . e —1
e= lim |14+ — lim— =1
T—+4oo T r—0 €T

| =

e =lim(1+ h)
h—0

T

1

. - 1 .
For e = %m%(l +h)" let h = —, then when h—0, since z—+00, we get € = lim
- T

T—too

1
1+—
T

Also, ifwelet b = €% —1, because € =1+ h , then by taking the natural logarithms of both sides, we get = log(1+h).
e -1 h : 1 : 1 1

Now, when £—0, since h—0, we get lim =1 = lim = lim = =
T—0 loge

iné] (1+h) h01 h—0 1
v ogil+ Jlog(L+ 1) log(1 + )P
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EXTRA Info.

Use the scientific calculator to confirm Napier's number.
Confirm the value of Napier's number by using the various functions of the scientific calculator.

g Use the scientific calculator to confirm Napier's number e(=2.71828-+).

1
Substitute 10 for zin the formula (1+ 2)* —e.

Press @, select [Calculate], press

1

Input (1+$); —€. LT =

VOPPODIOB®OOOD® |1+ '-e

In the VARIABLE screen, input [z=10"""]. - 6 R O
DOVVOO®ORO® O® 0 (1+x) " —e
9=0 :
1 1
Since lim {(1 + x)r — e] = 0, we can confirm that lin&(l + x)’ =e.
z—0 T—
We can also confirm by using Table as follows.
Press @), select [Table], press @, then clear the previous data by pressing (D X ol
+—
Calculate  Statistics  Distribution
i =] Xy=0
Spreadsheet Equation
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press
1
After inputting f(z)=(1+ x)* , press @ LA 1 e Eex—1
e 1 FCI=(1+2) ¥ glxy==_—
In the same way, input g(x)= =
After inputting [21:1, 22:10C%, 23: 10" and 24: 10" ] in the table, press @ e | et
A o.0f|2.7048| i 005
el 1za* [ 2.7181 1
4| PR | 2. T1a2 1
1 %15 ©

Press ® @), scan the QR code to display a graph.
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Limits and magnitude relationship of functions

Given lim f(z) = a,lim g(x) = 8 (and that acand 3 are constants), then the following holds.
T—a T—a

\_

(1) Byapproaching =a, then always f(r)<g(x) = a3 )
(2) By approaching x=a, then always f(x) < h(x)<g(x) and
a=0 = glcifcl,,h(w) =«
(Squeeze theorem) )

Limits of trigonometric functions

sin @
=1

lim
r—0 €T

Let radians be the units of the angles in trigonometric functions.

7'('
In the figure on the right, when 0 < x < 5 then for the area of the shape,
we can derive that AOAP< sector OAP<AOAT.

1 . 1 1 .
Therefore, we get Esmx < Ex < Etan r,sinz <z <tanz.

Then, by dividing each side by sinz(>0) and taking the inverse, we get cosx < S <1.

T

. . . Sin
Now, since hn+10 cosx =1, from the squeeze theorem, we get 11I£10
T— T—

X
=1.

X

Furthermore, when £——0 too, by letting z=—1, we can get {—+0, which lets us show it in the same way.

SR

Generally, in the above figure, when =0, then sinz= = tanx.

’

’

: Therefore, when x—>0, for the ratio of these 2 numbers, the values
¢ sinz tanz sinz T z tanz
’
’
.

s ] and their inverse ——, s % ;
x r tanzx sinxz tanx sinx

always have a limit value of 1.
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EXTRA Info.

Use the scientific calculator to confirm the limit of trigonometric functions.
Confirm the limits of trigonometric functions by using the various functions of the scientific calculator.

I - . . ... sin@
Use the scientific calculator to confirm the limit of the trigonometric function }Qm%T =1.

nr

N s1
Substitute 107" for zin

Press @), select [Calculate], press

nx
vor [
Input sindx)
G ®0OO® s
In the VARIABLE screen, input [z=10""]. o s Sin (e o
SIVIVIVIOICISICIOIOI TRNOIT N = F-0 x
U »=0 1
We can confirm that lim ST 1.
T—0
We can also confirm by using Table as follows.
Press @), select [Table], press @), then clear the previous data by pressing (D
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press
sinzx
After inputting f(x)= o press ®
1—cosx
In the same way, input g(1)=———. o v B
e _ch}=s1r;(z} g(z)—1 |::|:|25<z}
After inputting [21:1, 22: 1077, 23: 10" and 24:10°% ] in the table, press @ A P
1 1|0.8414 (0. 4596
2 0.01[0.9993 | 0. 4993
3 1@t |0.99959 (0. 4393
4| P 1 0.5
%15 &
Press ® @), scan the QR code to display a graph.
sin(x) ly
f(x)=— 4-_\
1 I8
1 -cos(x) \
g(X) = - 6 . \
X o |
4 —--\
. 1—cosxz 1 &
The formula im ———— = — s also important. \\;
z—0 T 2 | | ]
0 1 2 3
12 1 T \
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EAENCIOE

@ Find the limits of the following.

We can find the limits by dividing the denominator and

numerator by 4%, which has a large base, such that the

denominator converges.

2T
11
X

(3) lim
T——oc

Let _E = t,then when x——00, we get t—-+0.

_2 1 )
=lim(1+¢t) t = lm{(1+)i} > =¢"
t—+0 t—+0

(5) lim —log(l +2)

T—0 T

1
= limlog(1+ x)* =loge =1

T—0

| =

(7) lim L—_C98Z
-0 rSINT

. 1—cos’x
= lim — =
-0 xsin z(1 + cos x)
sinx 1

sin® x
lim —
-0 rsin z(1 + cos x)
1

2

T  1+cosz

|N|)—l

(9)

. .3
lim xsin—
T——00 €T

Let p =t ,then when x——o00, we get t——0.

3 .
= lim —sint =3
[

| oo

(8)

(2) lim

T——0o0

- o (1] po[3f -

OTHER METHODS

Let z=—1, then when z——00, we get {—0.

1 -t 1 -t 9 t
=1imM—] —[—] J=1im(5t—2t)=lim5tll—[—” =00
Fell5] (2] | = tooe 5

oo

(4)

1
lim log1 —
T—+0 5T

= lim(—log! 2) = —oc0
T—+0 5

(6) lim Sin 5x

-0 81N 42

. [sinbz
= lim
r—0

sin4x 4

5%

|»-l=|c1

. sin(sinz)
lim ——=
-0 Sinx

Let sinz=t, then when 2—0, we get t—0.

|
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PRACTICE

@  Find the limits of the following.

. 3T-37 e
M Jfim, 37 +377 (@) lim(4® —7%)
(37 —1 o)
= lm ——=-1 — 1 z 2 1l = _
— 00
Let — =1, then when — —o0, we get
t—o0.
37t —3t 37% 1
=lim ———=lm——=-1
tooo 370 438t 37 4
(3) lim|1+> (4) limlog: ~
T T—o0 1T
3
Let P =t,then when £— 00, we get = lim(—log1 ) = —(—o00) = 0o
Tr—o00 1
—+0.
t—+0 . , 00
=lim(1+¢)! = lim{(1+¢)} =¢€°
t—+0 t—+0 3
e
) lim 6z (6) lim sin 5z
2=0log(1+ ) -0 tan x
. 6 . 6 i
:2“},1—:%}1’%—1 = ing Sl?5$- .:1: -5cosx|=5
— — = r—
~log(1+x) log(1+ x)® LS 5
T
— 6 —
loge 6
(7) lim - sir;a: (8) lim x? sini?
w1 LCos’w fra—— T
. 4
— Yim 1T S{nm — lim 1 : Let P t, then when £— o0,
et (1l —sin’x) .7 x(1+sinx)
12 N 2 we get {—0.
T 1 =lim4smt=4
—2 —_— t—0 A 4
2 3
3sin’ x
(©) -0 xlog(l + )
. 2 . 2
. 3 sin x . 3 sin x 3
=1m<l> 1 T =111r(1j N ~loge
Tr— LT— — (o)
~log(1+ ) log(1+ T)° & 5
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Examine Napier's number by using the scientific calculator.

Examine the properties of Napier's number by using the VARIABLE function of the scientific calculator.

. L 1)
= Use the scientific calculator to confirm the limit of lim [1 + —] =e.
T

T—
Ssa8 z—300

1 T
Confirm by substituting 10” and —10 for zin the formula [1 + E] —e.

Press @), select [Calculate], press

Input[l—l—l}—e‘ ﬂﬁx
: (1+1)' =
CODOBO®WOO@OOO®® x

In the VARIABLE screen, input [2=10%]. v,

1-0 B-D 1
BOVONOPOO® O [ 00 (1+3) -e
2=0 i 0
In the VARIABLE screen, input [2=—10"]. 0 50 1f1 T T
PORVLONOPOOE O [ = (143) e
2= i 0
: , 1) . 1)
Since lim {|1+—| —e}=0,wecanconfirmthat lim |14+ —| =e.
T—+0o0 T r—=+00 €T
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ADVANCED

T

, 1] 1 o 1
Use the scientific calculator to calculate lim [1 - E] o and then predict lim [1 — —1 . Also, prove the results.
Tr—0o0 m

T—00

. 0o 1" 1
Substitute 10™ for zin the formula |1 — Z| T e
Press ©), select [Calculate], press
1) 1
Input[l—— ——. — _
T e (1)1
OCOOOBOWOO@OOOOE®® | =/ e
In the VARIABLE screen, input [z=10"].
HTD BfD Tlmx_l “
UOVOOPROE® O &b 5 (=)=
2=0 0
. . 1] 1
From the above, we can infer lim |1 — p = e

[Proof]

T

. 1
From ll_fglo [1 K then let z=— X, such that

1 T 1 -X 1 X_l 1

O | =
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{—

in’ 2

. 2
Use the scientific calculator to predict im ————Also, prove the results.

=0 z:1og(1 + )

2sin’ &

Substitute 10" for zin the formula ——.
xlog(l+ x)

s 2
2sin”“ @ -

Input zlog(l+x) 2sin(x)>

@@@@@@@@@@@ 2In{1+x?

(The calculator screen shows sin’  — sin(x)’,log(1 + ) — In(1+ z) )
In the VARIABLE screen, input [z=10""].

- e ESTnﬁéx)z :
80000OPo00e 6@ 1 = ik
z=0 2
. . 2sin’ &
From the above, we can infer im — =2
2=0 g log(1 + x)
[Proof]
e 92 . 2 . 2
2sin” x . 2sin” @ . sin & 1
N zlog(+@) 0, 1 =lm? 1
& x* - P log(1+ ) log(1+ x)*
=2.1°. ! =2
loge
2
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Continuity of functions /)

TARGET To understand whether functions are continuous or discontinuous and such conditions.

STUDY GUIDE

Continuity of functions
Continuity and discontinuity of functions
When a function flax) meets the following conditions for every value @ of xin its domain, then the function f{z) is

continuous when z—=a.

lim f(z)= lim f(x)= f(a)

T—a+0 r—a—0

The above conditions summarize the following 3 conditions.

(1) fla) exists.

(2) Thelimit }51311 f(x) exists. (Exists as a finite value.)

(3) The values of }ELI% f(x) and fla) are equal.

If any 1 of these 3 conditions is not satisfied, then the function flz) is discontinuous when z=a.

Continuous functions

When a function f(x) is continuous for all the values in its domain, then that function f(.r) is a continuous function.
Therefore, trigonometric functions, exponential functions, and logarithmic functions are continuous functions.

Furthermore, if a function flzx) is continuous for g(x) when 2= @, then the next function is also continuous when x=a.

kf(x)+ lg(x) (kand lare constants), f(a:)g(:z:),M (g(x)=0)

g(x)

Therefore, polynomial functions and rational functions are continuous functions.

REREIS

an
11
i

Determine if the following function f{z) is continuous when 2=0.
(1) f@) =~z (2<0), flz) = 2" ~1(220)

From lim f(x)= lim (2> —1) = —1, lim f(x) = lim(—2z) =0, we get lim fx)= lim f(z).
T—+0 T—+0 T—-0 P

T——0 T——0

Therefore, because ED% f(x) does not exist, it is not continuous when 2=0.
Not continuous when =0

(2) flx)=2"—2x—1(2<0,0<z), f(x)=1(2=0)
From lim f(x)= lim (2> —22—1) = —1,:6111{10f(x) = lim (2> =22 —1) = —1, we get Ei%f(z) =—1.

T—+0 T—+0 T——0

Whereas, because f(0) =1, we get lxlrI(l] f(z) = f(0).

Therefore, it is not continuous when 2=0.
Not continuous when =0
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|z | —1

Determine the continuity of the function f(z) = T and draw its graph.
T —
YA

r—1 :

When >0 and =1, because |/ —1=2—1, we get f(x) = i 1. 5

_ :

When z=1, f(1) does not exist. /
—xr—1 _ 2 ~1 O 1 i

When <0, because || —1=—x—1, we get f(x)= .
r—1 r—1

Therefore, it is not continuous when =1, and the graph is as shown on the right.

PRACTICE

Determine if the following function flz) is continuous when z=1.
(1) flx)=—2*+3z (z<1), f(x) =2 +2(2>1)

From lim f(iL‘) = lim (x+2) = 3, lim f(:n) = lim (—x* + 3x) = 2, weget
T—1+0 T—1+0 T—1-0 T—1-0

lim, f() = lim (@),

T—1+0
Therefore, because lirr} f(x) does not exist, it is not continuous when x=1.
T—
Not continuous when =1

(2) f(z)=a*+2x—4(2<1), f(x) =42 -5 (2>1)

From lim f(x)= lim (4¢—5)=—1, lim f(x)= lim (£’ +2x—4)=—1,we

T—1+0 T—1+0 T—1-0 T—1-0
get lin} f(x) =—1.
T—
Furthermore, since f(1) = 4 —5 = —1, we get lim flx)=fQ).

Therefore, it is continuous when =1.
Continuous when =1
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_ lz—1] (x+1)

Determine the continuity of the function f(x) ,and draw its graph.

z—1
r—1)(x+1
When x>1, because | z—1|=—1, we get f(w)z( a:)—(l ):m—l-l.
—(rz—1)(r+1
When x<1, because | z—1|=—(x—1), we get f(x) = ( :B—)(l ):—:L'—l.

When =1, f(1) does not exist.
Therefore, it is not continuous when =1, and the graph is
as shown on theright.
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EXTRA Info.

Examine the continuity of functions by using the scientific calculator.

Use the scientific calculator to work on examining problems related to the continuity of functions.

—

:
i
3

Also, estimate what value the solution is.

@ Use the scientific calculator to show that the equation cosz=2x has at least 1 real solution in the range of 0<2<1.

Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press (=), select [Define f(x) /g(x)], press @), select [Define ()], press

After inputting f(x)=cosz, press €

In the same way, input g(z)=2x.

Press (=9, select [Table Range], press
After inputting [Start:0, End:1, and Step:0.05],
select [Execute], press @

Vo [l
fi{x)=cos{x)

Vo [l
E{x)=2x

Vo [l
Table Ransge

Start:0
End :1
Step :0.05

We can confirm that the magnitudes of f(x) and g(z) alternate in the range of

0.45<x<0.5.

Press ® (X), scan the QR code to display a graph.
f(x) = cos (x)
g(x) =2«

fixd
0.921

T(0.8773
0.350.8325
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Intermediate-value theorem -

TARGET To understand the intermediate-value theorem and how to use it.

STUDY GUIDE

Open intervals and closed intervals

When considering a domain, such as a range of letters of possible values, we say that an interval that contains no end
point is an open interval, and an interval that contains an endpoint is called a closed interval. Furthermore, we express
an open interval a<z<bas (a, b) and a closed interval a<x<bas [a, b].

Properties of continuous functions
The following theorems hold for continuous functions with closed intervals.

Intermediate-value theorem

P
If the function f{ ) is continuous over a

closed interval [a, b], and when f(a)=f(D),
then for any value kbetween f(a) and f(b), | L
there is at least 1 real number c that satisfies O @ ¢ b

\f(c):k,a,<c<b_

Specifically, the equation fla)=Fk has at least 1 real root between a and b.

]Y

In particular, if f{a) and f{b) have different
signs, then the equation f(x)=0 has at least 1
real root between a and b.

RY

y=f(z)

Maximum and minimum values existence theorem

A continuous function in a closed interval has maximum and minimum
values in the closed interval.

AEREIS|

lan
11
1

Show that the following equation has at least 1 real root within the range ().

(1) 2*+2°—x+1=0 (—2<a<-1)
Let f(z) = 2* + 2> — 2 +1,then f{z) is continuous over the interval [—2, —1].
Also,we get f(—2)=—-8+4+2+1=—-1<0,f(-1)=—-1+1+14+1=2>0.
Therefore, since ﬂ—2) and f(—l) have different signs, the intermediate-value theorem gives us at least 1 real root over
the interval (=2, —1).

(2) 2" +2" =7 (2<z<3)
Let f(z) = 2" 427" then f{z) is continuous over the interval [2, 3.
Also, from f(2) =4 -I-i = %,f(?») =8 -I-% = 6§5,We get fl2)<7<f(3).
Therefore, from the intermediate-value theorem, there is at least 1 real root over the interval (2, 3).

16. Limits 51



Show that the equation z* —x* —2x +1 = 0 has 3 different real roots.
Given f(x)=2* —2* —2x 41, then flz) is a continuous function. Then, by substituting a whole number for z, we can
find the sign of flz).
Weget f(—2)=—-8—-4+4+1=-7<0, f(0)=1>0, fl)=1-1-2+1=-1<0,and
f2)=8—-4—44+1=1>0.
Therefore, the equation £* —x* —2x +1 = 0 has 3 real roots because there are different real roots in the intervals

(—2,0),(0,1),and (1, 2) respectively.

PRACTICE

Show that the following equation has at least 1 real root within the range ().
(1) z'—42* +2=0 (—2<a<-1)

Let f(x) = ' — 42’ + 2, then f(x) is continuous over the interval
[—2, —1].

Also,weget f(—2)=16—16+2=2>0,f(-1)=1—-4+2=-1<0,
Therefore, since f{(—2) and f(—1) have different signs, the
intermediate-value theorem gives us at least 1 real root over the
interval (—2, —1).

(2) logz—(B3—x)=0 (2<2<3)

Let f(x) = logz — (3 — x), then f(x) is continuous over the
interval [2, 3].

Also, we get f(2) =log2 —1, f(3) = log 3.

Now, from 2< e<3, since log2<1<log3, we get f(2) <0< f(3).
Therefore, since f(2) and f(3) have different signs, the
intermediate-value theorem gives us at least 1 real root over the
interval (2, 3).

Show that the equation z* — 3z + 1 = 0 has 3 different real roots.

Given f(x) = 2’ — 3z +1, then f(x) is a continuous function. Then,
by substituting a whole number for x, we can find the sign of f(x).
This givesus f(—1)=—-1—-3+1=-3<0,f(0)=1>0,

f)=1—3+1=-1<0,f(3)=27—27+1=1>0.
Therefore, the equation x° — 3x* + 1 = 0 has 3 different real roots
because there are different real roots in the intervals (—1, 0), (0, 1),
and (1, 3).
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