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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
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(X 28101
Inequality ~ Complex

Better Mathematics Learning
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Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section



Average rate of change / g

To understand the average rate of change, which is the proportion of change on average, and how
UASS to find it

STUDY GUIDE

Average rate of change
In the function y=f{x), when the value of  changes from ato b, the ratio of the y=f(x)
amount of change of &, which is b—a, to the amount of change of y, which is

flb)—fla), is called the average rate of change of the function y=f{x) when
x changes from ato b. The average rate of change is shown by the slope of the

straight line AB in the figure on the right. J(b)-f(a)

J(b) — f(a)
b—a

8Y

(Average rate of change)=

XERCIS

1
|11
1

@ Forthe function iy = 22° — 1, find the following average rates of change.
(1) Average rate of change from =2 to 7=4
When 2=2, the value of yis y =2x2° =1 =7.
When z=4, the value of yis y = 2x4> —1=31.
31-7 24

The average rate of change is 12 5 =12,
12
(2) Average rate of change from z=ato 2=b
When z=aq, the value of yis y = 2a* — 1.
When z=0, the value of yis y = 2b* —1.
200 —1—(2a° —1) 20°—a’) 2b—a)b+a
The average rate of change is b —(a ) = (b . ) = ( b i(a ) =2(a+Db).
2(a+0b)
(3) Average rate of change from 2=1to z=1+h
When 2=1, the value of yis y = 2x1* =1 =1.
When z=1+h, the value of yis y = 2x(1+h)’ —1=1+4h +2h°.
1+4h+2h*—1 2h(2+h)
The average rate of change is = =22+h).
1+h—1 h
2(2+h)

15. Differential Calculus and Integral Calculus 1



PRACTICE

@ Forthe function ¥y = =327, find the following average rates of change.

(1) Average rate of change from =—1to 2=3

2

When z=—1, the value of yis y = —3 X (—1)" = —3.

When x=3, the value of yis y = —3 X 3> = —27.

—27—(—3 —24
The average rate of change is (=3) = = —6.
3—(—1) 4

(2) Average rate of change from z=ato 2=b

When x=a, the value of yis y = —3a’.

When =0, the value of yis y = —3b°.

The average rate of change is
—3b° — (—3a?) _ —3(b* —a®) _ —3(b—a)(b+a) — _3(a+b).
b—a b—a b—a

(3) Average rate of change from =1 to z=1+h

When x=1, the value of yis y = —3 x1* = —3.
When x=1+h, the value of yis y = —3(1+ h)’ = —3 — 6h — 3h*.
—3—6h—3h*—(—3) _—3h(2+h)

The average rate of change is

1+h—1 N h

—3(a+0b)

=—3(2+h).
—3(2+h)

15. Differential Calculus and Integral Calculus 2



Limit values /

TARGET To understand limit values and how to find them.

STUDY GUIDE

Limit values
In the function f{z), when the value zis infinitely approaching @, while remaining a different value than @, then the value
of f{z) is infinitely approaching b, which is expressed as lim f(2) = b .This value bis called the limit value of f{z)

r—a

when z— a. lim is the abbreviated symbol for limit, and is read as "the limit of".

Limit values
lim f(x) = b or flx)—b when z—a

In the function ﬂx)=x+4, when the value zis infinitely approaching 3, the limit value is lirri(a: +4)=7.
P

RERCIS

lan
il
L

= @ Find the limit values of the following.
(1) lxiir}(xz —3x+2)
V\/hendthe value of Zinfinitely approaches 5, * — 3x + 2 approaches 5> —3x5+2=12.
Eﬂ($2 —3r+2) =12

12
Use Table (to create a function table) to see how limit values are approached.
X L, 2
Press @), select [Table], press @, then clear the previous data by pressing (D Calcuiate  Statistics  Distribution
X¥=0
Spreadsheet Equation
Press €, select [Define f(x)/g(x)], press @), select [Define f(x)], press @), CZL
flx)=x—3x+2
after inputting f(x)=x* — 37 + 2, press €
‘ . 0!
Press €, select [Table Range], press @, after inputting Table Range
[Start:4.9, End:5, Step:().()l], select [Execute], press @ E:gr‘t g' 3
Step :0.01
7o H Ve w
x fixd Sixd x fiwd axd x fiwd L]
1 4. ERROR 5 4.94(11.583| ERROR g 4.97| 11.79| ERROR
2 4.91(11.372| ERROR & 4.95(11.832| ERRCR 9 4.98| 11.2&| ERROR
3 4.9211.446 | ERROR 7 4.96(11.721 | ERROR 10 4.,99| 11.932| ERROR
4 4.93(11.514| ERROR a8 4.97 |IEME | ERROR 11 S5|IEEF:| ERROR
11. 31 11.7909 12
~

From the table, we can confirm that the value of f{x)

approaches 12 as the value of x approaches 5 from 4.9.

In this case, the value approaches 5 while remaining smaller than 5, but we get similar results even though it

approaches while remaining a larger value.

15. Differential Calculus and Integral Calculus 3



3x +10

@
o 3x +10 3><2+10_16_4
When the value of xinfinitely approaches 2, T+ approaches 5t a4t
. 3z +10
e
4

Use Table (to create a function table) to see how limit values are approached.

Press @), select [Table], press @), then clear the previous data by pressing (D

Press €, select [Define £(2)/g(z)], press @), select [Define £(2)], press @), T o+ 10
flxl=—"—"+—
frer inputting f(2) 3z +10 @ xt+2
after inputting f(x)= , press
PUting z+2 P
a0
Press €, select [Table Range], press @, after inputting Table Range
Start:1.9
[Start:1.9, End:2, Step:0.01], select [Execute], press @ End :2
Step :0.01
ot [ Vot [ 7o I
® fimd L] ® fim) aCxd 4 fimd Ixd
i i. ERROR 3 1.94(4.0132| ERROR b= 1.97(4.0073| ERROR
Z2| 1.91| 4.023| ERROR 13 1.95(4.0126| ERROR =l 1.98| 4.005( ERROR
3 1.92(4.0204 | ERROR 7 1.96(4.0101 | ERROR 10 1.99(4.0025( ERROR
4 1.923(4.0172| ERROR b= 1.97 [EMbDs | ERRCOR 11 2! | ERROR
4.025641026 #.007556675
From the table, we can confirm that the value of flx)
approaches 4 as the value of xapproaches 2 from 1.9.
h + 3h
3 im——
®) Jim=—p
h* + 3h hh+3
A N e lim(h + 3)
h=0 h h—0 h h—0

When the value of A infinitely approaches 0, h+3 approaches 0+3=3.
_ h*+3h
i = =
3

Use Table (to create a function table) to see how limit values are approached.

Press @), select [Table], press @, then clear the previous data by pressing (D

7or |

Press €9, select [Define f(z)/g(x)], press @, select [Define ()], press @), £ e xl+3
xy=%"T2%
x

2
xr +3x
after inputting ()= — press €9

=T
Press €, select [Table Range], press @, after inputting Table Range

Start:0.1
[Start:0.1, End:0, Step:—0.01], select [Execute], press @ End :EI
Step :—-0.01
Vot Pi=ic] O]
® fimd L] S fim) aCxd 4 fimd Ixd
1 0.1 | NSl | ERRCR 3 0.0& 3.0&| ERRCOR 3 0,03 3.0Z%| ERROR
2 .09 3.09| ERROR =] .05 3.05| ERROR 9 0.0z 3.02| ERROR
3 0.0 3.08| ERROR 7 0.04 3.04| ERROR 10 .01 3.01| ERROR
4 0.07 3.07| ERROR 2 0.0Z|EEEMpE| ERROR 11 0| WaEE | ERROR
3.1 3.03 ERROR

N
From the table, we can confirm that the value of flz) approaches 3 as the value of xapproaches 0 from 0.1.

In the table, =0 appears as ERROR because there is no value. )

15. Differential Calculus and Integral Calculus 4



PRACTICE -  —————

@  Find the limit values of the following.
(1) m(z“" —5x +2)
When the value of T infinitely approaches 4, ° — 5x + 2 approaches
4 —5X4+2=-2,
}Eiixi(a? —5x+2)=—2

—2
2) lim Tr+1
-1 T+ 3
Tc+1 TX1+1 8
When the value of xinfinitely approaches 1, approaches — = — =2,
r+3 1+3 4
. Tr+1
lim =2
w1 @+ 3
2
. —2h*+8h
@ =
. —2h*+8h . —2h(h—4)
T
When the value of hinfinitely approaches 0, —2(h—4) approaches —2(0—4)=8.
—92h?
8
ADVANCED
o —4
) ;1312 T+2
2—14 2 —2
lim T = lim (z+2)(x—2) = lim (x —2)
-2 L+ 2 T——2 €+ 2 T——2
When the value of xinfinitely approaches —2, x—2 approaches (—2—2)=—4.
. x*—4
v
—4

15. Differential Calculus and Integral Calculus 5
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Differential coefficients

To understand differential coefficients expressed by an instantaneous average rate of change and
TARGET )
how to find them.

STUDY GUIDE

Differential coefficients

J(b)— fla)
b—a

is infinitely approaching q, the limit value is })im
—a

of the function flz), when the b

f(b)— fla)

—a

In the average rate of change

. At this point,

as b—a=h and given that the rate of change of Zis h, we can express the

limit value as follows. This value is called the differential coefficient of the

function flz) for z=a, and is expressed as f'(a).

f/(a) — hmf(a’—l_hh)l_f(a)

h—0

=) @ Find the following differential coefficients.

(1) The differential coefficient of the function flx)=3z—5 when z=4

f/(4):1imw:im{3(4+h)75}7(3><475)=lim%=3 3

1
h—0 h h—0 h h=o h e

Confirm this by using the function to calculate differential coefficients.
Press @), select [Calculate], press
Press @), select [Func Analysis], press @, select [Derivative(d/dx)], press

o]
|l i Derivative{d/dx} A(EI)
Statistics  Distributin | (Probability | [Integration{Sf> dx |x=ﬂ
= X¥=0 Numeric Calc »| |Summation{Z?
Spreadsheet  Table  Equation Angle/Coord/Sexar| |Logarithm{logab}

On the screen that is displayed, you can input the function and the value of x to confirm the differential coefficient.

Vor | Y
d
@O®OOC®® [dx ¥ -
3
(2) The differential coefficient f'(—3) of the function flz)=z”
o fE3+R) - f(=3) (=34 h) (=3  h(=6+h)
R - —6
7or I Y
A(742)| _
@W@>O0G 6 |dx #==3
- B

15. Differential Calculus and Integral Calculus 6



PRACTICE

@ Find the limit values of the following.
(1) The differential coefficient of the function fla)=—514+9 when 2=2

B mf(2+h)—f(2) m{—5(2+h)+9}—(—5><2+9) . —5h

’ e . _
£(2) = Jim h = Jim h = m—= =5
)
P ’
OO®®O® @@ [dx -
-5
(2) The differential coefficient f'(2) of the function fla)=—3z"
yov _ v J@+R)—f(2) . —3(2+h)—(=3x2") . —3h(4+h)_
L = h B I
—12
AVE x? ’
COO@O@@ [ -
-12

15. Differential Calculus and Integral Calculus 7



Derivatives T /

TARGET To understand derivatives and how to find them.

STUDY GUIDE

Derivatives
In the function f{z), 1 new function is obtained by mapping the differential coefficient f'(a) to each value @ of . This

function is called the derivative of f{x) and is expressed as follows using f(z).

ron e J(@+h)— fz)
f(z) = lim Y

In the above expression, A is called the increment of @, which is written as A Further, fa+h)—f(z) is called the

increment of Y, and is expressed by the symbol Agy. Now, we can express the derivative as follows.

Fl@) = tim DY — g JETAD) = f(@)
Az—0 AT AzT—0 AT

In addition to f(), there are other symbols for derivatives, such as ¥/, @ ,and if(a:) .When we find the derivative

dx dx

f'(x) from the function f{z) of x, we say we are differentiating the function f{z).

L

ENERGIS]

@ Find the following derivatives.

(1) Derivative of the function f(x) = x*

o fla+h)—-f@) . (@+h’-2"  h@r+h) B
f@= == = Sim T jmeorh =

fl(x) =2z
(2) Derivative of the function flx)=>5

e f@) 55
fl(x)y=0

15. Differential Calculus and Integral Calculus 8



PRACTICE

@  Find the following derivatives.

(1) Derivative of the function f(z)=7x+9
)= i L ETW =@ @t F9=(e+9) TR pr—a

h—o0 h h—o0 h h>0 h h—o0

flx)y="1

I///’e\—-—"—\“

(2) Derivative of the function f(z) = —3x”

sy . fle+h)—f(x) .. —3(x+h) —(—3z") . —3h(x+h)
f(@)=lim h = Jim h = Jim h

= }Liil(l){—?y(zw +h)} =—6x

‘
__ADVANCED =N

(3) Derivative of the function f(x) = z*

fl@+h)—fl@) _ i (x+h)*—o* i h(3z* + 3xzh + h?)

/ T
'f (w) o }LIE% h h—o0 h h—o0 h
= }lim%(&m2 +3xzh + h*) = 3x°

f(x) = 327

15. Differential Calculus and Integral Calculus 9



= 4

Properties of derivatives .~

TARGET To learn the properties of derivatives and to understand how to find various derivatives.

4

STUDY GUIDE

Properties of derivatives

To find the derivative f'(x) from the function flz), we use the following formulas which are derived from the definitions.

((1) y = " (nbeing anatural number) = vy’ = nm”_l\
(2) y=c (cbeingaconstant) = 7y’ =0
(3) vy =kf(x) (kbeingaconstant) = vy’ =kf'(x)
@) y=f@+glx) = y =fl(z)+g(z) )
D

When y = ', then 3/ = 42°.

—_

(1)
(2) When y =—6,then y' = 0.

(3) When y =42° then 3/ = 4 x32* = 122°.
(4)

4) When y =3z +2x° then ' = 3x 5z +2x 32" = 152" +62°.

By substituting a for xin the derivative f'() of the function flz), we can find the derivative f'(a) for z=a.

Derivatives of variables other than @
The function y=flx) expresses a function using the variables zand %, but we can choose any variables to express a
function. For example, the relation S = 71’ for the radius rof a circle and the area S of a circle is also a function of the

variables rand S.

ds
Now, when S'is differentiated by 7, we get —— = 27T where we see the formula for finding the circumference of a

dr

circle.
) . 4 )
Furthermore, in the relation V' = Em“ for the radius 7 of a sphere and the volume V of a sphere, when

Viis differentiated by 7, we get —— = 47r7* where we see the formula for finding the surface area of a sphere.

dr

EAERGIS]

L

@ Solve the following problems.

(1) Differentiate the function y = —72* — 52> +4x — 8.

y' = (=72°) = (62*) + (4x) = (8) = —7(z*) = 5(x*) + 4(x) —(8) = —7-32x* —5-2x+4-1—0
=21z — 10z + 4

y' = —212" —10x + 4

15. Differential Calculus and Integral Calculus 10



(2) Differentiate the function f(z) = z(x —2)(x +3).

fle)=ax(x—-2)(x+3)=2"+2° —6x
flx)=(@*) + (@) —(6z) = (@*) + (@) —6(x) =32 +22—6-1= 32>+ 21— 6

fl(x)=3x*+2x—6

3) Use the derivative of the function f(x) = —4x” + 7x — 10 to find the derivative of L) when 2=5.
(3) he d fthe f (z) 2 find the d f flz) wh

@)= (—4z2*) + (12) — (10) = —4(z*)" + 7(x) = (10)' = —4-20+7-1-0=—-8x + 7
f'6)=-8-5+7=-33

—33
dn‘ﬁfﬂ ry
L - 2 —
COPPPDOODOOE® [dr 3% H7x-10)|
-33

PRACTICE

=) @ Solve the following problems.

(1) Differentiate the function y = —2x° + 42> —7x +13.
y = (—22*) + (4z®) — (7z) + (13) = —2(z*) + 4(z*) — ()" + (13)’
=—2-32*+4-20—T7-1+0=—6x*+8x—17

y = —6x*+8x—1T

(2) Differentiate the function f(z)=3z(x +1)(z —1).
flx)=3x(x+1)(x—1)=3x" —3x
fl(x)=(8z*) — (3z) =3(x°) —3(x) =3-32> —3-1=92*—3

f!(z) = 92> — 3

(3) Use the derivative of the function f(z) = 52> — 9z + 8 to find the derivative of z=—2 when f(x).
f(x) = (52%) —(9z)’ + (8) = 5(x*) —9(x) +(8) =5-22—9-1+0=102—9
f'(—2)=10-(—2)—9=—29
—29

= Fy

OO® OP@OODD®O®O O @ E® w9

-29

15. Differential Calculus and Integral Calculus 11
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Equations of tangents /

TARGET To understand how to find tangent equations from graphs of various functions.

STUDY GUIDE

Equations of tangents

The differential coefficient f'(a) of the function y=f(x) where z=a s the
slope of the tangent of the point (a, fla)) on the graph.

The equation of the tangent for the point (a, f{a)) on the graph of the function

y=f{x) is expressed as follows.
y— f(a) = f'(a)(z — a)
BEITF oo

Equation for a straight line passing through a point (Z,,%;) and having a slope of m

Y-y =m(z—ux)

Y

RERCIS|

i
L1
1

= Let m be the slope of the tangent [for the point P(5, 10) on the graph of the function ¥ = x> — 4z + 5. Now, solve
the following problems.
(1) Find the value of m.
Given f(z) = 2> —4x + 5, we can get m=f'(5).
By differentiating flz), we get f'(x) = (2* —4zx +5)' =20 —4.
Therefore, we get m = f/(5)=2-5—4=6.

6
d Vor B I
(%’ —4x+5)
OPOOODEOOEE iz o=
B
(2) Find the equation of tangent [.
The tangent [is a straight line passing through the point P (5, 10) with a slope of m=6.
Therefore, from 4y —10 = 6(z — 5), we get y = 62 —20.
Yy =6x—20

15. Differential Calculus and Integral Calculus 12



To better understand, use Table and the QR code to calculate and draw the relation of the tangent and graph of the

function.

Press @), select [Table], press @, then clear the previous data by pressing (O

Press €9, select [Define f(z)/g(x)], press @, select [Define ()], press @),

after inputting f(z)=2? — 42 + 5, press ©®

In the same way, input g(x)= 62 — 20 .

Press €, select [Table Range], press @, after inputting

[Start:0, End:7, Step:l], select [Execute], press @

Press ® @), scan the QR code to display a graph.

From the table and graph, we can see that the
minimum value for flx) is z=2.

fla) and g(x) share a point (5, 10).

A
fix)=x’—ax+5

7o
g{x)=6x—-20

o)
Table Range

-2

Start:0
End :7
Step :1
Jor I Vor B
= fiwd ELE = fiwd ELE
1 u] -20 5 S
2 14 E{ I 10 10
| I -2 7 E 17 18
4 =

T 26 22

f(x)=x"—4x+5

g(x)=6x-20

5
3
2

1
a

The graph of the function ¥ = 2* + 1 has 2 tangents drawn from the origin. Find the equations of these tangents.

Given f(z) =2’ +1,wecanget f'(z)=2x .

Given the coordinates of the tangent is (a,a” + 1), we find the slope of the tangentis f'(a) = 2a .

The equation of the tangent comes from y — (a* +1) = 2a(z — a) to give us y = 2ax —a* +1.

This line passes through the origin, so from 0 =2a-0—a’ + 1, we get a==1.

When a=1, then y = 2.
When a=—1,then y = —22 .

15. Differential Calculus and Integral Calculus 13



PRACTICE

the following problems.

(1) Find the value of m

Given f(x)

—x® — 6x + 4, we can get m=f"(—1).

By differentiating f{x), we get f/(x) = (—2’ — 6z +4)' = —22—6.

Therefore, we get m = f/(—1)

CIOISICIONGICIOIOICION T

(2) Find the equation of tangent [.

=—2.(—1)—6=—4.

Let mm be the slope of the tangent [ for the point P(—1, 9) on the graph of the function ¥y = —* — 6 + 4 . Now, solve

—4

d (2
gz "X Bx+A)|,_

= Fy

-4

The tangent [ is a straight line passing through the point P (—1, 9) with a slope of

m=—4.

Therefore, from y —9 = —4{x — (—1)}, weget y = —4x + 5.

Yy=—4xr+5

To better understand, use Table and the QR code to calculate and draw the

relation of the tangent and graph of the function.
Press (©), select [Table], press @), then clear the

previous data by pressing (D

Press ¢, select [Define f(x)/g(x)], press ),
select [Define f(x)], press @, after inputting

f(x)=—x* — 6x + 4, press €
In the same way, input g(x)=—4x +5.

Press ¢, select [Table Range], press @8, after inputting
[Start:—5, End:2, Step:1], select [Execute], press €9

Press ® (), scan the QR code to display
a graph.

From the table and graph, we can see that
the maximum value for f(x) is T=—3.
flx) and g(x) share a point (—1, 9).

Ao
fix)=—x?—Gx+4

A
g{x)=—4x+5

T o
Table Ranse

Start:-5
End :2
Step :1

1
2
ki
4

x

fimd

12
12
12

acz)

21
17
1z

-4

-2

-3

£ fiwd acxd
o
1

2

=) ]
E 4 =1
7 -2 1
o -1z -3

-1

| f(x)=-x*-6x+4

] g(x) =-4x+5

[¢-3.13)

15. Differential Calculus and Integral Calculus 14



The graph of the function y = 32” + 2 has 2 tangents drawn from the point (0, —10). Find the equations of these

tangents.

Given f(x) = 32’ + 2, we can get f/(x) = 6x.
Given the coordinates of the tangent is (a,3a’ + 2), we find the slope of the
tangentis f’(a) = 6a.
The equation of the tangent comes from y — (3a® + 2) = 6a(x — a) to give us
Yy = 6ax—3a’ +2.
This line passes through the point (0, —10), so from —10 = 6a -0 — 3a’ + 2, we get
a==2.
When a=2, then y =122 —10.
When a=—2, then y = —12x —10.
y=12x —10,y = —12x — 10

15. Differential Calculus and Integral Calculus 15
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Increasing/decreasing of functions and their local maximum/minimum (1)

TARGET To understand the basics of increasing/decreasing functions and their local maxima/minima.

STUDY GUIDE

Increasing/decreasing of functions and their local

maxima/minima " y=f(x)

Local maxima

The differential coefficient expresses the slope of the tangent at
the point of tangency. From this, we can consider the increase and
decrease of the function flx). If f/(2)>0 within a certain range, the

tangent has a positive slope, so that the graph of the function f{x) is f(b)

increasing. Similarly, if f'(£) <0 within a certain range, the tangent has a / 0 C'L b T

negative slope, so that the graph of the function flz) is decreasing.

For the function f(x), within a range:
If f'(x)>0, then f(x) is increasing within that range
If /() <0, then f(x) is decreasing within that range

When the function fla) changes from increasing to decreasing at 2= a, the function flx) has a local maximum at x=gq,
so we say fla) is the local maximum value.
When the function fla) changes from increasing to decreasing at 2=, the function f{z) has a local minimum at 2=,
so we say f{b) is the local minimum value.

Collectively the local maximum and minimum values are called extrema.

To effectively organize the increases and decreases of the function

T a b
ﬂx), use an increase/decrease table like the one on the right. f’(x) + 0 _ 0 +
For f'(@)=0, from before to after z=a, the sign of f'(x) changes Local Local
. . flr) | 7 |maximum|  |minimum|
from positive to negative.
value value

= When 2=ais the local maximum, then f{a) is the local
maximum value.
For f'(b)=0, from before to after 2=, the sign of f'(x) changes from negative to positive.

= When 2=bis the local minimum, then f{b) is the local minimum value.

How to draw a graph of the function y=f(x)
(1) Differentiate y=f{x) to get f'(x)=0to find z.

(2) Determine the sign of (yy'=) f'(x) as regards f'(x)=0 for a range of values other than .

(3) Inthe increase/decrease table, organize the increase and decrease of 4 and the changes in the sign of /.
(4)

4) Find the extrema from the increase/decrease table, and draw a graph.

15. Differential Calculus and Integral Calculus 16
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- Solve the following problems with regard to the function y = x° — 3z .

(1) Find the derivative of " Also, given y'=0, find the value of .

y' = (2* —3z) = 32° -3
3r° —3=0,2" =11 =%l

y =3z —3,x==+1

(2) Complete the increase/decrease table on the right.

x e | —1 | ... 1
When 2=—1, then y=2, which is the local maximum value. ;
When 2=1, th 2, which is the local mini | . e s
en =1, then y=—2, which is the local minimum value.
Y vy 2] 2 | N | —2]
(3) Draw a graph of the function ¥y = x* — 3. YA
<2
o1 .
-1 : T
72 -

(2) Press @), select [Table], press @, then clear the previous data by pressing (D

Press €9, select [Define f(z)/g(x)], press @), select [Define ()], press @), after inputting f(z)=x* — 32, press ©®

In the same way, input g(z)=3x" — 3 .

Press €9, select [Table Range], press @, after inputting [Start:—3, End:3, Step:0.5), select [Execute], press €9

¥of [ ¥of [
x fixd 9(x) x L] (%) x iy (%)
1 -1 24 5] El o
2 -2.5(-8.125| 15.75 E -0.5( 1.375| -2.25 10 1.5]-1.125 3.75
3 S o 9 7 0 0 ) 11 2 2 9
4 -1.5] 1.1231 273 3 = 0.50-1.375] -2.25 1 12 Z.5] 8.125] 15.79

(3) Press ® @), scan the QR code to display a graph.

lc1,-2)

In the region where the derivative g() is positive,

f(x) increases. It decreases in negative regions.

15. Differential Calculus and Integral Calculus
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and minimum values.

y' = (22" —32°) = 61" — 62

62> —6x =0,60(x—1)=0,2=0,1

The increase/decrease table is shown on the right.

When =0, then y=0, which is the local maximum value.

When =1, then y=—1, which is the local minimum value.

The graph is in the diagram on the right.

Fo Determine whether the function y = 22* — 32" is increasing or decreasing, draw a graph, and find the local maximum

Local maximum value...0, local minimum value...—1

x eeoe O LN ] ]. LN}
"I+ 10| =10 |+
/ 0 N —1 /
YA
ol 1

Press @), select [Table], press @), then clear the previous data by pressing (D
Press €, select [Define f(z)/g(x)], press @), select [Define ()], press @),

after inputting f(2)=2x* — 327, press &
[

Press €, select [Table Range], press @), after inputting

[Start:—1, End:2, Step:l], select [Execute], press (@

Press ® @), scan the QR code to display a graph.

OTHER METHODS

]Y

0,0

Use Equation to directly find the local maximum and minimum values.

Press @), select [Equation], press

Select [Polynomiall, press @), select [ax®+ bx?+ cx+d |,

press

Input a=2, b=—3, ¢=0, and d=0.

|(1,-1)

®+
+ —
Calculate  Statistics  Distribution
X¥=0
Spreadsheet  Table  WSR[ELfalyt
Simul Equation ax*+bx+c
ax3+bx=+cx+d
Solver ax*+bx*+cxz+dx+e
ol H
S +hKZ+ow+d
uE- Iz 0
elTlelolTIOITIOIT] PRS-
0

Displayed in order by pressing @ @ for intersections with the axis, then pressing @ @ for local maximum values,

then pressing ®b @ for local minimum values.

Vo I E
Local Max of

=

Ti

y=ax*+bx2+cx+d

Vo I T
Local Max of

Ti

y=ax*+bxZ+cx+d

¥=

Vo I . T Th
Local Min of
y=ax*+bxZ+cx+d
x:

i‘n'!l! R T
Local Min of
y=ax*+bxZ+cx+d
y:

A
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PRACTICE

Solve the following problems with regard to the function y = —2* + 32% — 3.
(1) Find the derivative of " Also, given y'=0, find the value of .

/__

y' =(—x*+3x* —3) = -3z +6x
—3x’+6x=0,—3x(x—2)=0,2 =0,2 ,
y' =—3z" +6x,x=0,2

(2) Complete the increase/decrease table on the right.

(3) Draw a graph of the function y = —2* + 32% — 3. yr

(2) Press ©), select [Table], press @), then clear the previous data by pressing (D

Press ¢, select [Define f(:x)/g()], press @, select [Define f(x)], press 0, after
inputting f(x)=—x* + 32> — 3, press ©

In the same way, input g(x)=—3x* + 6.

Press ¢, select [Table Range], press @8, after inputting

[Start:—2, End:3, Step:0.5], select [Execute], press €

=a°] =] =]
E fimd s(x% Ed fimd alxl Ed

15,73 -2.373
-9 -1

fimh
0,123
-3

alx)

-2.70
-3

-1.3
-1

T.125
1

=)
E
B
o

0.3
1

2,23
el

|
g 2.3
1 3

1
2 1
3 1
a4 -0.5]-2.125 1

-3.75 1.5] 0.373 2.25 2

-2 0 2

(3) Press ® (@), scan the QR code to display a graph.
In the region where the derivative g(x) is positive,
flx) increases.

L (2,1)

It decreases in negative regions.

7—*1|c0,-3) N
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Determine whether the function y = —z* 4+ 12 is increasing or decreasing, draw a graph, and find the local

maximum and minimum values.
y' =(—x' +12x) = —3x* +12
-3z’ +12=0,2° =4, = +2

The increase/decrease table is shown on
theright. a:, —2 2
When £=—2, then y=—16, which is the Y _ 0 + 0 _
local minimum value. Yy ™ —16 | 7 16 ™
When =2, then y=16, which is the local
maximum value.
The graph is in the diagram on the right. Y/
16
Local maximum value ...16,
local minimum value ...—16 —2 N
i 0O 2 T
Vs —16

Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press ¢, select [Define f()/g()], press @, select [Define f(x)], press 08, after
inputting f(x)=—x’ + 12z, press &

Press ¢, select [Table Range], press @8, after inputting [Start:—3, End:3, Step:1],
select [Execute], press

Press ® (), scan the QR code to display a graph.

[(2,16)

(-2,-16)
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Increasing/decreasing of functions and their local maximum/minimunm (2)

TARGET To understand differential coefficients and extrema, and monotonic increase and monotonic decrease.

STUDY GUIDE

Differential coefficients and extrema
If the function flz) has an extreme value at = a, then we can derive f'(a)=0; however, even if f'(a)=0, we cannot
absolutely derive that the function f{z) has an extreme value at z=a.

For the function f(z) = x*,from f/(x) = 32* we

X ... | O YA
can get f'(0)=0, but we cannot get the extrema as fo |+ 1o+
shown in the increase/decrease table on the right. fo| o]~
This is because before and after =0, it is always R
0 x

f'(2)>0, so the value only increases.

Monotonic increase & monotonic decrease

The following holds regarding the increase and decrease of the function flx).

(1) Function f{x) has extremaat =a = f’( a)=0
(2) Forfunction f(), only if f'() >0 or f'()=0 = Monotonic increase
For function f(x), only if f'(x) <0 or f'(x)<0 = Monotonic decrease

Note that in (2) above, a constant increase is called a monotonic increase, and a constant decrease is called a

monotonic decrease.

EAERGISE

o

= Solve the following problems with regard to the function f(z) = z* + ax® + bx .

(1) Determine the values of the constants aand b to get the . ) 3
extrema x=—1 and 2=3. ,
fllo)| + 0 - 0 +
fl(x)=32"+2azx +b
floy ] -~ 5 N =27 | /

The function flx) has extrema at =—1 and £=3, so we get
f(=1)=0and f(3) m
f’(— )=3-(-1) +2a-(—1)+b=0,2a—b=3 (1)
f'3)=3-3"+2a-3+b=0,6a+b=-27 . (i)

Solving for (i) and (ii), gives us a=—3 and b=—9. =[5 3 -

(2) Find the extrema for (1).

The increase/decrease table for fl) function is shown on the right. =27} 5

Therefore, when =—1, the local maximum value is 5 and when =3,

the local minimum value is —27.

When =—1, the local maximum value is 5, and when =3, the local minimum value is —27

15. Differential Calculus and Integral Calculus 21



Press @), select [Table], press @), then clear the previous data by pressing (D

[

Press €9, select [Define f(z)/g(x)], press @), select [Define ()], press @),

after inputting f(z)=x* — 32° — 9, press € e
[

[l ]H>

Press €, select [Table Range], press @), after inputting
[Start:—2, End:5, Step:l], select [Execute], press (@)
Press ® @), scan the QR code to display a graph.

1(3,-27)

Given the function f(x) = 2* + 2 — 4, prove that the value of flz) always increases for all ranges of .
[Proof]

fllx)=32"+1
Since for all values of @, * =0, then from 3z* +1>1>0, we get f'(x)>0.

Therefore, given the function f(z) = 2* 4+ x — 4, the value of f{zr) always increases for all ranges of .

15. Differential Calculus and Integral Calculus 22
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PRACTICE

Determine the value of the constants @ and b such that the function f(z) = —z® 4+ ax + b has a local maximum at 4

when 2—=1.

f’($)=—35132+0, T —1 1

The function f{x) has a local maximum at 4 (
when =1, so we get f'(1)=0 and f(1)=4. f

8
|
o
_|_
=)
|

f'i)=—3-1*+a=0a=3 ..(i) flgl ~ o | 7| 4 | ™
fQ)=—1"+a-1+b=4a+b=5 ...(ii)
Solving for (i) and (ii) gives us a=3 and
b=2.

The increase/decrease table and graph are

Sy

shown on the right.

a=3, b=2

Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press (), select [Define f(x)/g()], press @), select [Define f(x)], press @), after
inputting f(x)=—x* + 3z + 2, press €

Press ¢, select [Table Range], press @K, after inputting [Start:—3, End:3, Step:1],
select [Execute], press €

Press ® (), scan the QR code to display a graph.

[(1,4)

(-1,0)

Given the function f(z) = 22" +5x + 7, prove that the value of flx) always increases for all ranges of .
[Proof]
f/(x)=6x*+5
Since 20 for all values of T, from 6x* + 525>0, we get f'(x)>0.
Therefore, given the function f(z) = 22’ + 5z + 7, the value of f{x)
always increases for all ranges of .
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Increase/decrease of functions and applicable grap/hs( )

/;,,

\\l

TARGET To understand the maximum and minimum of a function within a given range.

STUDY GUIDE

Maximum/minimum of functions
The maximum and minimum values of the function flz) as defined by
a<x<b may not always be equal to the local maximum and minimum

------------------  Maximum value
Local maximum value

values.
The maximum and minimum are the maximum and minimum when f(a)
considering the entire domain. ;
The local maximum and local minimum are the maximum and Local minimum value /
- ) L - ) B Minimum value
minimum, respectively, within a range sufficiently close to those points. i Ly
Therefore, to find the maximum value and minimum value, we look at 0 a b T
the following things.
4 y y )
(1) Find the derivative f'() to solve f'(x)=0.
(2) Draw an increase/decrease table and graph.
(3) Compare the values of both ends of the domain and the
maxima to find the maximum value and minimum value.
\_ J
EXEREISE
@ Solve the following problems with regard to the function y=1x"+31".
(1) Find the maximum and minimum values for —3<z<1.
From y' = 3x* + 62, we can get =3 ) 0 1
32 +62=0,3z(x+2)=0,x=0,—-2. ; ol - 1ol +
The increase/decrease table and graph are shown on the right.
y| 0 40N O0] /7|4

When =—2, the local maximum value is 4, which is also the maximum
value.

When =0, the local minimum value is 0, which is also the minimum value.
When x=—3, the minimum value is 0.

When =1, the maximum value is 4.

When =—2 or 1, the maximum value is 4,
and when 2=—3 or 0, the minimum value is 0

Press @), select [Table], press @, then clear the previous data by pressing (D
Press €9, select [Define f(z)/g(x)], press @, select [Define ()], press @),
after inputting f(2)=z° + 32*, press ®

Press €9, select [Table Range], press @, after inputting

[Start:—3, End:1, Step:1], select [Execute], press €9

Press ® @), scan the QR code to display a graph.

1¢-3,0)

[(-2,4) +[(1,4)
4 4

i °Tl¢0,0)
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(2) Find the maximum and minimum values for —4<x<2.

From y' = 32 + 62, we can get cl=al 122l Lol |2
32° +6x=0,3x(r+2) =0, =0,—2. y' +1lol =101+
The increase/decrease table and graph are shown on the right. y|—16| /7 4 N\ 0 7 20

When =—2, the local maximum value is 4.
When =0, the local minimum value is 0.
When =—4, the minimum value is —16.

When =2, the maximum value is 20.

Y

When =2, the maximum value is 20,
and when £=—4 the minimum value is —16

Press @), select [Table], press @®, then clear the previous data by pressing @)
Press €9, select [Define f(z)/g(x)], press @, select [Define ()], press @),
after inputting f(x)=* + 3x*, press @

Y (2,20)
0- 4

Press €, select [Table Range], press @, after inputting /0\
[Start:—4, End:2, Step:1], select [Execute], press €9 E====:

1€0.,0)

Press ® @), scan the QR code to display a graph.

|¢-4,-16)

PRACTICE

=) @ Solve the following problems with regard to the function iy = —2z* + 3z°.

(1) Find the maximum and minimum values for O<<1.

From y' = —62* + 6, we get —6> + 6 = 0,—6x(x —1) = 0, = 0,1.

The increase/decrease table and graph are shown 2| |0 | e 1| e

on the right. /

When 2=0, the local minimum value is 0, which is

also the minimum value.

When =1, the local maximum value is 1, which is

LY
also the maximum value.
: : i1l
When =1, the maximum valueis 1, V2R
and when =0, the minimum value is 0 o 1° T
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(2) Find the maximum and minimum values for —1<x<2.

From y' = —6x* + 6, we can get —6x* + 6 = 0,—6x(x —1) = 0,2 = 0,1.

The increase/decrease table and graphare | .| 1| ... | o | ... | 1 | -+ | 2

shown on the right. y!' — ol +lo0| =

When 2=0, the local minimum value is 0.

yl 5| N0/ |1\ ]|—4

When =1, the local maximum valueis 1.
When =—1, the maximum value is 5.

When =2, the minimum value is —4. :‘y-ls
When =—1, the maximum value is 5, 1
and when =2 the minimum value is —4 ) 0’1 5 Z
_4 .......

Press ©), select [Table], press @X, then clear the previous data by pressing (O

Press ¢, select [Define f(r)/g()], press @, select [Define f(x)], press 08, after
inputting f(x)=—2x* + 31°, press €

Press ¢, select [Table Range], press @8, after inputting [Start:—1, End:2, Step:1],
select [Execute], press €

Press ® (), scan the QR code to display a graph.

|¢-1,5)

(1.1

[€0,0)

§<2,r4>‘
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A=

Increase/decrease of functions and applicable graphs

TARGET To understand how to use graphs to find the number of real roots in an equation.

Do

)

STUDY GUIDE

Number of real roots in the equation
The number of real roots in the equation f{z)=0 is the x-coordinates with common points on the Z-axis of the graph of
the function y=fx) z. Therefore, by determining how the function y=f{) increases and decreases, and drawing the

graph, we can determine the number of real roots of the equation f{x)=0

(Number of real roots in the equation f(x)=0)

< (Graph of the function y=f{x) and the number of common
points on the x axis)

Number of real roots in flz)=0

1 y=f(z) 2 y=f(z) 3 y=f(z)
yl\ yl\ y‘\

[ N at
[° [°

=) @ Find the number of different real roots in the equation z* =3z +1=0.

8Y

]y
T
o
(

]y

EAERGIS]

1

o

For the function §y = &* —3x +1,we get ' = 32> =3 =3(x —1)(z +1).

When =0, we get z=*1. /

The increase/decrease table and graph are shown on the right.

Therefore, the number of real roots is 3.

]Y

[Table], press @), then clear the previous data by pressing (O
Press €, select [Define f(x)/g(x)], press @), select [Define f(x)], press @),
after inputting f(x)=2* — 3z + 1, press €

Press @), select

{¢1,3)

SES [GRED)
[Start:—3, End:3, Stepll], select [Execute], press @

Press €9, select [Table Range], press @, after inputting //.\ —
Press ® @), scan the QR code to display a graph.
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PRACTICE

@ Find the number of different real roots in the equation * —6x° +2 = 0.

For the function ¥y = =° — 62 + 2, we get ¥’ = 32° —12x = 3x(x — 4).

When y'=0, we get =0, 4.

The increase/decrease table and graph are shown ]

on theright.

Therefore, the number of real roots is 3.

yl

Press ©), select [Table], press @X), then clear the previous data by pressing (O

Press ¢, select [Define f(:x)/g()], press @, select [Define f(x)], press 0, after
inputting f(z)=° — 6x2* + 2, press ©

Press ¢, select [Table Range], press @K, after inputting [Start:—2, End:6, Step:1],
select [Execute], press

Press ® (), scan the QR code to display a graph.

|<o,2>,]_

[(4,-30)
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Increase/decrease of functions and applicable grap/hs (?;)

TARGET To understand proofs of and methods to prove inequalities of cubic functions.

STUDY GUIDE

Proving inequalities of cubic functions
We can prove the inequality flz)>g(x) (2=>a) in the following way, by determining the increases and decreases of the
function. Use the property of fla)>g(x)< fla)—g(x)>0 to determine the increase and decrease of the function

fle)—g(x) at z=a to show the minimum value is > 0.

Proof of flx)=g(x)
F(x)=f(x)— g(x) minimum value =0

XERCIS

nn
|11
L

= @ If 2=1, then prove the inequality x* 4+ 92 > 62> . Also, solve for when the equality sign holds.

[Proof]

Given flx)=1x" —62° + 92, we can get 11 .13

fl@)=32" =120 +9 =3z - 1)(z - 3). ) o | — | o +

When f'(2)=0, we get =1, 3. flol 4 | |0 |~

The increase/decrease table and graph are shown on the right.

Thus, when 2=1, then f{z) has a minimum value of 0 at 2=3. i
Therefore, when x>1, then f{x)>0, such that £° — 62° + 9z >0

Specifically, * + 92 > 62> .

Also, the equality sign holds when x=3.

]Y

Press @), select [Table], press @), then clear the previous data by pressing (D

Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press @, after
inputting f(z)=x* — 62* + 9z, press ©® (_
Press €9, select [Table Range], press @), after inputting [Start:—1, End:5, Step:1], SESiIEH)

[¢3,0)

select [Execute], press @
Press ® @), scan the QR code to display a graph.
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PRACTICE

i

If 2=—1, then prove the inequality z* 4+ 16 =12 . Also, solve for when the equality sign holds.

[Proof]
Given flx)=x’ + 16 — 12, we can get T | —1|-| 2

.f/(m) =3z’ —12 = 3(3'5 — 2)($ + 2). f’(a;) — =10 |+

When f'(x)=0, we get x==+2. flml2r |~ 0| 7
The increase/decrease table and graph are

shown on the right. Ch
Thus, when x=—1, then f{x) has a minimum 7 g
value of 0 at =2. ;i
Therefore, when =—1, then f(x)20, suchthat ;| \
0O 2

x’ +16 — 122 =0 ; |
Specifically, ° +16=12x. —1
Also, the equality sign holds when =2. "

Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press ¢, select [Define f(:x)/g(x)], press @, select [Define f(x)], press 0, after
inputting f(z)=° — 12z + 16, press €

Press (), select [Table Range], press @K, after inputting [Start:—3, End:4, Step:1],
select [Execute], press €

Press ® @), scan the QR code to display a graph.

[(-1,27)/®

(2,0)
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Indefinite integrals -
To understand indefinite integrals.

STUDY GUIDE

Indefinite integrals

For a function flx), f{z) is differentiated to the function F(), which is called the primitive function of f{x). Specifically,
itis F'(x)=flx).

(@) = 32%,(2° +5) = 32%,(x° —8)" = 32* suchthat 2*,2* + 5,2* — 8 are all primitive functions of 3z2.
Thus, there are an infinite number of primitive functions for f(x) and the only differences are the constants.

Given that F(x) is 1 of the primitive functions of the function flz), then F(x)+C' (where C'is any constant) is written

as ff(zc)d:c,vvhich we call an indefinite integral of flx).
Finding the indefinite integral ff(a:)dx of the function flz) is called integration, and the constant C'is called a

Integration and differentiation
are inverse operations.

constant of integration.

Fl(z) = f(z) < f f(x)dz= F(z)+ C

Integration
>

3} ———— =  +C
Differentiation

f3x2 dr=x*+C (C'isthe constant of integration)

‘cocsccscce

0
0
0
0
0
0
0
0
[

XERCIS

1
|11
1

@ Solve the following problems.

(1) Select all the answers from the following (a) to (e) that are primitive functions of 2.

(a) 2 (b) 2127 (¢) z*—9 (d) 2 (e) g2 +%

!/
1
() = 2x,(22%) = 4z, (2> —9) = 22,(2) = 0,| 2> + 5] =2z

All functions differentiated to 2 are primitive functions of 2.
!a!, !C!, 1e)

(2) Use (z") = 42° tofind f4x3 dz .
Since F'(x) = f(x) & ff(x)d:vz F(x)+C', we get f4m3 dz= z* + C (C'is the constant of integration).

x' + C (Clis the constant of integration)

(3) Integrate the function flx)=x.
/

1 . 1 1
From 51:2 = x,since 5332 is 1 primitive function ofx, we get fxdx = 51‘2 + C (C'is the constant of

integration). 1
5 z* + C ( Clis the constant of integration)

15. Differential Calculus and Integral Calculus 31



PRACTICE

@ Solve the following problemes.

(1) Select all the answers from the following (a) to (e) that are primitive functions of 5"

(a) 52° (b) 2’ (c) 20z @ 2°+3 () z° _%
4 l4
(52°) = 252", (x°) = 5z*,(202*) = 60z, (x* + 3) = 5z*, |z’ — E] = 5!

All functions differentiated to 5x* are primitive functions of 5.

!

=2’ tofind fa:de,

3

(2) Use

1
-
3

Since F'(x) = f(z) & ff(w)dw: F(x)+ C,weget fm2dm= %m:‘ +C (Clis
the constant of integration).

%gf + C (Cl'is the constant of integration)

(3) Integrate the function flz)= z*.

/

1
From |— z*
4

= x*, since 7 x* is 1 primitive function of x*, we get
1 . . .
f dx = " x! + C (Cl'is the constant of integration).

" x! + C (Clis the constant of integration)
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Properties of indefinite integrals;, /

TARGET To understand the properties of indefinite integrals and how to calculate them.

STUDY GUIDE

How to find indefinite integrals

/ /
1

/ L2 3

2

1
From (z) =1, Sy

=7, = 2?,---, the following equation holds when m is an integer greater than 0 and C'is

a constant.

f "dxr = L wnﬂ +C When 1=0, we get fld:l:,but itis
n+1

usually written without the 1, as f dzx .

Also, C'is called the constant of

integration, however it is often not written.

Properties of indefinite integrals

The following equations hold for indefinite integrals of constant factor, sums, and differences of functions.

~\

fkf(m)d:n = kf f(x)dx (Kkisaconstant)
[{f@)+g@}de= [ fz)dz+ [ g(z)dx
[{f@)-g@)dz= [ fx)dz— [ g(a)dx

Let the primitive functions of the functions f{x) and g(x) be F(x) and G(x) respectively, then we get F'(x)=f(x) and
G'(x)=g(x).

(1) Given kis a constant, then we get {kF(:E)} '=kF'(x)=kf(x).

(2) Weget{F(x)+G(2)}'=F'"(2)+G'(2)=f2)+g(x).

(3) Weget {F(z)-G(2)}'=F'(z) r)=fx)—g(x).
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Find the following indefinite integrals.

fxzdx (2) fodx
L pyo=Lwic 1 L prro=trtc 1
T o4t 3 —2+C T 3+1 4 —x+C
3 4

fldx

1
zfx“dxz—x““JrC’::chC
0+1

z+C
Solve the following problems.
(1) Find f(5x3 — 73 + 3z — 4)dx
—5fx dx— 7fx dx+3fxdac 4fdx
=5 —:B -7 —:17 +3- —:E —4-z+C
4 3
5 7 3
=—g' -—2'+—-2' -4z +C
4 3 2
The constant of integration is written as + C not separately for each term, but as 1.
5 7 3
—z' -+ - —4x+C
4 3 2

(2) Find [(2t* —6t +5)dt.
=12 t*dt—6 [tdt+5 [ di
=12%t3—6%t2+5-t+0
=4t -3t +5t+C

This formula also holds for variables other than .

at* —3t* +5t+C

(3) Find a function F(z) that satisfies the conditions F”(x2)=8x—3 and F(—1)=5.
1
F(x):f(Sfo)dx:&E:ltz -3 x+C=42"-32+C

From F(=1)=4-(-1° -3-(-1)+C =5, wecanget 7T+ C =5,C = —2.

Therefore, we get F(x) = 42> —3x — 2. )
F(x)=4x*—3x—2
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PRACTICE

Find the following indefinite integrals.

(1) fx“dx (2) f:vda:
= amieo=lric - emye=teic
4+1 5 1+1 2
1 . L,
—x’+C —x*+C
5 2

Solve the following problems.
(1) Find [ (32° + 4z —1)dz.

=3fw2dw+4fwda:—fdm
1 1
=3-§$3+4-Ew2—1-w+0
=x*+22  —x+C
e +2e  —x+C

(2) Find f[ﬁ—%t—9]dt.

=ft2dt—§ftdt—9fdt

=lp Lle gt4c
3 3 2
1 1
=l Ly _gic 1. 1
3 6 515f”—51§2—9f,+6'

(3) Find a function F(x) that satisfies the conditions F(z)=6x—>5 and F(2)=3.
1
F(x) = f(ﬁa:—5)da:: 6-5332 —5-x+C =3x—5x+C

From FF(2)=3-2°—5-2+C =3,wecanget2+C =3,C =1,
Therefore, we get F'(x) = 3x° —5x +1.
F(x)=3x"—5x+1
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-Properties of definite integraI; 4

TARGET To understand the properties of definite integrals and how to calculate them.

2 TUDY GUIDE

Definite integrals
Given F(z) is 1 of the primitive functions of the function f{), then we say that the value of F(b)—F\(a) for 2 real

numbers @ and b is the definite integral of f{x) from ato b, which is expressed as follows.

When F'(2)=fl), [ " f(z)dz = [F(z)] = F(b)— F(a)

a

Here, we say that @ and b are respectively the lower limit and upper limit of the definite integral; and to find this definite
integral is called integrating the function f{x) from a to b.
Also, since [F(z) + C]Z ={F()+C}—{F(a)+C} = F(b)— F(a), the constant of integration C'is not needed in

the definite integral.

Properties of definite integrals

The following equations hold for definite integrals of constant multiples, sums, and differences of functions.

( )

(1) j;bl‘~”/.f(33)dil3 = kj;bf(w)da? (kis a constant)
b b b

@ [ {f@+g@¥dz= [ flodz+ [ g@)de
b b b

6 [ {f@-g@)de= [ fl@)de— [ glx)dz

(@ [ f@dw=0

© [, f@ide=—[ faz

© [ f@dz= [ fz)de+ [ fle)de

(Magnitude relationship of a, b, and c does not matter)
L J
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W [ i(ﬁ _ 3z +1)dz

Use properties (1), (2), and (3). These properties are the same as for the indefinite integral, so find the indefinite

integral and then substitute the value of zand do the calculation.

1, 3, I (1., 3, 1 - 3
=l—x—-——x'+tz =|—22-——=22+2|-4= (1) =) +=)t=—=
372 _1[3 2 g Uy =g 3
2
MOGEIVERERSY This calculation can also be done by substituting the value of xfor each term.
1 3 ! 3 3
=l—2-—r+z] =2 -V} -——{2-)}+{2-(-D}=—=
3T 3T e =g ) S - - (D)=
Press @), select [Calculate], press
Press @), select [Func Analysis], press @), select [Integration(/)], press
o]
|dih A Derivative{d/dx} JD
Statistics  Distritution | |Probability A Integrationd{ S’ pHdx
[i:z:] X¥=0 Numeric Calc » | (Summation{Z>
Spreadshest  Tahle  Fquation Angle/Coord/Sexar| [Logarithm{logab>
On the screen that is displayed, you can input the function and the upper limit and lower limit values to find the
definite integral.
Vor B I
[? x2-3x+1dx
OISICIOIGICIOIVICIOINIGITE s
2]

3

3 2 B )
(2) fl (42% — 37 + 2)dx ﬁ (2% + 32 +2)dx
Since the upper limit and lower limit of the definite integral are equal, we can use property (3) to combine them into 1.

- fls{(‘lffz —32+2)—(2° + 3z +2) }dx = flg(SxLGx) dr =[z* — 32’ =(3°—3-3°) - (1’ —3-1°) =2

2
; =T <
EBO® OOPOOBVDEEE ¥ sxx
2
(3) f03(3x2 +a+2)d + f;(sgc2 +x+2)dx
Use property (6) to combine them into 1.
- f:(?’x? +z+2)dy =2’ +%x2 +21 [43 +§.4‘2 +2-4 [03 +%.02 +2-0] =80
80
. o) T
EBOB OOOOOODOOOE |3 w2
B0
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PRACTICE

@ Find the following definite integrals.

(1) fi@ﬁ +2-3)dx

3

2 s 1 5 2 a0 s ol 2 oo el
=|3® +2:I: 3m_2—[3 3—|—2 3 33] {3 ( 2)-|—2 (—2)* —3-( 2)}
65
6

65
6
ERVU® PEEODOOVORRE® |2 wim
B |
(2) j;z(2x2—3x+4)da:+f12(:c2+3a:+1)d:1:
= 2x® — 3z +4)+ (2 + 3% +1)}de = [ ‘(32 +5)da
=[z*+5x] =(2°+5-2)—(1*+5-1) =12
12
PRO® OD@OODDRE @@ |37+
12
(3) fol(:l:2 —3x-i—4)dac-l-fls(:v2 -3z +4)dx
zfg(m2—3m+4)d:n= l:)33—2:1324—4:13

0 3 2 .

[1 s 3 ., ] [1 s 3,
=3 -2 .8 43|20 —Z.0" +4-0|=

3 2 3 2

15
EROU® PROOODOVOPD@® [
2]
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Definite integrals and differential caIcuI s

TARGET To understand the relation between definite integrals and differential calculus.

\\\

STUDY GUIDE

Definite integrals and differential calculus
When ais a constant, the definite integral fxf(t)dt is a function of the upper limit . When this is differentiated by z, its
a

derivative becomes f{x).

%f:f(t)dt = f(x) (aisaconstant)

Given F{(1) is 1 of the primitive functions of f(t), then F'(t)=f(1).
d

= %[F(t)]ﬁ = %{F(x) — Fla)}.

Therefore, we get %‘/; ft)dt

d d
Since F(a) is a constant, when differentiated it becomes 0, so we get %{F(CE) —Fla)} = %F(]?) =F'(x) = f(x).
Definite integral of even functions and odd functions
Aswith f(x) =2, f(x) = x*,--- we say that a function f{z), such that fl—x)=f(x) always holds, is an even function,
and the graph of an even function is symmetric with respect to the y axis.
Aswith f(x) =z, f(x) = x°,-- we say that a function f{z), such that f{—z)=f(x) always holds, is an odd function,

and the graph of an odd function is symmetric with respect to the origin.

The following equations hold for definite integrals of even functions and odd functions.
(
a a
f(x) is an even function = f f(x)dx = 2f f(x)dx
—a 0
a
f(x) is an odd function = f f(x)dx =0
\ -a

3

1 1 4
¥ =2[=3 =0 :ﬁ
o ) )

1

(1) ﬁix“dxz?ﬁgﬂdx:Qg

@ [ g; dr =0

(3) fi(:cS — 37 + 52+ 1)dx = 2»[;2(—3952 +1)d =22 +af =2{(=2" +2) — (—0' +0)} = —12
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EXEREISE
@ Solve the following problem:s.

T

(1) Find the derivative of the function f(z) = f2 (6t —2t)dt .
d

@)=~ [ ‘(61> —2t)dt = 62° — 2

f(x)=6x* —2x

T
(2) Given ais a constant. Find the values of the constant @ and the function flx) that satisfy j; f)dt =x*+3x—4.

Differentiate both sides of the given equation by .

d (e d
From %fa ft)dt = %(CB +3x—4), weget f(x)=2x+3.
Let z=a in the given equation.

Since faf(t)dtzo,vveget 0=a"+3a—4,a=1-4.
a

fx)=2x+3,a=1,—4

1
(3) Find the function f{z) that satisfies the equation f(z) = z* + 2f0 J(@t)dt .

If we let j:f(t)dt =a (aisaconstant)...(i), then we get f(z) = 2* + 2a .. (ii).

1
. .. 1 _ L |1 _1
From (i) and (ii), we get fo (t* +2a)dt = a and j; (t* +2a)dt = 3t +2at U =3 +2a.
. 1 1 , 2
Therefore, since we get —+2a = a,a = —— ,thenwe get f(z)=12> ——.
3 3 3 2
2
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PRACTICE

@ Solve the following problemes.

(1) Find the derivative of the function f(z) = f:ﬁ(?ﬂf2 +4t)dt .

f!(z) = j—w [ (3 + 4t)dt = 32° + 4z

f(x) = 32* + 4z

(2) Given ais a constant. Find the values of the constant a and the function f{xx) that satisfies the equation

f ft)dt = 2* =52 +6.
Differentiate both sides of the given equation by .
From —f ft)dt = C;j (x> —5x + 6), we get f(x) =2x —5.
Let z=ain the given equation.
Since faaf(t)dt =0,weget0=a’—5a+6,a=23.
f(x) =2x—5,a =2,3

(3) Find the function flz) that satisfies the equation f(z) = 32* + fjf(t)dt
If we let f2 f(t)dt = a (ais aconstant)...(i), then we get f(x) = 32’ + a...(ii).
—1
From (i) and (ii), we get f2 (3t’+ a)dt = a and
-1

[ @t +a)ydt =1t +at?, = 9+3a.

9
Therefore, since we get 9 +3a = a,a = 5 then we get f(x) =3z — —.
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Definite integrals and the area of a shape (1)

TARGET To understand the area of the shape bounded by the curve and the x axis, and the 2 straight lines

r=aand =0.

STUDY GUIDE

Definite integrals and the area of a shape
Given a<x<b, then when f{)>0, the area S of the part bounded by the curve

y=f{z) and the xaxis, and the 2 straight lines x=a and =0, is as follows.

s=[ " ()

Also, given a<x<b, then when flx)<0, the area S of the part bounded by the

curve y=f{x) and the xaxis and the 2 straight lines z=a and x="b s the area
of the part bounded by the curve y=f{x) reflected across the x axis, and the

axis, and the 2 straight lines 2=a and =5, given that a<x<b, which gives us

8= [Nt f@hdz=- [ fa)de.

To find the area S from 2=a to =5, we consider the function S(x), which
expresses the area from z=a to =1.

So S(a)=0and S(b)=S.

Given AS'is the area from zto 2+Aux, then AS can be approximated by the
rectangular areas fla) Axfor very small Az,

Thus, we get

AS = flx)Ax = i—i = f(x) = Al;liloi—s = lim f(z) = — = f(x).

T Az-0 dx
Therefore, S(x) is 1 of the primitive functions of f{x).

Specifically, since S(z) = ff(x)dx,vve get S =8(b)—S(a)= fabf(:c)dx.
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EAENCIOE

=3 @ Find the area S of the part bounded by the following curve and straight lines.

(1) Thecurve y = z* and the Taxis, and 2 straight lines =2 and =4 y=1
For 2<x<4, we get y = z° >0.
4
4 1 1 1 56
S:f4x2d:17 =|=2 =—4-—=-2"=—
: 37 3 3 3
56
3
T
Vor | Y
Fzzdx
EBO® POVORO@ |: .
3]
(2) Thecurve ¥y = —x* —1 and the zaxis, and 2 straight lines z=—1 and =3 UA
For —1<2<3,we get y = —x* — 1 <0. .
3 ]
(P2 _ S o :__l 3 :
§=[ o’ -Dydr =~ (-2’ ~1)da 370
1 . 1 ) 40
S | N CI o B L G CI G| |
40
3 y=—z"-1
Jor o 'y

3
PBO® COOBOODOVODOEE || 4~(-*-1dx

40|
3
(3) Thecurve y = —x* +1 and the xaxis A
By solving —x* +1 = 0, we get 2==%1, so the curve y = —x” + 1 crosses the
Taxis at T==1. /\
1 1 ' >
Szf (—2* +1)dx = —§x3+$ -1 10 1\ T
-1
-1
1 . 1 A 4
=|-=1 41—+ () =—
[ 3 ] [ 3 (=1 +( )] 3
4 y=—2"+1
3
T Vor B I
r —x’+1dx
EROB® COPHDVODRD@ |- .
3
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PRACTICE

@ Find the area S of the part bounded by the following curve and straight lines.

(1) Thecurve y = 2 and the zaxis, and 2 straight lines 2=0 and =2

For 0sx<2, we get y = x’ 20.
2
2 3 ]‘ ]‘ 4
Sszdazz— —-0'=4
0 4

4_

4

@O DOOVOB®D®

(2) Thecurve y = —z* —2 and the zaxis, and 2 straight lines z=—1 and 2=1

For —1<x<1,weget y = —x’ — 2 <0.

S = f{ a:—z}d:n——f

——ac —2x
4

1 _, 1 4
[—Z'l —2'1]_{_2'(_1) _2'(_1)}

—x’ —2)dx

CITIOITANCICICIOISIOIOICIOIOIVICIOIIOL T

(3) Thecurve y = 32> —12 and the xaxis

By solving 3x* —12 = 0, we get =22, so the curve

Yy = 3x* — 12 crosses the xaxis at T==2.
For —2sx<2, we get y = 3x° —12<0.
2 2
S = f {(—(3x* —12)}dz = — f (3x* —12)dz
s 2 3 -
= —{x’ —122¢]", = —{(2° —12-2) —
=32

@WO® C0O0ROW@OOOOVOOVBR®

{(=2)° —12-(-2)}]

32

T Y
2
Juzadz
[l
O 1
T
T O &
J1_1—(—z3—2)|:|x
4
y=3x*—12
Y4
\2"lo of |
xTr
=] A
|7 ~(3x2-12) dx
32
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Definite integrals and the area of a shape(2)

TARGET To understand the definite integral of a function that has an absolute value.

STUDY GUIDE

Definite integral of a function that has an absolute value
If the function to be integrated has an absolute value, then we integrate the
function after removing the absolute value symbol by splitting the integration

interval.

A (when A>0)
—A (when A<0)

As shown in the figure on the right, the function y=|flx)| is, when z<cand d<uz,

41=]

y=flx), and when c<z<d, itis y=—flx).
b . X
The definite integral from @ to b of the function y=|f(z)|is S = fa | f(z)|dz = fa f(x)dz + fc _fa)da.

EXERCISE

o

= @ Find the following definite integrals.

(1) j;QIx—lldx

|xz—1]is —a+1 for 2<1, and itis 2—1 for 1<z

1

2

YA
Yy=—T+1

:fol(—erl)derle(m—l)dxzl—%m‘z+x] +\%x2—x
1" -1

0
1, 1, 1
=|-= 41|+ {=-22—2— -1
2 2 2

2
OBOUE ©VOB® BOOVOB®E |d*1lx

1

(2) f;lxz—llda}

Y4

|2* —1]is 2 —1 for x<—1and 1<a,and itis —z + 1 for —1<a<l1.

1 2 2 2 1 3 ' 1 3 ’
= [ (—z +1)dx+f(x -dr=|-—2*+z| +|—2*—=x

0 1 3 3 ) 1

1 1 . 1 =—x2+1
S = L | S L S N L | | Y

3 3 3

2

7F 0 Iy

2
OBOB VOB PEODVOEE® | -1lx

15. Differential Calculus and Integral Calculus 45



PRACTICE

@  Find the following definite integrals.
== 3
(W) [ lz—2ldz
|2—2| is —x+2 for <2, and it is £—2 for 2.

Yy=—x+2 Yyt
:L2(—m+2)dm+f23(w—2)dw > Yy=—2
I 1 2 1 2 ' v
=|——z+2z| +|_-o’' —2x :
2 E : ,
=|-=-2"+2-2[+{=-3"—2.3—|=-2"—2-2
2 2 2
2
PRO® BUOA® ®ODQODE 6 [*2l= ]
2]

(2) j;4|x2—4|dx

—4
|x* —4|is £* — 4 for r=—2and 2<z, and itis
—x’ + 4 for —2<sx<2.
2 4 ,
=f(—$2+4)d$+f (> —4)dx y=—x"+4 5
0 9 N
1 * ! —2°._0."2 4z
=[—§m3+4w +|=x® —4x
2
el o]
=|—=.22+4-2|+]= -4 —4.4—|=.22—4.2
i 16
PROB® @VOB® ®DOOQOD@@ [/F-al=
16
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Definite integrals and the area of a shape(3)

TARGET To understand the area between 2 curves.

STUDY GUIDE

Area between 2 curves
Given 2 curves y=f{x) and y=g(x) with an interval of a<x<b, then when
fle)>g(x), the area S of the part bounded by these 2 curves and 2 straight

lines z=a and =" is as follows.

= [tf(@) - g(x)}dz “

Given the interval is a<x<b when fla)>g(x)=0, then we can consider

the difference of the areas of the 2 shapes as in the figure on the right.

Sff dxfg dm—f{f )}z

Also, given the interval is a<x<b, when flz) or () has a negative
value, then the 2 curves are parallel translated in the ¥ axis direction so
that both have a positive value.

Given y=fl2)+cand y=g(z)+c we get S = f 2)+ ¢ —{g(x) + c}ldx = f {f(x) — g(x)}dz , which can be

considered the same as above.

EAEREISE

o

=) @ Find the area S of the part bounded by the following curve and straight lines.
(1) The2curves y = 3x”> +2 and y = x°, and the 2 straight lines z=—2 and 2=1
Given —2<a<1, from 3z* +2—x* =22 +2 > 0, we get 32> +2 > x°.
1

S = 1(3:172 +2—2")dx = f;(%z +2)dx =

-2

2 3
—x° +2x
3

—2

23 ._2._3 (= =
:5-1 +2-1 {3(2) +2(2)} 12

7or | Y

1
EROBD POODOVODE D@ || 2F 2

12

15. Differential Calculus and Integral Calculus 47



(2) 2curves y =2" —1 and y = —x* —2, and 2 straight lines 2=—1 and 2=1 y=12—1
Given —1<a<l1, from * —1— (=2 —2) = 22° +1> 0, we get A /

P —1>-a°-2. O .
71\/1 T
1 4 1

-1

2 [2 10
== 1 +1- —'(1)3+(1)}— 5 5
T ; . / \

3 y=—1x>-2

2 3
'+
3

1
EBRO® PE@ODOODRD@ [|-12¥ 10

10
3
(3) 2curves y=2"—1and y=—2"+1 y=12—1
The x coordinates of the intersections of the 2 curves are yr
—1=—-2"+122" =22 ==+1.
Given —1<a<l, from x° —1—(—2” +1) = 22" — 2 <0, we get
T —1<—2"+1. —1 0 Iz
1
! 2 2 ! 2 ]' 3
e — — —1 fd — — = — - —
§=[ 2 +1-@* -D}do= [ {(-20a* -}z =-2|22° ~ 2
1 1 )
=-2 5-13—1—{5-(—1)3—(—1)} =§ y=—x?+1
8
3
T 7o I ry
' —2(x2-1)dx
@BOO® COQOO@OOOVOO®O @ - s
3

PRACTICE

@ Find the area S of the part bounded by the following curve and straight lines.

(1) 2curves y =2z° +3 and y = z°, and 2 straight lines x=—1 and =2

Given —1<x<2,from 22’ +3—x* =2 +3 >0,
we get 22° + 3 > x’.
2 2
S = f 2z’ +3—x*)dx = f (2> + 3)dx
-1 1

2

]' 3
—z’ +3x
3

1, 1 3
:E.z +3.2—{§-(—1) +3°(_1)]’

—1

=12

7 H 'y

PRO® @@OOVODE D@ |l-*+3=

12
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(2) 2curves y = —22° and y = —2° + 3, and 2 straight lines z=—1 and 2=3

Given —1<x<3, from —2x* — (—x*+3)=—x*—3 <0,
weget —22° < —x’ +3.

S=[{-a*+3—(—22")}dz = [ (2" + da

3

1 1 1
=|-z'+3x| =--3+3:3—{—-(—-1)+3-(-1)
3 N 3
_ 61
3
64
3
3|.—/I§ Iy
EROB® PPOOVODR@ [
3]
(3) 2curves y =2x" and y =2’ +1
The 2 coordinates of the intersections of the 2 curves yt
are 2z’ =z’ + 1,2 =1, = £1. : [y=x"+1
Given —1<xx<1, from 22° — (2’ +1) = * — 1=0, ' y=2"
weget 22° <z’ + 1.
T —10 1 =z
S—f_l(m +1 12:13 )dm—f_l (x —1)dz
1 3 ]‘ 3 ]‘ 3
=—|-z'—x| =—|-1—-1—{=-(-1)° — (-1
3%~ =3 {3< )~ )}
_4 .
=5 4
3
1|.'/|3 &
—(a2—
@RO® COA®OAOPODPO® | —w-m
3
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= =
= 4

Definite integrals and the area of a shape‘(4

TARGET To understand the area of a shape bounded by a curve and the tangent to that curve.

7

STUDY GUIDE

Area of a shape bounded by a curve and the tangent to that curve

The area of the shape bounded by the curve of the cubic function y=f{x) and a Y
tangent to a point P on its curve can be found by using the following method.
( )
(1) Find the equation of the tangent [ to
the point P on the curve y=f(x). T
(2) Find the x coordinates of the intersections 7

of the tangent [and the curve y=f(x). m

(3) Find the area of the bounded area by

using the definite integral.

: Equation of the tangent to the
0
(]
. J 0
0
0
(]

point (a, f{a)) on the graph of

the function y=f(x)
y— fla)= f(a)(z—a)

‘cecccccsccscscscscscscscce

0
0
0
0
0
0
0
0
o

XERCIS

1
1

= @ Solve the following problems with regard to the curve 3y = x° .

o

(1) Find the equation for the tangent [ to the point P (1, 1) on the curve y = x° .
From y = x*,and since 3’ = 32, by substituting z=1, we canget y’ = 3-1* = 3.
The equation of the tangent lis y —1 = 3(z — 1),y = 3z — 2. >
y=3r—2 P
7o I 'y
d (o2 )| )
SISIOIOIOIOITACE #=1
3
(2) Find the z coordinates of the intersections of the tangent [and the curve y = z*.
r¥=3rx—-21"-3x+2=0,(x—-17(r+2) =0,z =-21
r=-—21
Press @, select [Equation], press @, select [Polynomial], press @), select [ax®+ bx*+ cx+ d |, press
OICIOICICIOITIOIT)
7o O T
LA |l L Simul Equation axz+bx+c G +bx T
Calculate  Statistics  Distribution Polv¥nomial = 155 LS £
B g8 ax%+bx*t+cx2+dxte
Spreadsheet.  Table 2
7o W T v 7o I T Vi
. . ax3*+bx2+cx+d=0 ax¥*+bxz+cx+d=0
Determines the solution x=—2and 1 > ® @ [x1= X o=
for the cubic equation.
-2 1
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(3) Find the area S of the shape bounded by the tangent [ and the curve y = z*.

Given —2<x<1, we can get 2* =312

S:f;{l‘g—(3,1:—2)}dx:f712(1;3_3$+2)dx: igj4——x2+2x )
1 4_2.? ~—l-—4_i._2 e :Z
=l [4( 2 =5 (=2) +2(24 :

@OV OOPOCRAYWERVORBOO®

Checking graphs
Press @), select [Table], press @, then clear the previous data by pressing (O

Press €9, select [Define f(z)/g(x)], press @, select [Define ()], press @),
after inputting f(x)=2*, press ©®

In the same way, input g(x)=32—2.

Press €, select [Table Range], press @, after inputting

[Start:—5, End:5, Stepiﬂ, select [Execute], press @

Press ® @), scan the QR code to display a graph.

fx) =x*
g()=3v-2

125 13

EAFSEIIIETEY
~

27
4
Vo o Y
1
Jix3—3z+2dz
27
4
XE
Calculate  Statistics  Distribution
= x¥=0
Spreadsheet Equation
7o o
f ) =x"
T H
g{x)=3x-2
A
Table Ranse
Start:-5
End :5
Step :1
PG|
S fimd ELES]
4 -2 -8 -8
5 -1 ol L)
2 a a ol
7| — 1 1 :

(KEE)
j 3
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PRACTICE

@ Solve the following problems with regard to the curve y = z* — 3.

(1) Find the equation for the tangent lat point P (2, 2) to the curve y = z* — 3.

Y=’ —3x
From y = ° — 3z, and since ¥y’ = 32> — 3, by Y/ P//l
2
substituting =2, we can get y’ =3-22—3=09, o~ %
The equation of the tangent [is
y—2=9(x—2),y =9 —16. S
y=91—16
@WwW D@OODOROD®
f—x(z3—3z)|x=2
g
(2) Find the z coordinates of the intersections of the tangent [and the curve y=x"—-3x.
r’—3r=9r—16,2° —12x+16 = 0,(x —2)’(x +4) = 0, = 2,—4
r=2,—4

Press ©), select [Equation], press @, select [Polynomial], press @),

select [ax®+ bx*+ cx+ d], press

O OITICIOIOLTIOJOLT

15. Differential Calculus and Integral Calculus

o [

X L ax2+bx+c i +EE O
Calculate  Statistics  Distribution ax3+bx2+cx+d . ><3+ 042~ 122

= X¥=0 ax3+bx3+cx2+dx+e -
Spreadsheet Table  [WSsPEL{ly 16

=alC] T v o [ T Ti
ax3+bx2+cx+d=0 ax3+bx2+cx+d=0
X1 = ¥a=
-4 2
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(3) Find the area S of the shape bounded by the tangent [ and the curve 3y = x° — 3z

Given —4=<x<2, we can get x* — 31 =92x—16.
2

2 2 1
S = f {z° — 3z — (92 —16)}dx = f (2 —122 +16)dz = |~ z* — 62 + 162
—4 —4 4

—4

1 1
=Z-24—6-22+16-2—{Z-(—4)4—6-(—4)2+16-(—4)}=108

108

_
z 5
EROB® PPIO0IRDDDOVODR @@ w126
108
Checking graphs
Press (©), select [Table], press @), then clear the % Ly
. . Calculate  Statistics  Distribution

previous data by pressing (D = Xxy=0

Spreadsheet WMEDIENM Equation

Press ¢, select [Define f(x)/g(x)], press 0, select
[Define f(x)], press @),
after inputting f(x)=z° — 3z, press €

™
fix)=x’-3x

In the same way, input g(x)=9x—16. £ (T ax—16

Press (=), select [Table Range], press @, after Table Ranze

inputting [Start:—5, End:5, Step:1], select [Execute], Eﬁﬂ” §5
Step :1

press €9

Press ® (X), scan the QR code to display a graph. v | T s

-1z
-2
2

-43
-34
-25

} fx) =2® =3¢
| s0-0-16

-110 8k

Tl (-4-52)
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STUDY GUIDE

Area of a shape bounded by a parabola and a straight line

Let the & coordinates of the intersections of the straight line [ with the parabola

y = x> + pxr +q be aand B (a<3). Now, we can find the area S of the shape
bounded by the parabola and the straight line [,

7

Definite integrals and the area of a shap/e(?)

TARGET To understand the area of a shape bounded by a parabola and a straight line or by 2 parabolas.

§=—["@-)@-Bde =~ (8-

When the parabolais ¥ = ax® + bx + ¢, we can find the area as follows.

Area of a shape bounded by 2 parabolas
Let the x coordinates of the intersections 2 parabolas be v and (<), then we

can find the area S of the shape bounded by the 2 parabolas by using the above

expression.

EAEREIS]

1

= @ Find the area S of the part bounded by the following curve and straight lines.

&= y=x
(1) Parabola y = x* and straight line y=—2x+6 v
r’=-2+62"+x-6=0,(r-2)(x+3)=0,2=2-3
Given —3<x<2, we get 2° <—2+6.
_ [ oA — [P (2 _ I O
S = {3( T+6-x )?;5 [ @ +a-0de=—[ (x-2(+3)dz
— -y =2 s
6 6 125
6 l
0 %

@OV 0OO0O@HOOOOVOROBO®

Vor O

ES—(z2+z—E) dx

[

125
B
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(2) 2parabolas y = x* and y = —x° + 4 YA
1P =g+ 400 =21 =+2
G|ven—\/5<a:<\/_ we get x° < :1: +4.

S = ff 2 +4-2)dr = fffzxfz —ﬂf(th —2)dz g
2y =2
‘ ’ 162 [0 %
e y=—a"+4

The results of the scientific calculator are shown as a decimal, so confirm that it is equal to the results as an irrational

number. o T
e
PBO® COOEPOBOVOBREEO® | ,-2(¥-2ix
7.542472333
Jor o 'y
1642
TISIOICICIOIOICIOIT] -
0
PRACTICE
@ Find the area S of the part bounded by the following curve and straight lines.
- (1) Parabola y = —x* and straight line y=22—8
—x' =28, +2x—8=0,(x—2)(x+4)=0, Y 20—
T =2—4 0 g
Given —4<x<2, we can get —x’>>21—8.
S=[{-a'—(z—8)}dz= [ —(z*+22—8)dx S
—4 ) ! —4
=—[ (@—2(@+ gdz=—{2— (-1} =36
—4
36
5 o o Iy
@BO® COAPPODOEOVODROR J-r(xz”x-ﬂ)d*
36
(2) 2parabolas y =2* —2 and y = -2 + 6 1y
Yy=x —
r'—2=—x"+6,2" =4, =12 yt
Given —2sx<2, weget £’ —2<—x’ +6.
S=[{-a'+6—(z* —2)}dz = [ —2(a’—2)dax
= ) - S
=—zf (:132—4)dm:—2f (z +2)(z — 2)dz 0 ‘
; ; VAR
=2y =2 6 \
6 —x’+6

=

CITIOITENCIOICIGISICIOIOIVICIOIIONT)

&

|” ~2(x*-4) dx

1|

3
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