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Introduction
These teaching materials were created with the hope of conveying to many teachers and students the appeal of 
scientific calculators�

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning 
mathematics

• By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process 
that is more efficient�

• This reduces the aversion to mathematics caused by complicated calculations, and allows students to 
experience the joy of thinking, which is the essence of mathematics�

(2) Diversification of learning materials and problem-solving methods
• Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-

solving methods�

(3) Promoting understanding of mathematical concepts
• By using the various functions of the scientific calculator in creative ways, students are able to deepen their 

understanding of mathematical concepts through calculations and discussions from different perspectives than 
before�

• This allows for exploratory learning through easy trial and error of questions�
• Listing and graphing of numerical values by means of tables allows students to discover laws and to understand 

visually�

Features of this book
• As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator 

functions from the ground up, the book also has material to show people who already use scientific calculators the 
appeal of scientific calculators described above�

• You can also learn about functions and techniques that are not available on conventional Casio models or other 
brands of scientific calculators�

• This book covers many units of high school mathematics, allowing students to learn how to use the scientific 
calculator as they study each topic�

• This book can be used in a variety of situations, from classroom activities to independent study and homework by 
students�

CASIO
Essential Materials

Better Mathematics Learning
with Scientific Calculator



Structure

ADVANCED

Practical problems have been included 
in several topics� Solutions using a 
scientific calculator are also presented 
as necessary�

Students can do practice problems 
similar to those in EXERCISE� They 
can also practice using the scientific 
calculator as they learned to in Check�

Students learn basic examples based on 
the explanation in Study Guide�

check
Explains how to use the scientific 
calculator to solve problems and check 
answers�

Students can identify the objective to 
learn in each section�

Mathematical theorems and concepts 
are explained in detail� A scientific 
calculator is used to check and derive 
formulas according to the topic�



Other marks

Simple examples on how to apply equations and theorems

explanation Formulas and their supplementary explanations

proof Proofs and checks of mathematical formulas

Knowledge and information on formulas and other supplementary information in other units

Alternative solutions and different verification methods for previously presented problems

Calculator mark

Where to use the scientific calculator

Colors of fonts in the teaching materials
• In STUDY GUIDE, important mathematical terms and formulas are printed in blue�
• In PRACTICE and ADVANCED the answers are printed in red� 

(Separate data is also available without the red parts, so it can be used for exercises�)

Applicable models
The applicable model is fx-991CW�
(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other 
models�)

Related Links
• Information and educational materials relevant to scientific calculators can be viewed on the following site� 

https://edu�casio�com
• The following video can be viewed to learn about the multiple functions of scientific calculators� 

https://www�youtube�com/playlist?list=PLRgxo9AwbIZLurUCZnrbr4cLfZdqY6aZA



How to use PDF data 

About types of data
• Data for all unit editions and data for each unit are available�
• For the above data, the PRACTICE and ADVANCED data without the answers in red is also available�

How to find where the scientific calculator is used
(1) Open a search window in the PDF Viewer�
(2) Type in "@ @" as a search term�
(3) You can sequentially check where the calculator marks appear in the data� 

How to search for a unit and section
(1) Search for units of data in all unit editions
• The data in all unit editions has a unit table of contents�
• Selecting a unit in the table of contents lets you jump to the first page of that unit�
• There is a bookmark on the first page of each unit, so you can jump from there also�

Table of contents of unit Bookmark of unit

(2) Search for sections
• There are tables of contents for sections on the first page of units�
• Selecting a section in the table of contents takes you to the first page of that section�

Table of contents of section



16. Limits 1

Limits of sequences

Convergence of infinite sequences

A sequence of numbers with an infinite number of terms is called an infinite sequence. When n is infinitely large in an 

infinite sequence {an } and approaches a certain value a (a finite definite value) that has an , we say that, “the sequence 

{an } is converging on a, and write it as “ lim
n

na
→∞

= a ” or “when n→¥, then an →a”. Also, we call a the limiting 

value of the sequence {an }.

 lim
n n→∞

=
1

0

Divergence of infinite sequences

When a sequence {an } does not converge, then the sequence {an } is said to diverge.

When n→¥, then an  also increases infinitely, and we say that “sequence {an } is diverging to positive infinity”, and 

write it as “ lim
n

na
→∞

= ∞” or “when n→¥, then an →¥”. On the other hand, when n→¥, an  takes a negative value and 

its absolute value increases, then we say that “sequence {an } is diverging to negative infinity”, and write it as  

“ lim
n

na
→∞

= −∞” or “when n→¥, then an →-¥”.

This means that there is no limiting value.

 lim
n

n
→∞

= ∞2

Also, when a sequence {an } does not converge but does not diverge to positive infinity or negative infinity, then we say 

that the “sequence {an } is oscillating. This means that there is no limit lim
n

na
→∞

.

 lim( )
n

n
→∞
−2  does not exist. (The sequence {( ) }-2 n  is oscillating.)

To understand the convergence, divergence, and oscillation of infinite sequences.

Limits of sequences

(1) Converging … Has a limit value a

(2) Diverging

Diverges to 
positive infinity

Diverges to 
negative infinity

Oscillates Has no limit

Has a limit

lim
n

na
→∞

= a

lim
n

na
→∞

=∞

lim
n

na
→∞

=−∞

ìïïïïíïïïïî

ìï
ïï
ïí
ïï
ïï
î

Limits of sequences (convergence, divergence, and oscillation of infinite sequences)Limits of sequences (convergence, divergence, and oscillation of infinite sequences)



16. Limits 2

Properties of limits of sequences

When the sequence { },{ }a bn n  is converging and lim , lim
n

n
n

na b
→∞ →∞

= =α β , then the following holds.

In particular, from (1) and (2), we get lim ( )
n

n nka lb k l
→∞

± = ±α β  (k, l are constants with double signs in same order).

Note that for sequences { },{ }a bn n , when lim , lim
n

n
n

na b
→∞ →∞

= ∞ = 0 , it is not always the case that lim
n

n na b
→∞

= 0.

 When a n b
n

n n= =2 1
, , we get lim , lim

n
n

n
na b

→∞ →∞
= ∞ = 0 , but it becomes lim lim

n
n n

n
a b n

→∞ →∞
= = ∞ .

How to find the limits of indeterminate forms

When determining the limits of sequences, we say that forms like 
¥
¥

, ¥-¥, 0´¥, 
0

0  , etc. are indeterminate forms. 

Usually, we transform and calculate them as follows.

(1)  For the fractional expression ( ¥
¥

), we divide the denominator and numerator by the highest order term of the 

denominator.

 lim lim
n n

n n
n

n

n
→∞ →∞

−

+
=

−

+
=

3

2 1

3
1

2
1

3

2

2

2

2

  

(2)  For the polynomial expression (¥-¥), we factor it out by using the highest order term.

 lim( ) lim
n n

n n n
n n→∞ →∞

− + = − +









= ∞2 2

2
2 4 1

2 4

(3)  For the irrational expression (¥-¥), we rationalize the numerator or the denominator.

 To rationalize the numerator lim( ) lim lim
n n n

n n
n n
n n n n→∞ →∞ →∞

+ − =
+ −

+ +
=

+ +
=2

2

2

2

2
0

(1) lim
n

nka k
→∞

= a  (k  is a constant)

(2) lim ( )
n

n na b
→∞

± = ±α β  (double sign same order)

(3) lim
n

n na b
→∞

= αβ

(4) lim
n

n

n

a
b→∞
=
α
β  (b¹0)



16. Limits 3

 Find the limits of the following.

(1)  lim
n

n n
n n→∞

+ −

− −
4 2 1

3

2

2
 (2) lim

n

n n
n n→∞

−
−
4

5 3

2

2

  

 4 
- 4
5  

(3)  lim
( )( )n

n n
n n→∞

−
+ +
2 5

2 3

2

 (4) lim
n

n
n→∞ +

2

3
  

 2   2

(5)  lim ( )
n k

n

n
k

→∞ =

−∑1 8 3
2

1

 (6) lim( )
n

n n
→∞

−5 4 2

  

 4 -¥

(7)  lim( )
n

n n n
→∞

− +2 4 2  (8) lim
n n n→∞ + −

2

3
  

 
- 1
4   ¥

=
+ −

− −
=

→∞
lim
n

n n

n n

4
2 1

1
1 3

4
2

2

=
−

−
= −

→∞
lim
n

n

n

1
4

5
3

4

5  

=
−

+









+










=
→∞
lim
n

n

n n

2
5

1
2
1
3

2 =
+

=
→∞
lim
n

n

2

1
3

2  

= ⋅ + −











=

+

=

→∞ →∞
lim ( ) lim

lim

n n

n

n
n n n

n n
n

1
8
1

2
1 3

4
2

2

2  

→→∞
+










=4

1
4

n

= −









= −∞

→∞
lim
n

n
n

2 5 4

=
− +

+ +
=

−

+ +

=
−

+ +

→∞ →∞

→∞

lim
( )

lim

lim

n n

n

n n n

n n n

n

n n n

n

4 4

2 4 2 4
1

2 4
1

2 2

2 2

== −
1

4  

=
+ +
+ −

= + +

= ∞
→∞ →∞
lim

( )
lim ( )

n n

n n
n n

n n
2 3

3

2

3
3
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 Find the limits of the following.

(1)  lim
n

n n
n→∞

− +
−

3 25 2

6 1
 (2) lim

( )( )n

n
n n→∞

+
+ +
5 1

2 4

2

  

(3)  lim{log ( ) log ( )}
n

n n
→∞

+ − −2 23 4 1  (4) lim
n

n
n→∞

−
+
2 1

5
  

(5)  lim
n k

n

n
k

→∞ =
∑1

3 3
2

1

 (6) lim( )
n

n n
→∞

+ −8 3 2

  

(7)  lim( )
n

n n n n
→∞

+ − −2 23  (8) lim
( )n n n n→∞ + − −

1

2 1
  

 ¥

=
− +

−

=

− +










−
=∞

→∞

→∞

lim

lim

n

n

n n
n

n
n n n

n

2

2
3

5
2

6
1

1
5 2

6
1

 5

=
+

+









+










=
→∞
lim
n

n

n n

5
1

1
2
1
4

5
2

 -2

=
+
−
=

+

−

= =−

→∞ →∞
lim log lim log

log

n n

n
n

n

n

2 2

2

3
4 1

1
3

4
1

1
4

2   0

=
−

+
=

→∞
lim
n

n n

n

2 1

1
5

0
2

 
1
9  

= ⋅ + +










=
+ +

→∞

→∞

lim ( )( )

lim
( )(

n

n

n
n n n

n n

1
3

1
6

1 2 1

1 2

3   
11

18

1
1
2
1

18
1
9

2

)

lim

n

n n
n

=
+









+










=

→∞   

 -¥

= + −










= −∞
→∞
lim
n

n
n n

2
2

8 3
1

 2

= + − −

+ + −

=
+ + −

=

+

→∞

→∞

→∞

lim
( )

lim

lim

n

n

n

n n n n
n n n n

n
n n n n

2 2

2 2

2 2

3

3
4

3
4

1
33

1
1

2

n n
+ −

=

 
2
3  

=
+ + −

+ − −

=
+ + −

= + +

→∞

→∞

→∞

lim
{ ( )}

lim

lim

n

n

n

n n
n n n
n n

n

n

2 1

2 1

2 1

3

1
3
1
2

  11
1 2

3
−












=

n   
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@@

@@

Use the scientific calculator to confirm the limits of sequences.

This section introduces a method to confirm the limits of infinite sequences by using the VARIABLE function of the 

scientific calculator.

After inputting the general term of the sequence and substituting a value with a large number of digits, we can find the 

same results by using regular calculations to derive the limits.

 Use the scientific calculator to confirm the limit of lim
n

n n
n n→∞

+ −

− +
=

6 3 4

2 5 1
3

2

2 .

Confirm by substituting 1011  for x in the formula 
6 3 4

2 5 1

2

2

x x
x x
+ −

− +
.

Press w, select [Calculate], press |

Input 
6 3 4

2 5 1

2

2

x x
x x
+ −

− +
.

In the VARIABLE screen, input [x=1011 (*)].

* If you set too large a value to be substituted, the scientific calculator may stop processing the operation.

We recommend using the values given as examples in this manual while 

doing the exercises.

(If processing stops, press the clear button W to recover.)

 Use the scientific calculator to confirm the limit of lim ( )
n k

n

n
k

→∞ =

− =∑1 8 4 4
2

1

.

Confirm by substituting 103  for A in the formula 
1

8 4
2

1A

A

( )x
x

−
=
∑ .

Input 
1

8 4
2

1A

A

( )x
x

−
=
∑ .

In the VARIABLE screen, input [A=103 ].

a6[d+3[p4R2[dp5[+1

'RRR10^11B `B

1aq4d$T|RR|8[p4R1Eq4

'10^3B `B
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Squeeze theorem

For the converging sequence { },{ }a bn n , when we have lim , lim
n

n
n

na b
→∞ →∞

= =α β , then the following holds.

Even when it is difficult to directly find the limit of a sequence { }cn , by using the squeeze theorem, we can find the 

limit value of the sequence { }cn  from the limit values of the sequences { },{ }a bn n .

 Find the limits of the following when n is a natural number.

(1) lim sin
n n

n
→∞

1 p

From -1£ sinnp £1, by dividing each side by n(n>0), we get -
1

n
£
1

n
nsin p £

1

n
.

Now, because lim , lim
n nn n→∞ →∞

−









= =

1
0

1
0 , the squeeze theorem gives us lim sin

n n
n

→∞
=

1
0p .

 
lim sin
n n

n
→∞

=1
0p

(2) lim
( )

n

n

n→∞

−1

When n is even ( )− =1 1n  or when n is odd, because ( )− = −1 1n , we get -1£( )-1 n £1.

By dividing each side by n(n>0), we get -
1

n
£
( )-1 n

n
£

1

n
.

Now, because lim , lim
n nn n→∞ →∞

−









= =

1
0

1
0 , the squeeze theorem gives us lim

( )
n

n

n→∞

−
=

1
0 .

 
lim
( )

n

n

n→∞

−
=1
0

To understand the squeeze theorem and how to use it.

Limit values and magnitude relationship of sequences

Squeeze theorem
an£bn  Þ a£b

an£cn£bn  and a=b Þ sequence {cn } also converges, 

for lim
n

nc
→∞

= a

Squeeze theoremSqueeze theorem
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(3) lim
!n

n

n→∞

3

When n³3, we get 
3 3 3 3

1 2

n

n n!
=
⋅
⋅




£
3 3 3 3 3

1 2 3 3

3

2

3⋅ ⋅ ⋅

⋅ ⋅ ⋅
=



 n n
. Therefore, we get 0

3
<

n

n !
£
3

2

3

n .

Now, because lim
n n→∞

=
3

2
0

3

, the squeeze theorem gives us lim
!n

n

n→∞
=

3
0 .

 
lim

!n

n

n→∞
=3 0

 Find the limits of the following when n is a natural number.

(1) lim cos
n n

n
→∞

1 3

4

p

(2) lim
!n

n

n→∞

4

(3) lim tan
n n

n
→∞

1 2

3

p

From -1£cos
3
4
np £1, by dividing each side by n(n>0), we get -

1
n

£ 1 3
4n
ncos p £ 1

n
.

Now, because lim , lim
n nn n→∞ →∞

−









= =1
0

1
0 , from the squeeze theorem, 

 
we get lim cos

n n
n

→∞
=1 3

4
0

p
.

 
lim cos
n n

n
→∞

=
1 3

4
0

p

When n³4, we get 
4 4 4 4

1 2

n

n n!
=
⋅
⋅




£ 4 4 4 4 4 4

1 2 3 4 4

4
6

4⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅

=

 n n
.

Therefore, we get 0
4<
n

n !
£ 4
6

4

n
.

Now, because lim
n n→∞

=4
6

0
4

, the squeeze theorem gives us lim
!n

n

n→∞
=4 0 .

 lim
!n

n

n→∞
=

4
0

Because n is a natural number, for the value of tan 2
3
np

 we get 0 when 
n=3m(m=1, 2, 3, …);  
we get -   3  when n=3m+1(m=0, 1, 2, …); and we get   3  when 
n=3m+2(m=0, 1, 2, …).

Therefore, from -   3 £ tan 2
3
np£   3 , by dividing each side by n(n>0),  

 
we get -

  3
n

£ 1 2
3n
ntan p £   3

n
.

Now, because lim , lim
n nn n→∞ →∞

−











= =    3
0

3
0 , from the squeeze theorem, 

 
we get lim tan

n n
n

→∞
=1 2

3
0

p
.

 
lim tan
n n

n
→∞

=
1 2

3
0

p
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Limits of infinite geometric sequences

The sequence a ar ar arn, , , , ,2 1
 

-  is called a geometric sequence of a, the first term, with a common ratio of r.

The limits of an infinite geometric sequence { }rn  with a first term of r and a common ratio of r are outlined below.

 2>1, so lim
n

n
→∞

= ∞2

 Since − <
2

3
1

   , then lim
n

n

→∞
−









=2

3
0

  
.

 -2<-1, so lim( )
n

n
→∞
−2  does not exist. (The sequence {( ) }-2 n  is oscillating.)

Conditions for convergence of geometric sequences

From the limits of infinite geometric sequences described above, the following holds.

 Find the limits of the following.

(1) lim
n

n n

n n→∞

+ +−

−
2 3

3 2

1 1

We can find the limits by dividing the denominator and numerator by 3n , which has a large base, such that the 

denominator converges,  

 

to give us lim lim
n

n n

n n n

n

→∞

+ +

→∞

−

−
=










−

−





2 3

3 2

2
2
3

3

1
2
3

1 1   

  





= −n 3 .

 -3

To understand how to find the limits of infinite geometric sequences and the limits of sequences 
expressed as geometric sequences.

When r>1, then lim
n

nr
→∞

=∞ .

When r=1, then lim
n

nr
→∞

= 1.

When r£-1, then the sequence { }rn  oscillates.

When |r|<1(-1<r<1), then lim
n

nr
→∞

= 0 .

The sequence { }rn  converges Û -1<r£1

The sequence { }arn-1  converges Û a=0 or -1<r£1

Limits of infinite geometric sequencesLimits of infinite geometric sequences
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(2) lim( )
n

n n
→∞

−3 2

Factor out 3n  to find the limit, so we get lim( ) lim
n

n n
n

n
n

→∞ →∞
− = −

























3 2 3 1
2

3  


= ∞ .

 ¥

(3) lim
( )

n

n

n→∞

−

−
5

3 1

Divide the denominator and numerator by 3n , to get lim
( )

lim
n

n

n n

n

→∞ →∞

−

−
=

−










−










5

3 1

5

3

1
1

3

  

  

nn .

Now, when n®¥, the sequence −
























5

3  

n

 oscillates, so there is no limit.

 Has no limit

(4) lim
n

n n

n n→∞

−

−

4 3

2 3

Divide the denominator and numerator by 2n  to find the limit, so we get 

lim lim lim
n

n n

n n n

n n

n

n

n

n→∞ →∞ →∞

−

−
=

−

−

=

−










4 3

2 3

4 3
2

1
3

2

1
3

4

−










=

n

n

1
3

4

1 .

 1

 Find the ranges of values x, such that the following infinite geometric sequences converge.

(1) 
x n

3

























Since the common ratio is 
x
3

, conditions for convergence are -1<
x
3
£1, so we find the range of values for x is 

-3<x£3.

 -3<x£3

(2) { ( ) }x x n- 4

Since the first term is x(x-4) and the common ratio is x-4, the conditions for convergence are x(x-4)=0 or  

-1<x-4£1.

From x(x-4)=0, we get x=0, 4 …( i )

From -1<x-4£1, we get 3<x£5 …(ii)

From ( i ) and (ii), the range of values we find for x is x=0 or 3<x£5.

 x=0, 3<x£5
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 Find the limits of the following.

(1) lim
n

n n

n→∞

+ −

+
4 3

2 1

1

2

(2) lim
n

n n

n→∞

−5 8

22

(3) lim
( )

n

n

n n→∞

−

−

     5 3

5 3

(4) lim
( )

n

n

n→∞

− −

+
1 2

1 2

 Find the ranges of values x, such that the infinite geometric sequence {( ) }x x n2 1- -  converges.

 4
=

−
+

=
−









+








→∞

+

→∞
lim lim
n

n n

n n

n

4 3
4 1

4
3
4

1
1
4

1   

  


=n 4

 -¥
=









−













 =

→∞ →∞
lim lim
n

n
n

n n
n

8
5
8

1

4
2

5  

   8
1









−














=−∞

n

 0

=

−











−









=
→∞ →∞
lim lim
n

n

n n

    
  

  

5 3

5

1
3
5

11
3
5

1
3
5

0

−












−









=
  

  

n

n

Now, when n®¥, the sequence {( ) }-1 n  oscillates, so there is no limit.
 Has no limit

=









− −









+

→∞
lim

( )

n

n
n

n

1
2

1

1
2

1

  

  

Since the common ratio is x x2 1- - , the condition for convergence is  
-1<x x2 1- - £1.
From -1<x x2 1- - , we get x x x x2 0 1 0− > − >, ( ) , so x<0 and 1<x …( i )

From x x2 1- -  £1, we get x x2 2- - £0 or ( )( )x x+ −1 2 £0, so -1£x£2 …(ii)

From ( i ) and (ii), the range of values we find for x is -1£x<0 or 1<x£2.
 -1£x<0, 1<x£2
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@@

Use the scientific calculator to confirm the limits of infinite geometric sequences.

Confirm the limits of infinite geometric sequences by using the VARIABLE function of the scientific calculator.

 Use the scientific calculator to confirm the limit of lim
n

n n

n n→∞

+ ++

+
=

2 3

3 2
3

1 1

.

Confirm by substituting 102  for x in the formula 
2 3

3 2

1 1x x

x x

+ ++

+
.

Press w, select [Calculate], press |

Input 
2 3

3 2

1 1x x

x x

+ ++

+
.

In the VARIABLE screen, input [x=102 ].

a2^[+1$+3^[+1R3^[$+2^[

'RRR10dB `B
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Recurrence formula and general terms

The general terms of a sequence defined by the recurrence formula between 2 adjacent terms is found mainly by the 

following methods.

Recurrence formula and limits

The limit of a sequence defined by the recurrence formula is found by determining the limit of the general terms found by 

the above methods.

 Find the limits of the sequences { }an  defined as follows. Provided that n is a natural number.

(1) a a an n1 11
1

2
2= = −+,

  
From the characteristic equation a a= −1

2
2

  
, we can get 

1

2
2 4

  
a a= − = −, .

Therefore, we can transform the recurrence formula to a an n+ + = +1 4
1

2
4

  
( ) .

The sequence { }an + 4  has a first term of (a1+4=)5 and is a geometric sequence with a common ratio of 
1

2  
, so we 

get an
n

+ =










−

4 5
1

2

1

  
.

Therefore, since an
n

=









−

−

5
1

2
4

1

  
, we get lim lim

n
n

n

n

a
→∞ →∞

−

=









−















= −5
1

2
4 4

1

  
.

 -4

(2)  a1=1, 4 4 121
n
n

n
na a+ = +

From 4 4 121
n
n

n
na a+ = + , we get a a a an n

n

n n

n

+

−

+

−

= +










− =








1

1

1

1

3
1

4
3
1

4     
, .

Thus, a a a an
k

n k

k

n

k k= + − = +









= +

−

+

=

− −

=

−

∑ ∑1 1

1

1 1

1

1

1 3
1

4
1

3 1

( )
  

11
4

1
1
4

1 4 1
1

4

1

  

  
  

























−
= + −






−n





















= −











− −n n1 2

5
1

4  
 (n³2).

Therefore, we get lim lim
n

n
n

n

a
→∞ →∞

−

= −
























=5
1

4
5

2

   .

 5

To understand how to find the limits of sequences defined by the recurrence formula.

(a)  Use the characteristic equation to transform the recurrence 
formula and solve as a geometric sequence.

(b) Use a sequence of differences.
(c) Predict general terms and prove them by mathematical induction.

Recurrence formula and limitsRecurrence formula and limits
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 Find the limits of the sequences { }an  defined as follows. Provided that n is a natural number.

(1)  a1=5, a an n+ = − +1
1

3
4

  

(2)  a1=4, 3 3 21
n
n

n
n

na a+ = −

 Find the limit value lim
n

na
→∞

, given b an n= log2 , of the sequence { }an  defined as a1=32, a an n+ =1 34 .

From the characteristic equation a a=− +1
3

4  , we can get 
4
3

4 3
  
a a= =, .

Therefore, we can transform the recurrence formula to a an n+ − =− −1 3
1
3

3  
( ) .

The sequence { }an-3  has a first term of (5-3=)2 and is a geometric sequence with 

a common ratio of -
1
3  , so we get an

n

− = −










−

3 2
1
3

1

  .

Therefore, since an
n

= −









+

−

2
1
3

3
1

  , we get lim lim
n

n
n

n

a
→∞ →∞

−

= −









+














=2

1
3

3 3
1

  .
 3

From 3 3 21
n
n

n
n

na a+ = − , we get a a a an n

n

n n

n

+ += −









− =−







1 1

2
3

2
3    , .

    (n≥2)

Therefore, we get lim lim
n

n
n

n

a
→∞ →∞

= +






















=2 3

2
3

2  .
 2

a a a an
k

n k

k

n

k k= + − = −








= −

−

+
=

−

=

−

∑ ∑1 1
1

1

1

1

4
2
3

4

2
3
1

( )
  

  
22
3

1
2
3

4 2 1
2
3

1

  

  
  
























−
= − −






−n





















= +









−n

n

1

2 3
2
3  

Because a1 0> , then inductively from a an n+ =1 34 , for all natural numbers n we 
get an > 0 .
Then, we take the logarithm using as a base the 2 on both sides of the recurrence formula.

log log log log log log log2 1 2
3

2 2
3

2

1
3

2
2

24 4 2
1
3

a a a a an n n n n+ = = + = + =
  

++ 2

Now, given b an n= log2 , we can get b bn n+ = +1
1
3

2  
 …( i )

From the characteristic equation a a= +1
3

2
  

, we can get 
2
3

2 3  a a= =, .

From this, we can transform the recurrence formula ( i ) to b bn n+ − = −1 3
1
3

3  
( ).

Since the sequence { }bn-3  is a geometric sequence with a first term of 

( log )b1 23 32 3 5 3 2− = − = − =  and a common ratio of 
1
3  , 

 
then from b bn

n

n

n

− =









=








+

− −

3 2
1
3

2
1
3

3
1 1

    , , we can get lim lim
n

n
n

n

b
→∞ →∞

−

=








+














=2

1
3

3 3
1

  .

From b an n= log2 , so an bn= 2 , which gives us lim lim
n

n
n

ba n

→∞ →∞
= = =2 2 83 .

 8
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Convergence and divergence of infinite series

Infinite series

An expression of an infinite sequence { }an , in which each term is connected by the “+” symbol 

a a a an1 2 3+ + + + +   and an
n=

∞

∑
1

, is called an infinite series, and a sum Sn  of its terms from the first term to 

the n-th term is called a partial sum.

S a a a a an k
k

n

n= = + + + +
=
∑
1

1 2 3 

Sums of infinite series

The sequence {Sn } of the partial sum of an infinite series an
n=

∞

∑
1

 converges, such that its limit value is S, giving us 

S S a a
n

n
n

k
k

n
n

n
= = =

→∞ →∞ = =

∞

∑ ∑lim lim
1 1

, and we call this S the sum of the infinite series.

Convergence and divergence of infinite series

Convergence and divergence of infinite series and limits of sequences

explanation

Proof of (3)

Given that an
n=

∞

∑
1

 converges and its sum is S, then lim lim( ) lim lim
n

n
n

n n
n

n
n

na S S S S S S
→∞ →∞

−
→∞ →∞

−= − = − = − =1 1 0 .

Converse of (3) and (4)

The converse of (3) and (4) does not hold.

To understand the convergence and divergence of infinite series and how to find their sums.

(1) an
n=

∞

∑
1

 converges  Û Sequence { }Sn  converges

(2) an
n=

∞

∑
1

 diverges  Û  Sequence { }Sn  diverges

(3) an
n=

∞

∑
1

 converges  Þ lim
n na
→∞

= 0

(4) lim
n na
→∞

≠ 0  Þ an
n=

∞

∑
1

 diverges

Convergence and divergence of infinite seriesConvergence and divergence of infinite series
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 Determine whether the following infinite series converge or diverge, and if they converge, find their sum.

(1) 
1

1 2

1

2 3

1

3 4

1

1⋅
+
⋅
+
⋅
+ +

+
+ 

n n( )

By transformation 
1

1

1 1

1n n n n( )+
= −

+
, so 

Sn = −











+ −











+ −


1
2 2 3 3 4

1 1 1 1 1

              








+ + −

+












= −

+


1 1

1
1

1

1n n n

Therefore, because lim lim
n

n
n

S
n→∞ →∞

= −
+










=1

1

1
1 , this series converges and the sum is 1.

 Converges and the sum is 1

(2) 
1

1 3

1

2

1 1

2+
+

+
+

+
+ +

+ +
+

           2 3 5
 

n n

By transformation 
1

2

2

2

1

2
2

n n
n n
n n

n n
+ +

=
+ −
+ −

= + −
  
( ) , so 

 

S n n n nn = − + − + − + + + − = + + + −
1

2
3 1 2 2 5 3 2

1

2
2 1

  
           

  
{( ) ( ) ( ) ( )} (    2 1− )

Therefore, because lim lim ( )
n

n
n

S n n
→∞ →∞

= + + + − − = ∞
1

2
2 1 2 1

  
   , this series diverges to positive infinity.

 Diverges to positive infinity

(3) 
2

3

2

15

2

35

2

4 12          
+ + + +

−
+ 

n

By transformation 
2

4 1

2

2 1 2 1
1

2 1

1

2 12n n n n n−
=

− +
=

−
−

+( )( ) , so 

 

Sn = −











+ −











+ −


1
3 3 5 5 7

1 1 1 1 1

              








+ +

−
−

+












= −

+


1

2 1

1

2 1
1

1

2 1n n n

Therefore, because lim lim
n

n
n

S
n→∞ →∞

= −
+










=1

1

2 1
1 , this series converges and the sum is 1.

 Converges and the sum is 1
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 Determine whether the following infinite series converge or diverge, and if they converge, find their sum.

(1) 
6

2 4

6

3 5

6

4 6

6

1 3⋅
+
⋅
+
⋅
+ +

+ +
+ 

( )( )n n

(2) 
1

2

1

2

1

2

1

2 2 2           2 6 6 2+
+

+
+

+
+ +

+ +
+ 

n n

(3) 
1

3

1

3 5

1

3 5 7

1

3 5 7 2 1  
+

+
+

+ +
+ +

+ + + + +
+





( )n

By transformation 
6
1 3

3
1
1

1
3( )( )n n n n+ +

=
+
−

+








 , so 

 

Therefore, because lim lim
n

n
n

S
n n→∞ →∞

= −
+
+

+





















=3

6
1
2

1
3

55
     2

, this series 

converges and the sum is 
5
2  .

 Converges and the sum is 
5
2  

Sn = −









+ −









+ −3

2 4 3 5 4
1 1 1 1 1 1
             6

1
1

1
3










+ +

+
−

+



























n n

== −
+
+

+





















3
6

1
2

1
3

5
  n n

By transformation 
1

2 2 2

2 2 2
2 2 2

2
2

1
n n

n n
n n

n n
+ +

= + −
+ −

= + −  
  
( ) , so 

Therefore, because lim lim ( )
n

n
n

S n
→∞ →∞

= + − =∞  
  
2
2

11 , this series diverges to 

positive infinity.
 Diverges to positive infinity

S n n

n

n = − + − + − + + + −

= + −

  
          

  
  

2
2

2 1 3 2 2 3 1

2
2

{( ) ( ) ( ) ( )}

(



1 11)

By transformation 
1

3 5 7 2 1
1

1
2
2 4

1
2
1 1

2+ + + + +
=

+
= −

+








 ( )

( )n n n n n
  

  , so 

Therefore, because lim lim
n

n
n

S
n n→∞ →∞

= −
+
+

+





















1 3
    2 2

1
1

1
2 
= 3
4  

, this series 

converges and the sum is 
3
4  .

 Converges and the sum is 
3
4  

Sn = −









+ −









+ −1 1 1 1 1 1

          2
1
3 2 4 3    5

1 1
2










+ + −

+

























=



n n
1
     2 2

1
1

1
2

3 −
+
+

+




















n n
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@@

@@

Use the scientific calculator to confirm the sums of infinite series.

Confirm the sums of infinite series by using the VARIABLE function of the scientific calculator.

 Use the scientific calculator to confirm 
2

1 3

2

2 4

2

3 5

2

2

2

2
3

21⋅
+
⋅
+
⋅
+ +

+
+ =

+
=

→∞ =
∑ 

n n k kn k

n

( )
lim

( ) .

Confirm by substituting 103  for A in the formula 
2

21 x xx ( )+=
∑
A

.

Press w, select [Calculate], press |

Input 
2

21 x xx ( )+=
∑
A

.

In the VARIABLE screen, input [A=103 ].

 Use the scientific calculator to confirm 

1

1

1

1 2

1

1 2 3

1

1 2 3

1

1 2 31

+
+
+
+ +

+ +
+ + + +

+ =
+ + + + =

→∞ = →∞
∑





n kn k

n

n
lim lim

22

1
2

1 k kk

n

( )+
=

=
∑ .

Confirm by substituting 103  for A in the formula 
2

11 x xx ( )+=
∑
A

.

Input 
2

11 x xx ( )+=
∑
A

.

In the VARIABLE screen, input [A=103 ].

T|RR|2a[([+2)R1Eq4

'10^3B `B

T|RR|2a[([+1)R1Eq4

'10^3B `B
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Convergence and divergence of infinite geometric series

From the convergence and divergence of the infinite geometric series ar a ar ar arn

n

n−

=

∞
−∑ = + + + + +1

1

2 1
  ,  

we can derive the following.

Infinite geometric series and recurring decimals

We can express recurring decimals as fractions by using the concept of infinite geometric series.

 0 36 0 36 0 0036 0 000036

36
100

1
1
100

36

99

4

11
. . . .� � �= + + + =

−
= =   

   
       

 Determine whether the following infinite geometric series converge or diverge, and if they converge, find their sum.

(1)      2 2 2 2 4− + − +

The first term is not 0, the common ratio is 
−
= −

2

2
2

  
  , and because | |-   2 ³1, it diverges.

 Diverges

(2) 1
2

3

4

9

8

27
+ + + +
         



The first term is 1, the common ratio is 
2

3  
, and because    

 2
3

1< , it converges.

So the sum is 
1

1
2
3

3
−

=

  

.

 Converges and the sum is 3

To understand the convergence and divergence of infinite geometric series and their sums.

When |r|<1, the series converges, and the sum is given by 

a
r1-

 ar
a
r

n

n

−

=

∞

∑ =
−











1

1 1
.

The series converges and the sum is 0.

When |r|³1, the series diverges.

If a¹0

If a=0

Convergence and divergence of infinite geometric seriesConvergence and divergence of infinite geometric series
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 Find the ranges of values of x, such that the following infinite geometric series converge.

(1) x x x x x+ − + − +( ) ( )2 2 2


Since the first term is x and the common ratio is 2-x, the conditions for convergence are x=0 or |2-x|<1.

From |2-x|<1, we get -1<2-x<1 and 1<x<3.

Therefore, the range we find is x=0 and 1<x<3.

 x=0, 1<x<3

(2) 1 2 2
2+ + +log (log )x x 

Since the first term is 1 and the common ratio is log2 x , the condition for convergence is | log2 x |<1.

Therefore, from -1< log2 x <1 we get 2 21− < <x . Also, this satisfies the anti-logarithm condition x>0.

Therefore, the range we find is 
1

2
2

  
< <x .

 

1
2

2  
< <x

 Determine whether the following infinite geometric series converge or diverge, and if they converge, find their sum.

(1) 
1

2

1

3

2

9

4

27            
+ + + +

(2) 12 4 3 4
4 3

3
− + − +     



(3) − + − + −3 3 3 3 

The first term is 
1
2  , the common ratio is 

1
3

1
2

2
3      ÷ = , and because     

2
3

1< , it 
converges.

So the sum is 

1
2

1
2
3

3
2

  

  
  −

= .
 Converges and the sum is 

3
2  

The first term is 12, the common ratio is 
−

=−4 3
12

3
3

    
, and because − <  3

3
1 , 

it converges.

So the sum is 
12

1
3
3

18 6 3

+

= −
  

  .
 Converges and the sum is 18 6 3-   

The first term is not 0, the common ratio is -1, so because |-1|³1, it diverges.
 Diverges
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(4) ( ) ( ) ( )2 3 3 3 6 18 6 3+ − + + − − +         

 Find the ranges of values of x, such that the following infinite geometric series converge.

(1) 1 2 22 2+ + + + +x x x x( ) ( ) 

(2)  1 2 4 82 3− + − +cos cos cosx x x 
 (0£x<2p)

The first term is not 0, the common ratio is −
+

+
=− +3 3

2 3
3 3

  
  

  , and because 
|− +3 3  |³1, it diverges.

 Diverges

Since the first term is 1 and the common ratio is x(x+2), the condition for 
convergence is |x(x+2)|<1, which gives us -1<x(x+2)<1.
From -1<x(x+2), we get x x x x2 22 1 0 1 0 1+ + > + > ≠−, ( ) ,   …( i )

From x(x+2)<1, we get x x x2 2 1 0 1 2 1 2+ − < − − < <− +,       …(ii)

From ( i ) and (ii), the range we find is − − < <− − < <− +1 2 1 1 1 2    x x, .

 − − < <− − < <− +1 2 1 1 1 2    x x,

The first term is 1, the common ratio is -2cosx , so   
the condition for convergence is |-2cosx |<1, so  
-1<-2cosx <1,  
to give us − < <1

2
1
2    cosx .

Because 0£x<2p, the range we find is 
p p p p        3

2
3

4
3

5
3

< < < <x x, .

 

p p p p
        3

2
3

4
3

5
3

< < < <x x,

-1

-1 1

1

O 1
2

1
2

-

p
3



16. Limits 21

@@

@@

Use the scientific calculator to confirm the sums of infinite geometric series.

Confirm the sums of infinite geometric series by using the VARIABLE function of the scientific calculator.

 Use the scientific calculator to confirm the infinite geometric series 1
1

2

1

4
1
1

2
2

1

1

+ + + = ⋅









=

−

=

∞

∑     


n

n
.

Confirm by substituting 102  for A in the formula 1
1

2

1

1

⋅










−

=
∑

x

x

A

.

Press w, select [Calculate], press |

Input 1
1

2

1

1

⋅










−

=
∑

x

x

A

.

In the VARIABLE screen, input [A=102 ].

 Use the scientific calculator to confirm the infinite geometric series 
1

3

1

9

1

27

1

3
1

3

1

2

1

1               
+ + + = ⋅










=

−

=

∞

∑

n

n
.

Confirm by substituting 102  for A in the formula 
1

3
1

3

1

1   
⋅










−

=
∑

x

x

A

.

Input 
1

3
1

3

1

1   
⋅










−

=
∑

x

x

A

.

In the VARIABLE screen, input [A=102 ].

T|RR|1(1a2$)^[p1R1Eq4

'10dB `B

T|RR|1a3$(1a3$)^[p1R1Eq4

'10dB `B
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Properties of sums of infinite series

Given that the infinite series an
n=

∞

∑
1

 and bn
n=

∞

∑
1

 converge such that an
n=

∞

∑
1

=S and bn
n=

∞

∑
1

=T. Then, for the sums of 

infinite series, we can derive the following from the properties of limits of sequences.

 Find the sums of the following infinite series.

(1) 
1

2

1

51 1
1

n n
n

− −
=

∞

−








∑

Now, because 
1

2
1
1

5
1

     
< <, , both the infinite geometric series, which are their common ratios, converge.

Therefore, 
1

2

1

5

1 1

     









−
























− −n n

n==

∞ −

=

∞ −

=

∞

∑ ∑ ∑=









−










=

1

1

1

1

1

1

2

1

5

1

1     

n

n

n

n −−
−
−

= − =
1
2

1

1
1
5

2
5

4

3

4
     

     

 

3
4  

To understand how to find sums by using the properties of infinite series.

(1) ka kSn
n=

∞

∑ =
1

 (k is a constant)

(2) ( )a b S Tn n
n

± = ±
=

∞

∑
1

 (double sign same order)

From (1) and (2):  ( )ka lb kS lTn n
n

± = ±
=

∞

∑
1

  

(k and l are constant and double sign same order)

=









−
























− −
1

2

1

5

1 1

     

n n

nn=

∞

∑
1

Properties of infinite seriesProperties of infinite series
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(2) 
4 3

51

n n

n
n

−

=

∞

∑

=









−






















=

∞ 4

5

3

51      

n n

n
∑∑

Now, with these infinite geometric series, for 
4

51   








=

∞

∑
n

n
, the first term is 

4

5  
 and the common ratio is 

4

5  
; and for 

3

51   








=

∞

∑
n

n
, the first term is 

3

5  
 and the common ratio is 

3

5  
.

Both of their common ratios are 
4

5  
<1 and 

3

5  
<1, so both of these infinite geometric series converge.

Therefore, 
4

5

3

51      









−






















=

∞

∑
n n

n
==










−










=
−=

∞

=

∞

∑ ∑4

5

3

5

4
5

1
4
5

1 1     
  

  

n

n

n

n
−−
−

= − =

3
5

1
3
5

4
3

2

5

2
  

  
     

 

5
2  

(3) 
1

3 21
n

n

nsin p
=

∞

∑

Consider 4 separate cases depending on the value given to n in sinnp
2

, given m is a natural number.

If n=4m-3 then sinnp
2

=1; if n=4m-2 or 4m then sinnp
2

=0; and if n=4m-1 then sinnp
2

=-1.

Therefore, 
1

3 2

1

3
1
1

3
0
1

3
1

1

3
0
1

3
1
1

3
0
1

31
2 3 4 5 6 7n

n

nsin ( )
p

=

∞

∑ = ⋅ + ⋅ + ⋅ − + ⋅ + ⋅ + ⋅ +
  

⋅⋅ − + ⋅ +

= − + − +

( )1
1

3
0

1

3

1

3

1

3

1

3

8

3 5 7





  

This is an infinite geometric series with a first term of 
1

3  
 and a common ratio of −










1

3

2

  
, and it converges because −










<1

3
1

2

  
.

Therefore, the sum we find is 
1

3 2

1
3

1
1
3

3

9 1

3

101
2n

n

nsin p
=

∞

∑ =

+










=
+
=  

  
   .

 

3
10  

 Find the sums of the following infinite series.

(1) 
1

3

1

2 1
1

n n
n

−








−=

∞

∑

Now, because 
1
3

1
1
2

1    
< <, , both the infinite geometric series, which are their 

common ratios, converge. 

Therefore, 
1
3

1
2

1

1     








−























−

=

n n

n

∞∞

=

∞ −

=

∞

∑ ∑ ∑=








−









=
−

1
3

1
2

1
3

11

1

1    
  

n

n

n

n 11
3

1

1
1
2

1
2
2

3
2

    
    

−
−

= − =−

 
-
3
2  

=








−























−

=

1
3

1
2

1

    

n n

n 11

∞

∑
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(2) 
2 4

8

1 1

1

n n

n
n

− +

=

∞ +
∑

(3) 
3 1

5

1

1

n n

n
n

−

=

∞ + −
∑

( )

(4) 
1

21 n
n

ncos p
=

∞

∑

Now, because 
1
4

1
1
2

1    
< <, , both the infinite geometric series, which are their 

common ratios, converge.

Therefore, 
1
8
1
4

2
1
2

1 1

      








+




















− −n n



=









+








=

∞ −

=

∞

∑ ∑
n

n

n

n

1

1

1

1
8
1
4

2
1
2      

−−

=

∞

∑ = ⋅
−

+ ⋅
−

= + =
1

1

1
8

1

1
1
4

2
1

1
1
2

1
6
4

25
6n   

    
  

  
.

 
  25
6

=








+




















− −
1
8
1
4

2
1
2

1 1

      

n n



=

∞

∑
n 1

Now, because 
3
5

1
1
5

1    
< − <, , both the infinite geometric series, which are their 

common ratios, converge.

Therefore, 
1
5
3
5

1
5

1

      








+ −
























−n n


=









+ −









=

∞ −

=

∞

=
∑ ∑
n

n

n

n

n1

1

1

1
5
3
5

1
5      11

1
5

1

1
3
5

1
5

1

1
1
5

1
2

1
6

1
3

∞

∑ = ⋅
−

− ⋅
+

= − =
  

  
  

  
    

  

 

  1
3

=








+ −























−
1
5
3
5

1
5

1

      

n n

=

∞

∑
n 1

Consider 2 separate cases depending on the value given to n in cosnp , given m 
is a natural number.
If n=2m-1 then cosnp=-1; and if n=2m then cosnp=1.

Therefore, 
1
2

1
2

1
1
2
1
1
2

1
1
2
1

1
2

1
2

1
1

2 3 4

2

n
n

ncos ( ) ( )p
=

∞

∑ = ⋅ − + ⋅ + ⋅ − + ⋅ +

=− + −

  

  



22
1
23 4

+ −

This is an infinite geometric series with a first term of -
1
2   and a common ratio of 

- 1
2  , and it converges because − <1

2
1  

.

Therefore, the sum we find is 
1
2

1
2

1
1
2

1
2 1

1
31

n
n

ncos p
=

∞

∑ =
−

+
=
−
+
=−  

  
  

.

 
-
1
3  
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@@

@@

Use the scientific calculator to confirm the properties of infinite series.

Confirm the properties of sums of infinite series by using the VARIABLE function of the scientific calculator.

 Use the scientific calculator to confirm the sum of the infinite series 

2

3

3

4
2
1

3
3
1

41 1
1

1

n n

n

n
− −

=

∞
−

+









= ⋅










+ ⋅




∑ 



















=

−

=

∞

∑
n

n

1

1

7 .

Confirm by substituting 102  for A in the formula 
2

3

3

41 1
1

x x
x

− −
=

+








∑

A

.

Press w, select [Calculate], press |

Input 
1

3

1

41 1
1

x x
x

− −
=

+








∑

A

.

In the VARIABLE screen, input [A=102 ].

 Use the scientific calculator to confirm the sum of the infinite series 
3 2

4

3

4

3

4

1

2

1

21

1 1n n

n

n n

n

−
= ⋅










− ⋅















=

∞
− −

∑ 










=

=

∞

∑
n 1

2 .

Confirm by substituting 102  for A in the formula 
3 2

41

x x

x
x

−

=
∑
A

.

Input 
3 2

41

x x

x
x

−

=
∑
A

.

In the VARIABLE screen, input [A=102 ].

T|RR|

2a3^[p1$$+3a4^[p1R1Eq4

'10dB `B

T|RR|a3^[$p2^[R4^[R1Eq4

'10dB `B
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@@  Use the scientific calculator to confirm the sum of the infinite series 
cosn

n
n

p
3

1

3

1

3

1

41

2

=

∞

∑ =− + −









+ = − .

Confirm by substituting 102  for A in the formula 
cosx

x
x

p
31=

∑
A

.

Set the angle display to Radian.

Press L, select [Calc Settings], press |, select [Angle Unit], press |, select [Radian], press |, press C

Input 
cosx

x
x

p
31=

∑
A

.

In the VARIABLE screen, input [A=102 ].

T|RR|k[q7)a3^[R1Eq4

'10dB `B
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Limits of functions

The limits of functions are outlined below.

Given a as a limit value, it is not always the case that f(a)=a.

Properties of limits of functions

Given lim ( ) , lim ( )
x a x a
f x g x

→ →
= =α β  (and that a and b are constants), then the following properties hold.

For “x®a” in the limits above, it is acceptable as either “x®¥” or “x®-¥”.

To understand the limits of functions (converging and diverging) and how to find them.

a(a finite definite value)……Converges
¥=
-¥

…Diverges

lim ( )
x a
f x

®
 does not exist Has no limit

Has a limit

ìïïïíïïïî

ìï
íï
î

ìï
ïï
íï
ïï
î

lim ( )
x a
f x

®

(1) lim ( )
x a
kf x k

→
= a (k is a constant)

(2) lim ( ) ( )
x a

f x g x
→

±{ } = ±α β  (double sign same order)

Namely, (1) and (2) give us

(3) lim ( ) ( )
x a
f x g x

→
= αβ   lim ( )

( )x a

f x
g x→

=
α
β

 (b¹0)

lim ( ) ( )
x a
kf x lg x k l

→
±{ } = ±α β   

(k and l are constant and double sign same order)

Limits of functionsLimits of functions
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 Find the limits of the following.

(1)  lim( )
x

x x
→

+ −
2

2 3 5  (2) lim
x

x
x→

−
+1

25 3

4 1
  

 5 

2
5  

(3)  lim
x x→
−








0 2

1
 (4) lim ( )

x
x

→−∞
−2 3

  

(5)  lim
x

x
→−3
2  (6) lim log

x
x

®1 5

  

 

1
8   0

 Find the limits of the following.

(1)  lim( )( )
x

x x
→

− −
3

21 2 7  (2) lim
( )( )x

x
x x→−

+

+ −2 2

8

1 7
  

(3)  lim
x x→∞ −

1

32
 (4) lim

( )x x→−
+

+












3 2
1

1

3
  

(5)  lim log ( )
x

x x
→

− +
3 2

2 10  (6) lim
x

x
x→ −3 2 5

  

= + − =4 6 5 5
=
−
+
=

5 3

4 1

2

5  

So for lim
x

x
→

=
0

2 0 , we get x 2 0> .

lim
x x→
−









= −∞

0 2

1

 -¥

So, we get lim
x

x
→−∞

= −∞3 .

lim ( )
x

x
→−∞

− = ∞2 3

 ¥

= =−2
1

8
3

  
= =log5 1 0

  22
= ⋅ =2 11 22

  2
=
− ⋅ −

= =6
1 3

6
3

2
( )   

So, we get lim
x

x
→∞

=∞2 .

  0lim
x x→∞ −

=1
3
02

So for lim ( )
x

x
→−

+ =
3

23 0 , we get ( )x + >3 02 .

  ¥lim
( )x x→−
+

+










=∞

3 21
1
3

  4
= − + = =log ( ) log2 29 3 10 16 4

  3
2  

= =3

4

3
2    
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How to find the limits of functions that have indeterminate form

When determining the limits of functions, we say that forms like 
0

0  , 
¥
¥

, and ¥-¥ are indeterminate forms. For these forms, 

we transform them into forms from which we can find their limits and then calculate them, the same as the limits of sequences.

 Find the limits of the following.

(1) lim
x

x x
x x→

+ −

− +1

2

2

4 5

4 3

 -3

(2) lim
x

x
x→

− +
−3

3 6

3

 

- 1
6  

(3) lim
x

x x
x→∞

− +8 3

4

2

2

 2

To understand how to calculate the limits of functions that have indeterminate form.

Fractional functions ® Factorize the denominator and 
numerator, then reduce.

Polynomial functions ® Factor it out by using the highest order term.

Fractional functions ® Divide the denominator and the 
numerator by the highest order term of the denominator.

Irrational function ® Rationalize the numerator or the 
denominator, and then reduce.

Irrational function ® Rationalize the numerator or the denominator.

Main ways to transform indeterminate forms

(a) For 
0
0  

(b) For 
¥
¥

(c) For ¥-¥

=
− +
− −

=
+
−
=
−
= −

→ →
lim
( )( )

( )( )
lim

x x

x x
x x

x
x1 1

1 5

1 3

5

3

6

2
3

=
− +

− + +
=

− −

− + +
=

→ → →
lim

( )

( )( )
lim

( )

( )( )
lim

x x x

x
x x

x
x x3 3 3

9 6

3 3 6

3

3 3 6

−−

+ +
= −

+
= −

1

3 6

1

3 3

1

6x   

=
− +

= =
→∞
lim
x

x x
8
1 3

4

8

4
2

2

  

Limits of functions Limits of functions ((indeterminate formindeterminate form))
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(4) lim( )
x

x x
→∞

−3 3 2

 ¥

(5) lim ( )
x

x x x
→∞

+ −1

 

1
2  

(6) lim
x

x
x→−∞

− −2 2 1

Let x=-t, then when x®-¥, we get t®¥.

 -1

 When lim
x

x a b
x→−

+ −
+

=
1 1

1

4  
 is true, find the values of constants a and b.

Because lim( )
x

x
→−

+ =
1

1 0 , then we must get lim( )
x

x a b
→−

+ − =
1

0 . Therefore, we get a b b a− − = = −1 0 1, .

Substitute this into the left side, then rationalize the numerator to find the limits.

lim lim lim
( )

( )(x x x

x a b
x

x a a
x

x a a
x x→− →− →−

+ −
+

=
+ − −
+

=
+ − −

+ +1 1 11

1

1

1

1 aa a x a a ax+ −
=

+ + −
=

−→−1

1

1

1

2 11)
lim

Therefore, from 
1

2 1

1

4a −
=
  

 we can get a a b a− = = = − = =1 2 5 1 4 2, ,    .

 a=5, b=2

 Find the limits of the following.

(1) lim
x

x x
x x→−

− −

+ +2

2

2

4 12

6 8

(2) lim
x

x
x x→ − − +0

3

2 2

= −









= ∞

→∞
lim
x

x
x

3 3
1

=
+ −

+ +
=

+ +

=
+
=

→∞ →∞
lim

( )
lim

x x

x x x
x x

x

1

1

1

1
1
1

1

1 1

1

2  

lim lim lim
x t t

x
x

t
t t t→−∞ →∞ →∞

− −
=

− −
= − − +











−

2 2

2

2 1 2 1
1
2 1


= −1

 -4

=
+ −
+ +

=
−
+
=
−
=−

→− →−
lim
( )( )
( )( )

lim
x x

x x
x x

x
x2 2

2 6
2 4

6
4

8
2

4

 -3 2  
=

− + +
− − +

= − − + +









→ →
lim

( )
( )

lim ( )
x x

x x x
x x

x x
0 0

3 2 2
2 2

3
2
2 2

  


=−3 2  
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(3) lim
x

x x
x→∞

+ −
+

3 1

2

2

(4) lim ( )
x

x x
→−∞

+ +2 2

 When lim
x

a x b
x→

+ −
−

=
2

1

2
1  is true, find the values of constants a and b.

   3

=
+ −

+
=

→∞
lim
x

x x

x

3
1 1

1
2

3  

Let x=-t, then when x®-¥, we get t®¥.

 ¥
lim ( ) lim( ) lim
x t t

x x t t t
t t→−∞ →∞ →∞

+ + = − + = − +










2 2 2
22 2 1

1 2

=∞

Because lim( )
x

x
→

− =
2

2 0 , then we must get lim( )
x
a x b

→
+ − =

2
1 0 .

Therefore, we get     3 0 3a b b a− = =, .
Substitute this into the left side, then rationalize the numerator to find the limits.

Therefore, from 
a
2 3

1
  

=  we get a b a= = =2 3 3 6    , .
 a b= =2 3 6  ,

lim lim lim
( )

( )(x x x

a x b
x

a x a
x

a x
x x→ → →

+ −
−

=
+ −
−

=
+ −

− +2 2 2

1
2

1 3
2

1 3

2 1

  
++

=
+ +

=
→

  

    

3

1 3 2 32

)

lim
x

a
x

a
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@@

@@

Use the scientific calculator to confirm the limit of functions (indeterminate form).

Confirm the limits of functions that have indeterminate forms by using the VARIABLE function of the scientific 

calculator.

 Use the scientific calculator to confirm the limit of lim lim
( )( )
( )( )x x

x x
x x

x x
x x→ →

+ −
− +

=
− +

− −
= −

1

2

2 1

2 3

3 2

1 3

1 2
4 .

Confirm by substituting 1 10 8+ −  for x in the formula 
x x
x x

2

2

2 3

3 2

+ −
− +

.

Press w, select [Calculate], press |

Input 
x x
x x

2

2

2 3

3 2

+ −
− +

.

In the VARIABLE screen, input [x=1 10 8+ − ].

 Use the scientific calculator to confirm the limit of lim lim
x x

x x
x

x x

x
→∞ →∞

+ +
−

=
+ +

−
=

4 5 1

3

4
5 1

1
3

2
2

.

Confirm by substituting 108  for x in the formula 
4 5 1

3

2x x
x
+ +
− .

Input 
4 5 1

3

2x x
x
+ +
− .

 

In the VARIABLE screen, input [x=108 ].

a[d+2[p3R[dp3[+2

'RRR1+10^p8B `B

as4[d+5[$+1R[p3

'RRR10^8B `B
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Right-sided limits and left-sided limits

Let x have a larger value than a, then as it approaches a, we express it as x a→ + 0 ; let x have a smaller value than a, 

then as it approaches a, we express it asx a→ − 0 . Furthermore, the limits for f(x) at this time are called the  

right-sided (right) limit and the left-sided (left) limit, which we express as lim ( )
x a

f x
→ +0

 and lim ( )
x a

f x
→ −0

. In particular, 

when a=0 then we omit a and write x®0+0 as x®+0, and write x®0-0 as x®-0.

Existence of limits

For lim ( )
x a
f x

→
= a , the right-sided limit and the left-sided limit are both a, specifically, this means that 

lim ( ) lim ( )
x a x a

f x f x
→ + → −

= =
0 0

a . If lim ( ) lim ( )
x a x a

f x f x
→ + → −

≠
0 0

, then lim ( )
x a
f x

®
 does not exist.

 Find the limits of the following.

(1) lim
x x→ + −3 0

1

3

When x®3+0, because x-3>0, we get lim
x x→ + −

= ∞
3 0

1

3
.

 ¥

(2) lim
x

x
x→−

+
0

1

When x®-0, because x<0 and x+1>0, we get lim
x

x
x→−

+
= −∞

0

1
.

 -¥

To understand one-sided limits and the existence of limits.

Right-sided limit lim ( )
x a

f x
→ +

=
0

b

Left-sided limit lim ( )
x a

f x
→ −

=
0

a
a

b

aO x

y y=f (x )

O
3 x

y

O

1

x

y

One-sided limitsOne-sided limits
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(3) lim
| |x

x
x→ +

−
−3 0

2 9

3

lim
| |

lim
( )( )

| |x x

x
x

x x
x→ + → +

−
−

=
+ −
−3 0

2

3 0

9

3

3 3

3

When x®3+0, because x-3>0, we get |x-3|=x-3.

Therefore, we get lim
( )( )

| |
lim
( )( )

lim (
x x x

x x
x

x x
x

x
→ + → + → +

+ −
−

=
+ −
−

= +
3 0 3 0 3 0

3 3

3

3 3

3
3))= 6 .

 6

(4) lim
| |

x

x
x→ −

−

−4 0

4

2

lim
| |

lim
| | ( )

x x

x
x

x x
x→ − → −

−

−
=

− +
−4 0 4 0

4

2

4 2

4

When x®4-0, because x-4<0, we get |x-4|=-(x-4).

Therefore, we get lim
| | ( )

lim
( )( )

lim { (
x x x

x x
x

x x
x

x
→ − → − → −

− +
−

=
− − +

−
= − +

4 0 4 0 4 0

4 2

4

4 2

4
22 4)} = − .

 -4

 Determine whether the limit lim
| |x

x x
x→

−
0

2 3
 exists.

When x®+0, because x>0, we get |x|=x.

Therefore, we get lim
| |

lim lim ( )
x x x

x x
x

x x
x

x
→+ →+ →+

−
=

−
= − = −

0

2

0

2

0

3 3
3 3 .

When x®-0, because x<0, we get |x|=-x.

Therefore, we get lim
| |

lim lim{ ( )}
x x x

x x
x

x x
x

x
→− →− →−

−
=

−
−

= − − =
0

2

0

2

0

3 3
3 3 .

Therefore, since lim
| |

lim
| |x x

x x
x

x x
x→+ →−

−
≠

−
0

2

0

23 3
, there are no limits lim

| |x

x x
x→

−
0

2 3
.

 There are no limits

 Find the limits of the following.

(1) lim
x

x
x→ + −1 0

2

1

(2) lim
x

x
x x→−

−

−0 2

1

4

When x®1+0, because x-1>0 and 2x>0, we get lim
x

x
x→ + −

=∞
1 0

2
1

.
 ¥

When x®-0, because x<0, x-4<0, and x-1<0, we get lim
x

x
x x→−

−
−

=−∞
0 2

1
4

.
 -¥

lim lim
( )x x

x
x x

x
x x→− →−

−
−

=
−
−0 2 0

1
4

1
4
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(3) lim
| |x

x x
x→− −

+ +
+2 0

2 3 2

3 6

(4) lim
x

x x
x→ −

− +

−1 0

2

3

2 1

1

 Determine whether the limit lim
| |x

x x
x→

−
−1

22 2

1
 exists.

When x®-2-0, because x+2<0, we get |x+2|=-(x+2).

Therefore, we get lim
( )( )
| |

lim
( )( )

( )
lim

x x x

x x
x

x x
x→− − →− − →

+ +
+

=
+ +
− +

=
2 0 2 0

1 2
3 2

1 2
3 2 −− −

−
+








=

2 0

1
3

1
3

x
  .

 
1
3  

lim
| |

lim
( )( )
| |x x

x x
x

x x
x→− − →− −

+ +
+

=
+ +
+2 0

2

2 0

3 2
3 6

1 2
3 2

When x®1-0, because x-1<0, we get |x-1|=-(x-1).

Therefore, we get lim
( )

( )( )
lim

x x

x
x x x x x→ − → −

− −
− + +

= −
+ +










= −

1 0 2 1 0 2

1
1 1

1
1

11
3  .

 -
1
3  

lim lim
( )

lim
| |

( )(x x x

x x
x

x
x

x
x→ − → − → −

− +
−

=
−
−

=
−

−1 0

2

3 1 0

2

3 1 0

2 1
1

1

1
1

1 xx x2 1+ + )

When x®1+0, because x-1>0, we get |x-1|=x-1.

Therefore, we get lim
( )
| |

lim
( )

lim
x x x

x x
x

x x
x

x
→ + → + → +

−
−

=
−
−

= =
1 0 1 0 1 0

2 1
1

2 1
1

2 2 .

When x®1-0, because x-1<0, we get |x-1|=-(x-1).

Therefore, we get lim
( )
| |

lim
( )
( )

lim ( )
x x x

x x
x

x x
x

x
→ − → − → −

−
−

=
−

− −
= − =−

1 0 1 0 1 0

2 1
1

2 1
1

2 22 .

Therefore, since lim
| |

lim
| |x x

x x
x

x x
x→ + → −

−
−

≠
−
−1 0

2

1 0

22 2
1

2 2
1

, there are no limits lim
| |x

x x
x→

−
−1

22 2
1

.

 There are no limits

lim
| |

lim
( )
| |x x

x x
x

x x
x→ →

−
−

=
−
−1

2

1

2 2
1

2 1
1
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@@

@@

Use the scientific calculator to confirm one-sided limits.

Confirm the one-sided limit by using the VARIABLE function of the scientific calculator.

 Use the scientific calculator to confirm the limit of lim
| |

lim
( )( )

x x

x
x

x x
x→ + → +

−
−

=
+ −
−

=
4 0

2

4 0

16

4

4 4

4
8 .

Confirm by substituting 4 10 8+ −  for x in the formula 
x
x

2 16

4

-
-| |

. 

Press w, select [Calculate], press |

Input 
x
x

2 16

4

-
-| |

.

In the VARIABLE screen, input [x= 4 10 8+ − ].

 Use the scientific calculator to confirm the limit of 

lim
| |

lim
| |

lim
( )(

x x x

x
x

x
x

x
x

x x
→ − → − → −

−

−
=

−

−
⋅

+

+
=

− − +
9 0 9 0 9 0

9

3

9

3

3

3

9 33

9
6

)
x −

= − .

Confirm by substituting 9 10 8- -  for x in the formula 
| |x
x

-

-

9

3
.

Input 
| |x
x

-

-

9

3
.

In the VARIABLE screen, input [x= 9 10 8- - ].

a[dp16RTRR||[p4

'RRR4+10^p8B `B

aTRR||[p9Rs[$p3

'RRR9p10^p8B `B
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@@  Use the scientific calculator to confirm whether the limit of lim
| |x

x x
x→

+
0

2 2
 exists.

(1) Confirm the value of lim
| |x

x x
x→+

+
0

2 2
 by substituting 10 10-  for x in 

x x
x

2 2+
| |

.

Input 
x x

x

2 2+
| |

.

In the VARIABLE screen, input [x=10 10- ].

(2) Confirm the value of lim
| |x

x x
x→−

+
0

2 2
 by substituting - -10 10  for x in 

x x
x

2 2+
| |

.

In the VARIABLE screen, input [x=- -10 10 ].

Since lim
| |x

x x
x→+

+
=

0

2 2
2  and lim

| |x

x x
x→−

+
= −

0

2 2
2 , so the limit of lim

| |x

x x
x→

+
0

2 2
 does not exist.

a[d+2[RTRR||[

'RRR10^p10B `B

'RRRp10^p10B `B
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Limits of exponential functions and logarithmic functions

Limits of exponential functions

The limits of exponential functions are outlined below.

Limits of logarithmic functions

The limits of logarithmic functions are outlined below.

Definition of Napier’s number e
The graph of the exponential function y ax= , from a 0 1= , is a curve that passes 

through the fixed point (0, 1). The slope of the tangent at this point (0, 1) changes 

corresponding to the value of the base a, and the value of a when the slope is 1, as 

shown in the figure on the right, is defined as e, which is called Napier’s number.

Napier’s number e is defined by one of the following 3 expressions, giving a value of 

about 2.7182... Furthermore, a logarithm with base e is called the natural logarithm, 

and is usually abbreviated as e.

explanation

For e h
h

h= +
→
lim( )
0

1

1 , let h
x

=
1

, then when h®0, since x®±¥, we get e
xx

x

= +








→±∞

lim 1
1

.

Also, if we let h ex= −1 , because e hx = +1 , then by taking the natural logarithms of both sides, we get x h= +log( )1 .

Now, when x®0, since h®0, we get lim lim
log( )

lim
log( )

lim

log(
x h h h

e
x

h
h

h
h

x

→ → → →

−
=

+
=

+
=

0 0 0 0

1

1

1

1
1

1

1++

= =

h
e

h)
log1

1
1 .

To understand the limits of trigonometric functions, exponential functions, and logarithmic functions.

O

1

x

a>10<a<1
y

y=ax

When a>1 lim , lim
x

x
x

xa a
→∞ →−∞

=∞ = 0

When 0<a<1 lim , lim
x

x
x

xa a
→∞ →−∞

= =∞0

O 1 x

a>1

0<a<1

y
y=logax

When a>1 lim log , lim log
x a x ax x
→∞ →+

=∞ =−∞
0

When 0<a<1 lim log , lim log
x a x ax x
→∞ →+

=−∞ =∞
0

1

O x

y
y=ex

Slope is 1

e h
h

h= +
→
lim( )
0

1

1   e
xx

x

= +








→±∞

lim 1
1

  lim
x

e
x

x

→

−
=

0

1
1

Limits of various functions and Napier’s numberLimits of various functions and Napier’s number  ee
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@@

Use the scientific calculator to confirm Napier's number.

Confirm the value of Napier's number by using the various functions of the scientific calculator.

 Use the scientific calculator to confirm Napier's number e(=2.71828⋯).

Substitute 10 20-  for x in the formula ( )1
1

+ −x ex .

Press w, select [Calculate], press |

Input ( )1
1

+ −x ex .

In the VARIABLE screen, input [x=10 20- ].

Since lim ( )
x

xx e
→

+ −











=

0

1

1 0 , we can confirm that lim( )
x

xx e
→
+ =

0

1

1 .

We can also confirm by using Table as follows.

Press w, select [Table], press |, then clear the previous data by pressing W

Press I, select [Define f(x)/g(x)], press |, select [Define f(x)], press |

After inputting f(x)=( )1
1

+x x , press B

In the same way, input g(x)=
e
x

x -1
.

After inputting [x1:1, x2:10 2( )- , x3:10 4( )- , and x4:10 6( )- ] in the table, press B

Press q[, scan the QR code to display a graph.

 

(1+[)^1a[$$pq8

'RRR10^p20B `B
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Limits and magnitude relationship of functions

Given lim ( ) , lim ( )
x a x a
f x g x

→ →
= =α β  (and that a and b are constants), then the following holds.

Limits of trigonometric functions

Let radians be the units of the angles in trigonometric functions.

explanation

In the figure on the right, when 0
2

< <x
p

, then for the area of the shape, 

we can derive that VOAP< sector OAP<
VOAT.

Therefore, we get 
1

2

1

2

1

2        
sin tan sin tan,x x x x x x< < < < .

Then, by dividing each side by sinx(>0) and taking the inverse, we get cos sinx x
x

< < 1 .

Now, since lim cos
x

x
→+

=
0

1 , from the squeeze theorem, we get lim
sin

x

x
x→+
=

0
1 .

Furthermore, when x®-0 too, by letting x=-t, we can get t®+0, which lets us show it in the same way.

(1) By approaching x=a, then always f(x)£g(x)  Þ a£b

(Squeeze theorem)

(2)  By approaching x=a, then always f(x)£h(x)£g(x) and 
a=b  Þ  lim ( )

x a
h x

→
= a

O A

P

T

1

1

x

x

sinx
tanx

lim
sin

x

x
x→
=

0
1

Generally, in the above figure, when x≃0, then sinx≃x≃tanx.

Therefore, when x®0, for the ratio of these 2 numbers, the values 
sin tan sin

tan
, ,

x
x

x
x

x
x

 and their inverse
x
x

x
x

x
xsin tan

tan
sin

, , , 

always have a limit value of 1.
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@@

Use the scientific calculator to confirm the limit of trigonometric functions.

Confirm the limits of trigonometric functions by using the various functions of the scientific calculator.

 Use the scientific calculator to confirm the limit of the trigonometric function lim
sin

θ

θ
θ→
=

0
1 .

Substitute 10 10-  for x in 
sinx
x

.

Press w, select [Calculate], press |

Input 
sinx
x

.

In the VARIABLE screen, input [x=10 10- ].

We can confirm that lim
sin

x

x
x→
=

0
1 .

We can also confirm by using Table as follows.

Press w, select [Table], press |, then clear the previous data by pressing W

Press I, select [Define f(x)/g(x)], press |, select [Define f(x)], press |

After inputting f(x)=
sinx
x

, press B

In the same way, input g(x)=
1

2

- cosx
x

.

After inputting [x1:1, x2:10 2( )- , x3:10 4( )- , and x4:10 6( )- ] in the table, press B

Press q[, scan the QR code to display a graph.

The formula lim
cos

x

x
x→

−
=

0 2

1 1
2

 is also important.

aj[)R[
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 Find the limits of the following.

(1)  lim
x

x

x x→∞

−

−
1 2

3 4
 (2) lim

x

x x

→−∞










−
























1

5

1

2        

 0 ¥

(3)  lim
x

x

x→−∞
−










1
1
2

 (4) lim log
x x→+0

1

5

1
   

  

 e-2
 -¥

(5)  lim
log( )

x

x
x→

+
0

1
 (6) lim

sin
sinx

x
x®0

5

4
  

 1 

5
4  

(7)  lim
cos
sinx

x
x x→

−
0

1
 (8) lim

( )sin sin
sinx

x
x®0

  

 

1
2   1

(9) lim sin
x

x
x→−∞

3

 

 3 

We can find the limits by dividing the denominator and 

numerator by 4x , which has a large base, such that the 

denominator converges.

=










−




















→∞
lim
x

x x
1
4

1
2

3
4

     

  

xx

−

=

1

0
Let x=-t, then when x®-¥, we get t®¥.

=










−





















→−∞
lim

x

x x
1

5
1

5

2     


= ∞

=









−





















→∞

− −

lim
t

t t
1

5

1

2     


= − = −





















→∞ →∞
lim( ) lim
t

t t
t

t5 2 5 1
2

5  
= ∞

t

Let − =
1

x
t , then when x®-¥, we get t®+0.

= + = + =
→+

−

→+

− −lim( ) lim{( ) }
t

t
t

tt t e
0

2

0

1
2 21 1  

= − = −∞
→+
lim ( log )
x

x
0

1

5   

 
= + = =

→
lim log( ) log
x

xx e
0

1

1 1

 

= ⋅ ⋅









=

→
lim
sin

sinx

x
x

x
x0

5

5

4

4

5

4

5

4     

=
−
+

=
+

=

→ →

→

lim
( )

lim
( )

lim

cos
sin cos

sin
sin cosx x

x

x
x x x

x
x x x0

2

0

21

1 1

00

1

1

1

2

sin
cos

x
x x
⋅
+










=
  

Let sinx=t, then when x®0, we get t®0.

= =
→
lim
sin

t

t
t0

1

Let 
3

x
t= , then when x®-¥, we get t®-0.

= =
→−
lim sin
t t

t
0

3
3
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 Find the limits of the following.

(1)  lim
x

x x

x x→−∞

−

−

−

+
3 3

3 3
 (2) lim( )

x
x x

→∞
−4 7

  

(3)  lim
x

x

x→∞
+










1
3

 (4) lim log
x x→∞

1

4

1
   

  

(5)  lim
log( )x

x
x→ +0

6

1
 (6) lim

sin
tanx

x
x®0

5

  

(7)  lim
sin
cosx

x
x x→

−
p
2

2

1
 (8) lim sin

x
x

x→∞

2
2

4

  

(9) lim
log( )
sin

x

x
x x→ +0

23

1

 -1

Let -x=t, then when x®-¥, we get 
t®¥.

=
−
+
=−

→−∞
lim

( )
( )x

x

x
3 1
3 1

1
2

2

=
−
+

=
−
+
=−

→∞

−

− →∞

−

−lim lim
t

t t

t t t

t

t
3 3
3 3

3 1
3 1

1
2

2

 -¥
=









−














=−∞

→∞
lim
x

x
x

7
4
7

1
  

Let 
3
x
t= , then when x®¥, we get 

t®+0.

 e3

= + = + =
→+ →+
lim( ) lim{( ) }
t

t
t

tt t e
0

3

0

1
3 31 1

 ¥

= − =−−∞ =∞
→∞
lim ( log ) ( )
x

x1
4  

 6

=
+

=
+

= =

→ →
lim

log( )
lim
log( )

log

x x
x

x
x x

e

0 0 1

6
1

1

6

1

6
6

 5

= ⋅ ⋅









=

→
lim
sin

sin
cos

x

x
x

x
x

x
0

5
5

5 5

 
1
p

=
−
−

=
+

=
⋅
=

→ →

lim
( )

lim
( )

sin
sin sinx x

x
x x x xp p

p p

2

2

2

1
1

1
1

1

2
2

1

Let 
4
2x
t= , then when x®¥,  

we get t®0.

 4
= =

→
lim

sin
t

t
t0

4
4

 3

=
+

⋅




























→
lim

log( )

sin
x

x
x

x
x0

2
3

1
1



=
+

⋅


























=
→
lim

log( )

sin
x

xx

x
x0 1

2
3

1

33
3

loge
=
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Examine Napier's number by using the scientific calculator.

Examine the properties of Napier's number by using the VARIABLE function of the scientific calculator.

 Use the scientific calculator to confirm the limit of lim
x

x

x
e

→±∞
+









=1

1
.

Confirm by substituting 1020  and -1020  for x in the formula 1
1

+









−

x

x

e .

Press w, select [Calculate], press |

Input 1
1

+









−

x

x

e .

In the VARIABLE screen, input [x=1020 ].

In the VARIABLE screen, input [x=-1020 ].

Since lim
x

x

x
e

→±∞
+









−














=1

1
0 , we can confirm that lim

x

x

x
e

→±∞
+









=1

1
.

 

(1+1a[$)^[$pq8
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@@

ADVANCED

  Use the scientific calculator to calculate lim
x

x

x e→∞
−









−1

1 1
, and then predict lim

x

x

x→∞
−










1
1

. Also, prove the results.

Substitute 1020  for x in the formula 1
1 1−










−

x e

x

.

Press w, select [Calculate], press |

Input 1
1 1−










−

x e

x

.

In the VARIABLE screen, input [x=1020 ].

From the above, we can infer lim
x

x

x e→∞
−









=1

1 1
.

[Proof]

From lim
x

x

x→∞
−










1
1

, then let x=-X, such that 

lim lim lim
x

x

X

X

Xx X→∞ →−∞ →−∞
−









= +










=

−

1
1

1
1

1++





















= =

−

−1 1
1

1

X
e

e

X

 
1
e
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@@  Use the scientific calculator to predict lim
sin

log( )x

x
x x→ +0

22

1
. Also, prove the results.

Substitute 10 10-  for x in the formula 
2
1

2sin
log( )

x
x x+ .

Input 
2
1

2sin
log( )

x
x x+ .

(The calculator screen shows sin sin( ) , log( ) ln( )2 2 1 1x x x x→ + → + .)

In the VARIABLE screen, input [x=10 10- ].

From the above, we can infer lim
sin
log( )x

x
x x→ +

=
0

22
1

2 .
[Proof]

 2

2j[)da[qi1+[)

'RRR10^p10B `B

lim
sin
log( )

lim
sin

log( )
lim

si
x x x

x
x x

x

x
x

x
→ → →+

=
⋅ +

= ⋅
0

2

0

2

2
0

2
1

2
1

1
2

nn

log( )

log

x
x

x

e

x










⋅

+

= ⋅ ⋅ =

2

1

2

1

1

2 1
1

2
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Continuity of functions

Continuity and discontinuity of functions

When a function f(x) meets the following conditions for every value a of x in its domain, then the function f(x) is 

continuous when x=a.

The above conditions summarize the following 3 conditions.

(1) f(a) exists.

(2) The limit lim ( )
x a
f x

®
 exists. (Exists as a finite value.)

(3) The values of lim ( )
x a
f x

®
 and f(a) are equal.

If any 1 of these 3 conditions is not satisfied, then the function f(x) is discontinuous when x=a.

Continuous functions

When a function f(x) is continuous for all the values in its domain, then that function f(x) is a continuous function.

Therefore, trigonometric functions, exponential functions, and logarithmic functions are continuous functions.

Furthermore, if a function f(x) is continuous for g(x) when x=a, then the next function is also continuous when x=a.

kf x x( ) ( )+ lg (k and l are constants), f x x f x
x

( ) ( ),
( )
( )

g
g

(g(x)¹0)

Therefore, polynomial functions and rational functions are continuous functions.

 Determine if the following function f(x) is continuous when x=0.

(1)  f x x( )= − (x<0), f x x( )= −2 1 (x³0)

From lim ( ) lim ( ) , lim ( ) lim( )
x x x x
f x x f x x

→+ →+ →− →−
= − = − = − =

0 0

2

0 0
1 1 0 , we get lim ( ) lim ( )

x x
f x f x

→+ →−
≠

0 0
.

Therefore, because lim ( )
x
f x

®0
 does not exist, it is not continuous when x=0.

 Not continuous when x=0

(2)  f x x x( )= − −2 2 1 (x<0, 0<x), f x( )= 1 (x=0)

From lim ( ) lim ( ) , lim ( ) lim(
x x x x
f x x x f x x x

→+ →+ →− →−
= − − = − = − −

0 0

2

0 0

22 1 1 2 11 1)= − , we get lim ( )
x
f x

→
= −

0
1 .

Whereas, because f ( )0 1= , we get lim ( ) ( )
x
f x f

→
≠

0
0 .

Therefore, it is not continuous when x=0.

 Not continuous when x=0

To understand whether functions are continuous or discontinuous and such conditions.

lim ( ) lim ( ) ( )
x a x a

f x f x f a
→ + → −

= =
0 0

Continuity of functionsContinuity of functions
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 Determine the continuity of the function f x
x
x

( )
| |

=
−
−
1

1
, and draw its graph.

When x³0 and x¹1, because |x|-1=x-1, we get f x
x
x

( )=
−
−
=
1

1
1 .

When x=1, f(1) does not exist.

When x<0, because |x|-1=-x-1, we get f x
x
x x

( )=
− −
−

= − −
−

1

1
1

2

1
.

Therefore, it is not continuous when x=1, and the graph is as shown on the right.

 Determine if the following function f(x) is continuous when x=1.

(1)  f x x x( )= − +2 3 (x£1), f x x( )= + 2 (x>1)

(2)  f x x x( )= + −2 2 4 (x<1), f x x( )= −4 5 (x³1)

O

-1

1

1-1 x

y

From lim ( ) lim ( ) , lim ( ) lim ( )
x x x x

f x x f x x x
→ + → + → − → −

= + = = − +
1 0 1 0 1 0 1 0

22 3 3 == 2 , we get 

lim ( ) lim ( )
x x

f x f x
→ + → −

≠
1 0 1 0

.

Therefore, because lim ( )
x
f x

®1
 does not exist, it is not continuous when x=1.

 Not continuous when x=1

From lim ( ) lim ( ) , lim ( ) lim (
x x x x

f x x f x x x
→ + → + → − → −

= − =− = +
1 0 1 0 1 0 1 0

24 5 1 2 −− =−4 1) , we 

get lim ( )
x
f x

→
=−

1
1 .

Furthermore, since f ( )1 4 5 1= − =− , we get lim ( ) ( )
x
f x f

→
=

1
1 .

Therefore, it is continuous when x=1.
 Continuous when x=1
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 Determine the continuity of the function f x
x x
x

( )
| | ( )

=
− +
−
1 1

1
, and draw its graph. 

When x>1, because |x-1|=x-1, we get f x
x x
x

x( )
( )( )

=
− +
−

= +1 1
1

1 .

When x<1, because |x-1|=-(x-1), we get f x
x x
x

x( )
( )( )

=
− − +

−
=− −1 1

1
1 .

When x=1, f(1) does not exist.
Therefore, it is not continuous when x=1, and the graph is  
as shown on the right.

O

4
2

31
-2
-1

-1 x

y
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@@

ADVANCED

Examine the continuity of functions by using the scientific calculator.

Use the scientific calculator to work on examining problems related to the continuity of functions.

  Use the scientific calculator to show that the equation cosx=2x has at least 1 real solution in the range of 0<x<1.

Also, estimate what value the solution is.

Press w, select [Table], press |, then clear the previous data by pressing W

Press I, select [Define f(x)/g(x)], press |, select [Define f(x)], press |

After inputting f(x)=cosx, press B

In the same way, input g(x)=2x.

Press I, select [Table Range], press |

After inputting [Start:0, End:1, and Step:0.05], 
select [Execute], press B

We can confirm that the magnitudes of f(x) and g(x) alternate in the range of 
0.45<x<0.5.

Press q[, scan the QR code to display a graph.
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Open intervals and closed intervals

When considering a domain, such as a range of letters of possible values, we say that an interval that contains no end 

point is an open interval, and an interval that contains an endpoint is called a closed interval. Furthermore, we express 

an open interval a<x<b as (a, b) and a closed interval a£x£b as [a, b].

Properties of continuous functions
The following theorems hold for continuous functions with closed intervals.

Intermediate-value theorem

Specifically, the equation f(x)=k has at least 1 real root between a and b.

Maximum and minimum values existence theorem

 Show that the following equation has at least 1 real root within the range ( ).

(1) x x x3 2 1 0+ − + =  (-2<x<-1)

Let f x x x x( )= + − +3 2 1 , then f(x) is continuous over the interval [-2, -1].

Also, we get f f( ) , ( )− = − + + + = − < − = − + + + = >2 8 4 2 1 1 0 1 1 1 1 1 2 0 .

Therefore, since f(-2) and f(-1) have different signs, the intermediate-value theorem gives us at least 1 real root over 

the interval (-2, -1).

(2) 2 2 7x x+ =−  (2<x<3)

Let f x x x( )= + −2 2 , then f(x) is continuous over the interval [2, 3].

Also, from f f( ) , ( )2 4
1

4

17

4
3 8

1

8

65

8
= + = = + =

  
   

  
   

, we get f(2)<7<f(3).

Therefore, from the intermediate-value theorem, there is at least 1 real root over the interval (2, 3).

To understand the intermediate-value theorem and how to use it.

O xa

k
f (a )

y=f (x )
f (b )

c b

y

If the function f(x) is continuous over a 
closed interval [a, b], and when f(a)¹f(b), 
then for any value k between f(a) and f(b), 
there is at least 1 real number c that satisfies 
f c k a c b( ) ,= < < .

O x
a

f (a )

f (b )

c b

y

y=f (x )

In particular, if f(a) and f(b) have different 
signs, then the equation f(x)=0 has at least 1 
real root between a and b.

A continuous function in a closed interval has maximum and minimum 
values in the closed interval.

Intermediate-value theoremIntermediate-value theorem
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 Show that the equation x x x3 2 2 1 0− − + =  has 3 different real roots.

Given f x x x x( )= − − +3 2 2 1 , then f(x) is a continuous function. Then, by substituting a whole number for x, we can 

find the sign of f(x).

We get f ( )− = − − + + = − <2 8 4 4 1 7 0 , f ( )0 1 0= > , f ( )1 1 1 2 1 1 0= − − + = − < , and 

f ( )2 8 4 4 1 1 0= − − + = > .

Therefore, the equation x x x3 2 2 1 0− − + =  has 3 real roots because there are different real roots in the intervals  

(-2, 0), (0, 1), and (1, 2) respectively.

 Show that the following equation has at least 1 real root within the range ( ).

(1) x x4 24 2 0− + =  (-2<x<-1)

(2) log ( )x x− − =3 0  (2<x<3)

 Show that the equation x x3 23 1 0− + =  has 3 different real roots.

Let f x x x( )= − +4 24 2 , then f(x) is continuous over the interval 
[-2, -1].
Also, we get f f( ) , ( )− = − + = > − = − + =− <2 16 16 2 2 0 1 1 4 2 1 0 .
Therefore, since f(-2) and f(-1) have different signs, the 
intermediate-value theorem gives us at least 1 real root over the 
interval (-2, -1).

Let f x x x( ) log ( )= − −3 , then f(x) is continuous over the 
interval [2, 3].
Also, we get f f( ) log , ( ) log2 2 1 3 3= − = .
Now, from 2<e<3, since log2<1<log3, we get f(2)<0<f(3).
Therefore, since f(2) and f(3) have different signs, the 
intermediate-value theorem gives us at least 1 real root over the 
interval (2, 3).

Given f x x x( )= − +3 23 1, then f(x) is a continuous function. Then, 
by substituting a whole number for x, we can find the sign of f(x).
This gives us f f

f f
( ) , ( ) ,
( ) , ( )
− =− − + =− < = >
= − + =− < = − + = >
1 1 3 1 3 0 0 1 0
1 1 3 1 1 0 3 27 27 1 1 00 .

Therefore, the equation x x3 23 1 0− + =  has 3 different real roots 
because there are different real roots in the intervals (-1, 0), (0, 1), 
and (1, 3).



CASIO Essential Materials

Publisher: CASIO Institute for Educational Development

Date of Publication: 2023/12/22 (1st edition)

https://edu�casio�com

Copyright © 2023 CASIO COMPUTER CO�, LTD� 

(1) This book may be freely reproduced and distributed by teachers for educational purposes�
* However, publication on the Web or simultaneous transmission to an unspecified number of people is prohibited�

(2)  Any reproduction, distribution, editing, or use for purposes other than those listed above requires the permission of 
CASIO COMPUTER CO�, LTD�


