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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
Table  Eguation

(X 28101
Inequality ~ Complex

Better Mathematics Learning
with Scientific Calculator




Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1
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- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section
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Number of cases /

TARGET To understand how to find the number of cases by using a tree diagram.

STUDY GUIDE

Tree diagrams

Tree diagrams are a method to count all the possible cases, without repeating any or missing any.

Count how many possible ways there are to arrange the 3 letters A, B, and C. B—C
A Lo—s

A—C
B o
A—
o

From the tree diagram on the right, there are 6 ways to arrange the 3 letters.

RERCIS

lan
iyl
L

Find how many 3 digit numbers can be made by using the 3 digits, 1, 2, and 3, just 1 time each.

Use a tree diagram to show how to arrange the 3 numbers 1, 2, and 3.

Hundreds Tens Ones Hundreds Tens Ones Hundreds Tens Ones
place place place place place place place place place
2 — 3 1 — 3 1 — 2
1 2 3
< 3 — 2 < 3 — 1 < 2 — 1

From the tree diagram, there are 6 ways.

6 ways

Find the number of cases in which the sum of the rolled dice is 6 when 3 dice, A, B, and C, are rolled 1 time each.
Use a tree diagram to show the outcomes of the 3 dice rolls.
A B C A B C A B C A B C

1—4 1—3 1—2 4—1—1

2—3 2 < 2—2 ’ < 2—1

3—2 3—1

4—1

From the tree diagram, there are 10 ways.
10 ways

In a game of tossing 1 coin repeatedly, you win by getting heads 2 times. However, the game ends after tossing the
coin 4 times or getting heads 2 times. Find the number of cases in which this game is won.
Use a tree diagram to show the results given O is heads and X is tails.

1st time 2nd time 3rd time 4th time 1st time 2nd time 3rd time 4th time
O O
O o <
< ® < x — O
X X
x — O x — O — O

From the tree diagram, there are 6 ways.

6 ways

14. Probability 1



PRACTICE

Find the number of cases in which the product of the rolled dice is 6 when 3 dice, A, B, and C, are rolled 1 time each.
Use a tree diagram to show the outcomes of the 3 dice rolls.

A B C A B C€C A B C A B C

1—6 1—3 1—2 6—1—1
2< 3<
2—1

2—3 3—1
1

3—2

6—1

From the tree diagram, there are 9 ways.
9 ways

In a game of tossing 1 coin repeatedly, you win by getting heads 3 times. However, the game ends after tossing the
coin 4 times or getting heads 3 times. Find the number of cases in which this game is won.

Use a tree diagram to show the results given O is heads and x is tails.
1sttime 2ndtime 3rdtime 4thtime

o
o
O< <x—O
x — O — O
x — O — O — O

From the tree diagram, there are 4 ways.
4 ways

Find how many 3 digit numbers can be made by selecting 3 digits from the 4 digits 1, 2, 3,and 3.
Note that there are 2 3s, and use a tree diagram to show the results.

Hundreds Tens Ones Hundreds Tens Ones Hundreds Tens Ones

place place place place place place place place place
2 — 3 1 — 3 2
1 <
1 3 — 2 2 3 — 1 3
3 — 3 3 — 3 1
3 2 <
3
1
3 < )

From the tree diagram, there are 12 ways.

12 ways

14. Probability 2
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Law.of addition and law of multiplication

TARGET To understand how to find the number of ways that either of 2 events can occur or that both events
can occur.

STUDY GUIDE

Law of addition
Assume that there are 2 events, A and B, and that they do not occur simultaneously. When there are 1m ways for A to

happen and n ways for B to happen, the following law of addition holds.

(Number of ways that A or B occurs = (m+n) ways)

(The law of addition also holds when there are 3 or more events.)

Given A and B do not occur simultaneously — by combining the m ways of selecting A and the n ways of selecting B,

then the total ways they can occur is (m+n).

Law of multiplication
Assume that there are 2 events, A and B. When there are m ways for A to happen, and for every one of those occurrences

there are nways for B to happen, then the following law of multiplication holds.

(Number of ways that B occurs foreach A = (mXxn) ways)

(The law of multiplication also holds when there are 3 or more events.)

Given A and B occur simultaneously — since there are 1 ways of selecting B for every m way of selecting A, then the

total ways they can occur is (mxn).

How A occurs (1m ways) A , As e A,
How B occurs (nways) By, B, ...... ,B., B, By, ...... ,B.,......, By,By,...... ,B.
EXEREISE:

On the drink menu of a certain restaurant, there are 4 kinds of fruit juice and 5 kinds of carbonated drinks. Find the
number of ways that you can select 1 kind of drink from this menu.
You cannot select from the fruit juices and from the carbonated drinks at the same time.

Since there are 4 ways and 5 ways to select one, the law of addition gives us 4+5=9 (ways)

9 ways

Find the number of cases in which the sum of the dice is a multiple of 3 when 2 dice, A and B, are rolled 1 time each.
When the sum of the dice is any of 3,6, 9, or 12, it is a multiple of 3.
There are 2 ways to get a sum of 3 on the dice, they are (1,2) and (2, 1).
There are 5 ways to get a sum of 6 on the dice, they are (1, 5), (2, 4), (3,3), (4,2),and (5, 1).
There are 4 ways to get a sum of 9 on the dice, they are (3, 6), (4, 5), (5,4), and (6, 3).
There is 1 way to get a sum of 12 on the dice, it is (6, 6).
Since the sums on the dice of 3, 6,9, and 12 cannot occur simultaneously, the law of addition gives us 2+5+4+1=12 (vvays)

12 ways

14. Probability 3



There are 5 ways to go from town A to town B and 4 ways to go from town B to town C. In this case, find the total
number of ways to go from town A through town B to town C.
There are 5 ways to go from town A to town B, and for each of those ways there are 4 ways to go from town B to town C.
Therefore, from the law of multiplication, we get 5x4=20 (ways)
20 ways
Mr. D has 6 types of shirts and 5 types of trousers. Find the number of ways that he can select 1 type of shirt and 1 type
of trousers to wear.
There are 6 ways to select a shirt, and for each of those there are 5 ways to select trousers.

Therefore, from the law of multiplication, we get 6X5=30 (ways)

e Find the number of positive divisors of 144.
Factorize 144 into its prime factors to get 144 = 2* x 37
Then, the 5 divisors of 2* are 1,2,2%,2%,2", and the 3 divisors of 3% are 1,3,3%.
We can get all the positive divisors of 144 by multiplying each of the 5 divisors of 2* by each of the 3 divisors of 3*.

Therefore, from the law of multiplication, we get 5x3=15 (divisors)
15 divisors

On the scientific calculator, use the FORMAT function to factorize 144 into prime factors.
7or O Yy
Press @), select [Calculate], press Standard 144

D@ @ @, press @, select [Prime Factor], press @) Decimal

Prime Factor
ENG Notation 2'x3?

PRACTICE

In a given class, there are 16 students that ride a bicycle to school and 19 students that ride a bus to school. Find the

number of ways that you can select 1 typical student from among them.
You cannot select 1 student that rides a bicycle to school and 1 student that rides a

bus to school at the same time.
Since there are 16 ways and 19 ways to select one, the law of addition gives us
16+19=35 (ways)

35 ways

Find the number of ways in which the sum of the dice is greater than or equal to 9 when 2 dice, large and small, are

rolled 1 time each.
When the sum of the dice is any of 9, 10, 11, or 12, it is greater than or equal to 9.

There are 4 ways to get a sum of 9 on the dice, they are (3, 6), (4, 5), (5, 4), and (6, 3).
There are 3 ways to get a sum of 10 on the dice, they are (4, 6), (5,5), and (6, 4).
There are 2 ways to get a sum of 11 on the dice, they are (5, 6) and (6, 5).
There is 1 way to get a sum of 12 on the dice, itis (6, 6).
Since the sums on the dice of 9, 10, 11, and 12 cannot occur simultaneously, the law
of addition gives us 4+3+2+1=10 (ways)

10 ways

14. Probability 4



On the menu of a certain restaurant, there are 6 types of drinks, 8 types of main dishes, and 5 types of desserts. Find the
number of ways that you can select 1 type of each item.
There are 6 ways to select a drink, 8 ways to select a main dish, and 5 ways to select a
dessert.
Therefore, from the law of multiplication, we get 6 X 8 X 5=240 (ways)

240 ways
Find the number of outcomes that 3 dice, A, B, and C, can be rolled 1 time each.
There are 6 outcomes for A, 6 outcomes for B, and 6 outcomes for C.
Therefore, from the law of multiplication, we get 6 X6 X 6=216 (ways)
216 ways

Find the number of positive divisors of 360.
Factorize 360 into its prime factors to get 360 = 2° X 3* X5

Then, the 4 divisors of 2* are 1,2,2%,2*, and the 3 divisors of 3° are 1,3,3, and the 2

divisors of 5 are 1 and 5.

Therefore, from the law of multiplication, we get 4 X 3 X 2=24 (divisors)
24

7 Fy

360

® ©® © @, press @, select [Prime Factor], press

2°%3%x5

14. Probability 5



f:0

Permutations /

TARGET To understand the total number of ways that several things can be arranged in 1 ordered sequence.

STUDY GUIDE

Permutations

When several things are arranged in 1 ordered sequence, each sequence is called a permutation. If you take 7 things
from n different things and arrange them in 1 row, we call that a permutation of 7 things taken from 71 things, and
that total number is shown as » P . However, r<n. You can find the total number of permutations of 7 things taken from

7 things as follows.

nPr=n(n—-1)(n—2)-- (n—r+1)

\ )

Product of 7 things

The total number of permutations of 5 things taken from 8 things is
sP;=8-(8—1)-(8—2)-(8—3)-(8—4)=8-7-6-5-4 = 6720.

Use the scientific calculator to calculate the total number of permutations of 5 things taken from 8 things.

Press @), select [Calculate], press

eao
®, press @), select [Probability], press @), |BP3
select [Permutation(P)], press @, & @)

6720
Consider taking 1 thing at a time in order from 7 things.
The 1st thing  There are 1 ways to take 1 thing from 7 things.
The 2nd thing  There are (n—1) ways to take 1 thing from the remaining (n—1) things.
The 3rd thing  There are (n—2) ways to take 1 thing from the remaining (n—2) things.
The rth thing  Since (r—1) things have already been taken from the 7 things, the remaining number of things is
n—(r—1)=(n—r+1) things.
There are (n—1+1) ways to take 1 thing from here.
From the law of multiplication, there are X (n—1)X(n—2) X ++---- X (n—r+1) ways to take 1 things from 7 things.

Specifically, the total number of permutations of taking all 1 things from n different things is
nPn=mn(n-1(Mn-2)-- 3-2-1
The product of all natural numbers from 1 to n, such as the right-hand side of the above equation, is called the

factorial of 1 and is expressed as 7!. Also defined as 0!=1.

n!'=nn-—-1)Mm-—2)----- 3-2-1

14. Probability 6
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3

B2 61=654321=720
| check
Use the scientific calculator to calculate the factorial of 6.

Press @), select [Calculate], press

7F 0 Iy
6!
®, press @), select [Probability], press @), select [Factorial(!)], press @), @
720
) o ) 4-3-2-1 9! 9!
By using the factorial sign, which we can transformas ¢Ps=9-8-7-6-5=9-8-7-6-5-————=—=———,we
4-3-2-1 4! (9—-5)!
can express the formula for finding the total number of permutations as follows.
n!
nPr=——"—"—
(n—r1)!
n! n!
When 7=0 in the above equation, it becomes »Po = -0 = E =1, which we defineas nPo=1.
EXERCISE
Solve the following problems.
(1) Find the value of ¢Pu.
¢P1=6-5-4-3 =360
360
o H ry
6P4
OICIVITIVIVTIOIT
360
(2) Find the value of 10Ps.
1wP3=10-9-8 =720
720
P! ry
10P3
DO@VB®OLV®W® ®
720
15! )
(3) When T A find the value of A.
15! 15-14!
From L. =14!,we get A=14
15 15
E
151" :
——14 !
DEO@OUBVBEBDEOOODOO®@VWV®WE |15
1]

14. Probability 7



] Find how many ways there are to arrange the 7 numbers 1, 2, 3,4, 5,6, and 7 in 1 row, as shown below.
(1) Select and arrange 4 numbers from the 7 numbers.

Since it is a permutation of 4 things taken from 7 things, there are P4+ =7-6-5-4 = 840 (ways)

840 ways

Yy

7P‘-EIE'IEI
POVUBVOBO@

840

(2) Arrange all 7 of the numbers.
Since it is a permutation of all 7 things, thereare 7! =7-6-5-4-3-2-1 = 5040 (ways)

OEOL®O®E®

5040

(3) Arrange all 7 numbers into 7-digit even numbers.
There are 3 ways to be an even number, the ones place must be 2, 4, or 6, then the other places are 6 permutations,
which excludes the 1 even number in the ones place.

Therefore, from the law of multiplication, we get 3x 6! =3x6-5-4-3-2-1= 2160 (vvays)

2160 ways
3BT :
ORO@VMOV e
2160
PRACTICE
; Solve the following problems.
(1) Find the value of oPs.
9P3: 9.-8:-7=504
504
9p3 ’
OICIVITICIVITIOIT
504
(2) Find the value of 7 Ps.
Ps=T7-6-5-4-3 = 2520
2520
7P5 " ’
QICIIICIVITION)
2520

14. Probability 8



(3) When 35x34!= A!, find the value of A.

From 35X 34! = 35X(34'33-32“""°'3°2-1) = 35!,weget A=35
35
o O ry
35%x34!1-35!
OIGINIOICICIVITIVICICIOICICIVITIOI TIC)
0
Find how many ways there are to arrange the 8 numbers 1,2, 3,4, 5,6, 7,and 8 in 1 row, as shown below.
(1) Select and arrange 4 numbers from the 8 numbers.
Since it is a permutation of 4 things taken from 8 things, there are
sPy,=8:7-6-5=1680 (ways)
1680 ways
8Pd ’
OICIVITIVIGITIONTD
1680
(2) Arrange all 8 of the numbers.
Since it is a permutation of all 8 things, there are
8!=8-7-6-5-4-3-2-1 = 40320 (ways)
40320 ways
: o o Iy
®@V®O 6
40320

(3) Arrange all 8 numbers into 8-digit odd numbers.
There are 4 ways to be an odd number, the ones place must be 1, 3, 5 or 7, then the

other places are 7 permutations, which excludes the 1 odd number in the ones
place.
Therefore, from the law of multiplication, we get
AXT7!=4XT7-6-5-4-3-2-1= 20160 (ways)
20160 ways

&

7
4x7!

OINGICIVITIOITECT)

20160

14. Probability 9
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Various permutations pr -

To understand how to calculate the total number of permutations in which certain things are
TARGET
arranged next to each other or at both ends.

STUDY GUIDE

Various permutations
Consider the following arrangements in which certain things are arranged either next to each other or at both ends, and
use the law of multiplication to solve them.

Arrangement of certain things to be next to each other

(Consider arranging things specified as adjacent as 1 thing. )

When arranging 6 letters, A, B, C, D, E, and F horizontally in 1 row, consider how many arrangements there are in
which A and B are next to each other.
Since A and B are always adjacent, AB is regarded as 1 letter, so together with the other letters, C, D, E, and F, we can
consider this as arrangements of 5 letters.
There are 5Ps ways to arrange them.
In each of these arrangements, there are 2P» ways to arrange just A and B.

Therefore, from the law of multiplication, we can find a total of sPsX2P>=5!x21=240 (ways)

Use the scientific calculator to calculate the factorial of 5! < 2!, 51 "xa'z'a, *
OPVIWVBRO@V®OVE
240

Concept of arrangement of certain things to be on both ends

Consider arranging things at both ends, and then
arrange the remaining things between them.

When arranging 6 letters, A, B, C, D, E, and F horizontally in 1 row, consider how many arrangements there are in
which A and B are on both ends.
An arrangement with A and B at both ends is a permutation of 2 things taken from 2 things, so there are 2P2 ways.
In each of these arrangements, there are 4P, ways to arrange the other letters C, D, E, and F.

Therefore, from the law of multiplication, we can find a total of sP2xPs=2!x4!=48 (ways)

Use the scientific calculator to calculate the factorial of 2!} 4!, 3 "xﬁ’aml

QEVAVARO@OV®OV®®

48

14. Probability 10



shown below.

(1) Students C and D line up next to each other
Since C and D alway line up next to each other, regard them as one group.
There are 7Pz ways for the other 7 students to line up.
In each of these lines, there are 2P2 ways for just C and D to line up.

Therefore, from the law of multiplication, we can find a total of 7P7X2P>=7!x2!=10080 (ways)

10080 ways

Yy

77 H
7ix21

DEVAVBARO@OV®O®E®

10080

(2) Students E and F line up on both ends
Aline with E and F at both ends is a permutation of selecting 2 people from 2 people, so there are 2P2 ways.
In each of these lines, there are ¢Ps ways to line up the other students.

Therefore, from the law of multiplication, we can find a total of 2P2XPs=2!x6!=1440 (vvays)

1440 ways

Yy

Vo
21XG!
QEVIVMRO@V®O®
1440

(3) Students G and H do not line up on the ends
The set of a line in which students G and H are at both ends and the set of a line in which students G and H are not at

both ends have a complementary relation.
Therefore, we can subtract the total number of lines in which students G and H are at both ends, 2P2X¢Ps, from the
total number of lines in which 8 students line up horizontally in 1 row sPs.

Thus, we can find a total of sPs—2P2XPs=8!—1440=38880 (ways)

38880 ways

Yy

B!iafns
@@VWOV®E @ 6
38B80

14. Probability 11



] Given 3 soccer players and 4 basketball players line up horizontally in 1 row, find how many ways they can line up, as

shown below.

(1) The 3 soccer players line up in a row
Since the 3 soccer players alway line up in a row, regard them as one group.
There are 5Ps ways for the other 5 athletes to line up.
In each of these lines, there are 3sP3 ways for just the 3 soccer players to line up.

Therefore, from the law of multiplication, we can find a total of sPsX3P3=5!x31=720 (vvays)

720 ways

CEVAVARO@OVL®O®E®

77 H
51x31

720

(2) Basketball players line up on both ends

A line with 2 people at both ends is a permutation of selecting 2 people from 4 people, so there are 4P2 ways.

In each of these lines, there are sPs ways for the remaining 5 athletes to line up.

Therefore, from the law of multiplication, we can find a total of 4P2X5Ps;= a-2) X 5!1=1440 (ways)

1440 ways

DEVIVVBIRXRE@V®O®

7= H
4P2x5!

Yy

1440

(3) Basketball players do not line up on the ends

The set of a line in which basketball players are at both ends and the set of a line in which basketball players are not at

both ends have a complementary relation.

Therefore, we can subtract the total number of lines in which basketball players are at both ends, 4P2X5Ps5, from the

total number of lines in which 7 athletes line up horizontally in 1 row 7P

Thus, we can find a total of 7P7—4P2XxsP5s=7!—1440=3600 (ways)

QICIVI VIO CIOICTCT

3600vva¥s

T H
71-Ans

Yy

3600

14. Probability 12



PRACTICE

=) @ Given 4 Ist-year students and 4 2nd year students are put in a running order for a relay race, find how may running
orders there are, as shown below.

(1) 4 1st-year students run consecutively

Regard the 4 1st-year students as a group.
There are ;P; ways to arrange the other 5 students in the running order.
In each of these running orders, there are ,P, ways to arrange the running order for
the 4 1st-year students.
Therefore, from the law of multiplication, we can find a total of
sP; X P,=5!X4!=2880 (ways)
2880 ways

A

PEVRVAROOOBRO®®|

2880

(2) 2nd-year students run in both the first and last positions
A running order with 2nd-year students running in the first and last positions is a

permutation of selecting 2 people from 4 2nd-year students, so there are ,P, ways.
In each of these running orders, there are ;P; ways to arrange the running order
for the remaining 6 people, which excludes the 2 people running in first and last
positions.

Therefore, from the law of multiplication, we can find a total of
!

(4—2)!

4P2 X 6P6: X 6!=8640 (WayS)

8640 ways

&

7
4P2%E!

DEVB®VOVROXEOE@V®O

8640

(3) 2nd-year students do not run in the first or last positions
The set of a running order in which the first and last positions are both 2nd-year

students and the set of a running order in which the first and last position are both
not 2nd-year students have a complementary relation.

Therefore, we can subtract the total number of running orders in which the

first and last positions are 2nd-year students, ,P,X¢Ps, from the total number of
running orders of 8 people sPs.

Therefore, we can find a total of ;Ps—,P, X ;Ps=8!—8640=31680 (ways)

31680 ways

&

& o
8!-Ans

E@V®OV®O @ E

31680

14. Probability 13
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Circular permutations /

TARGET To understand the permutations of things arranged in a circle.

STUDY GUIDE

Circular permutations

A permutation in which n different things are arranged in a circle is called a circular permutation. In a circular
permutation, we consider arrangements that are the same when rotated to be the same arrangement. You can find the
total number of circular permutations of 7 different things as follows.

n n

=(n—1)!

Consider the total number of circular arrangements of 5 letters, A, B, C, D, and E.
/@\ /@\ /®\ /@\ /‘\

\ /\ /\ /\ /\ J

©__ — (E)

The 5 arrangements shown in the figure above are all 1 arrangement because they coincide when rotated.

The number of permutations in which A, B, C, D, and E are arranged in 1 line is 5Ps ways, and when we make it
circular, each of the 5 ways is the same.

Therefore, the total number of circular permutations is 55Ps = %' =41 (ways).

From this, we can understand that a permutation of 7 things arranged in a circle can be considered by fixing 1 thing

and then arranging the remaining (12—1) things.
Specifically, it is equal to a permutation of (n—1) things, so 5 things have permutations of (5—1)=4 (things), so there
are 4P1=4! (ways).

Necklace permutations
A permutation in which there are n different things, like beads on a necklace, is called a necklace permutation.In a
necklace permutation, we consider arrangements that are the same when flipped to be the same arrangement. You can

find the total number of necklace permutations of n different things as follows.

Consider the total number of ways of making a necklace by stringing together 5 different beads, A, B, C, D, and E.

The 2 arrangements shown in the figure on the right are considered

the same because they coincide when the necklace is flipped. /@\\ /@\\
A circular permutation in which 5 different beads are arranged in a @ @
circle has (5—1)! arrangements, 2 of which coincide when flipped. \ / \ /
Therefore, when making a necklace by stringing together 5 different @\/@ @\/@

!
beads, there are a total of ) ways to make it.

14. Probability 14
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X Given 4 uppercase letters, A, B, C,and D, and 4 lowercase letters, ¢, f, g, and h, arranged in a circle, find how many ways

they can be arranged, as shown below.
(1) Arrange the 8 letters freely.

For circular permutations of 8 things, there are (8—1)!=7!=5040 (ways)

5040 ways
7F 0 Iy
7!
D@OVWO»®E
5040
(2) Alternate the uppercase and lowercase letters.
Arrange 4 uppercase letters in a circle, and arrange the lowercase letters between them. @/®\®

The total number of arrangements of 4 uppercase letters is a circular permutation of 4 EDD
NG

®~

things, so there are (4—1)!=3! (ways)

®/

The total number of arrangements of 4 lowercase letters is a permutation of 4 lowercase
letters, considering e is the first, as in the figure on the right.
Therefore, we get 4P4 (ways)

Thus, from the law of multiplication, we can arrange them in a total of 3!X4P,=3!x4!=144 (vvays)

144 ways
7F 0 Iy
31x4!
P@VAVARXD®E@V®O
144
(3) Arrange the 4 lowercase letters in a row.
Regard the 4 lowercase letters as a group, and consider the circular permutations of the 5 letters.
This circular permutation has (5—1)!=4! (ways)
In each of these arrangements, there are 4P ways for the 4 lowercase letters to be arranged.
Therefore, from the law of multiplication, we can find a total of 4! X,Ps=4!Xx4!=576 (vvays)
576 ways
7F 0 Iy
41?
D@OV®WOE
576

14. Probability 15



P Given 2 students wearing white shoes and 8 students wearing black shoes are to be seated at a round table, find how

many ways they can be seated, as shown below.

(1) The 2 students wearing white shoes face each other.
Consider the 2 people wearing white shoes are seated facing each other and the 8 people wearing black shoes are
seated between them.
The 2 people wearing white shoes are seated in a circular permutation of 2 people, so there are (2—1)!=1! (ways)
If we consider the seating arrangement of the 8 people in black shoes to start with whoever is seated beside 1 of the
people in white shoes, then it becomes a permutation of 8 people, so there are sPs ways

Therefore, from the law of multiplication, we can find a total of 1! XsPs=1Xx8!=40320 (vvays)

40320vva¥s

7F 0 Iy

OICIVITIVITYT)
40320

(2) The 2 students wearing white shoes are beside each other.
Regard the 2 people in white shoes as a group, and consider the circular permutations of the 9 people.
This circular permutation has (9—1)!=8! (ways)
In each of these seating arrangements, there are 2P ways for just the 2 people in white shoes to be seated.

Therefore, from the law of multiplication, we can find a total of 8! X2P»=8!x2!=80640 (vvays)

80640 ways
7 0 Iy
gix2!
@@VAVBROEV®OV®E®
80640
e Given a circle divided into 6 equal parts, each of which is painted using all of 6 different
colors, find how many ways they can be painted.
We can consider this a circular permutation of 6 colors arranged in a circle.
Therefore, there are (6—1)!=5!=120 (ways)
120 ways
7or | Y
5!
OICIVITIVITEC
120
= Given a necklace made by stringing 7 different colored beads, find how many ways it could be made.
We can consider this a necklace permutation of 7 different colors.
-1 !
Therefore, we get (771) = % = 360 (wayS)
360 ways
VoF O Iy
6!
OICIVITIVITICIGI TR
360

14. Probability 16



PRACTICE

Given 3 students wearing red shirts and 3 students wearing blue shirts are to be seated at a round table, find how many
ways they can be seated, as shown below.
(1) Seat the 6 people freely.
For circular permutations of 6 people, there are (6—1)!=5!=120 (ways)

120 ways

T H '

O@V®OV®

120

(2) Alternate the seats of the 3 students in red shirts with the 3 students in blue shirts.
Consider the 3 people in red shirts are seated in a circle, and the 3 people in blue

shirts are seated between them.

The 3 people wearing red shirts are seated in a circular permutation of 3 people, so
there are (3—1)!=2! (ways)

If we consider starting beside 1 person in a red shirt, then it becomes a
permutation of 3 people in blue shirts, so there are ;P; ways

Therefore, from the law of multiplication, we can find a total of

21X ;P,=2!x3!=12 (ways)

12 ways

T H
21x3!

QEVAVBXIO@OV®O®E

12

(3) Seatthe 3 people in blue shirts in a row.
Regard the 3 people in blue shirts as a group, and consider the circular

permutations of the 4 people.
This circular permutation has (4—1)!=3! (ways)
In each of these arrangements, there are ;P; ways for just the 3 people in blue
shirts to be seated.
Therefore, from the law of multiplication, we can find a total of
31X ;P;=3!x3!=36 (ways)
36 ways

o H '

P@VOV®E® ®

36

14. Probability 17
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e
5883
88828
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000
e
5883
88828

Given 2 adults and 4 children are arranged in a circle, find how many ways they can line up, as shown below.
(1) The 2 adults face each other.
Consider the 2 adults are facing each other and the children are arranged between

them.
The 2 adults are in a circular permutation of 2 people, so there are (2—1)!=1! (ways)
If we consider the seating arrangement of the 4 children to start beside 1 of the
adults, then it becomes a permutation of 4 people, so there are ,P, ways.
Therefore, from the law of multiplication, we can find a total of
1!X,P,=1Xx4!=24 (ways)

24 ways

7 H 'y

DEV®O®

24

(2) The 2 adults are beside each other.
Regard the 2 adults as a group, and consider the circular permutations of the 5

people.

This circular permutation has (5—1)!=4! (ways)

In each of these arrangements, there are ,P, ways for just the 2 adults to be
arranged.

Therefore, from the law of multiplication, we can find a total of
41X,P,=4!X 2!=48 (ways)

48 ways
41%2! ’
OICIVITIOI T AN CIVI TG TYCT
48
Given a circle divided into 5 equal parts, each of which is painted using each of all 5 different
colors, find how many ways they can be painted.
We can consider this a circular permutation of 5 colors
arranged in a circle.
Therefore, there are (5—1)!=4!=24 (ways)
24 ways
: T Y
OICIVITIOI T
24

14. Probability 18



Given 1 ball each with the letters A, B, C, D, E, F, G, and H written on it, solve the following problems.
(1) How many ways are there to arrange all the balls in a circle?
For circular permutations of 8 different things, there are (8—1)!=7!=5040 (ways)

5040 ways

: 7 H 'y

QICIOITAA T
S040
(2) How many ways are there to string the balls in a bracelet?
: : : 8—1)! 7!

For necklace permutations of 8 different things, there are E— = Py = 2520 (ways)
2520 ways

nn; ’ ’

@@ 2

2520

14. Probability 19



Repeated permutations /)

TARGET To understand permutations in which the same thing can be used repeatedly.

STUDY GUIDE

Repeated permutations
If you take 7 things from n different things, of which you can use the same thing several times, and arrange them in a
permutation of 1 row, we call that a repeated permutation of 7" things taken from 72 things, and we find that total

number as follows.

TEXTLX T X oeeees Xn=n"
Product of 7 things
Consider the total number of outcomes for 1 die that is 1st time 2ndtime 1sttime 2nd time
rolled 4 times. 1 1
Given a die is rolled 2 times, there are 6 ways, 1 to 6, for the 1st 2
3

outcome, and for each of these the 2nd outcome has 6 ways. 1
When a 3rd successive roll is made, there are 6 possible outcomes

for the 3rd roll for each of the outcomes of the 2nd.

S O s W N

When a 4th roll is made, there are 6 possible outcomes for the 4th
roll for each of the outcomes of the 3rd roll.

Therefore, according to the law of multiplication, the total number of outcomesis 6 X6 X 6 X6 = 6" (vvays).

RERCIS|

lan
iyl
L

= @ Find how many whole numbers can be made as shown below by using the 5 digits, 1, 2, 3, 4, and 5. However, you can
use the same number multiple times.
(1) 6-digit whole number

Since it is a repeated permutation of 6 things taken from 5 things, there are 5° =15625 (ways)

15625 ways

7F 0 Iy

55

O®O®

15625

(2) 4-digit even number
To be an even number, the ones place must be 2 or 4, so there are 2 ways to select a number for the ones place.
For any of these, the selection of a number for the remaining tens, hundreds, and thousands places is a repeated
permutation of 3 things taken from 5 things, so there are 5* ways.

Therefore, from the law of multiplication, we find a total of 2x 5° =250 (ways)

250 ways
25" :
BINCISIOIT)
250

14. Probability 20



(3) Include 0, to use 6 numbers 0, 1,2, 3,4, and 5, to make 5-digit odd numbers
There are 5 ways, which excludes 0, to select a number for the ten thousands place.
There are 3 ways, 1, 3, and 5, to select a number for the ones place.
The selection of a number for the remaining places is a repeated permutation of 3 things taken from 6 things, so there
are 6° ways.

Therefore, from the law of multiplication, we find a total of 5x3x 6* =3240 (vvays)

3240 ways
sngﬁ :
BINOISICISIONT)
3240

PRACTICE

=) @ Find how many whole numbers can be made as shown below by using the 4 digits, 1, 2, 3, and 4. However, you can use

o

the same number multiple times.
(1) 5-digit whole number
Since it is a repeated permutation of 5 things taken from 4 things, there are
4°=1024 (ways)
1024 ways

7 H 'y

45

OISIOI T

1024

(2) 4-digit odd number
To be an odd number, the ones place must be 1 or 3, so there are 2 ways to select a
number for the ones place.
For any of these, the selection of a number for the remaining tens, hundreds, and
thousands places is a repeated permutation of 3 things taken from 4 things, so
there are 4° ways.
Therefore, from the law of multiplication, we find a total of 2 X 4’ =128 (ways)

128 ways

AL 'y

2%4°

BIIOISIONT)

(3) Include 0, to use 5 numbers 0, 1,2, 3, and 4, to make 6-digit even numbers
There are 4 ways, which excludes 0, to select a number for the hundred thousands
place.
There are 3 ways, 0, 2, and 4, to select a number for the ones place.
The selection of a number for the remaining places is a repeated permutation of 4
things taken from 5 things, so there are 5 ways.
Therefore, from the law of multiplication, we find a total of 43 X 5* =7500 (ways)

7500 ways

&

128

FAC!
4x3x5*

DRXOXNO®® 6

7500

14. Probability 21



Combinations | /

To understand the total number of ways that several things can be taken from somewhere without
TARGET S
considering the order.

STUDY GUIDE

Combinations

Combinations and their totals

We say a combination is 1 set of several things taken out without considering the order in which they are arranged. If you take
rthings from n different things and combine them in 1 set, we call that a combination of 7 things taken from 72 things, and

that total number is shown as » C . However, r<n. You can find the total number of these as follows.

( )
Product of 7" things
C _ 2Pr nn-—-1)(n—2)-- (n—r+1)
T pd r(r—1)(r—2)---1
Product ovf 7 things
\ J

Consider the total of (sCs) combinations possible by taking 3 things from 5 different letters A, B, C, D, and E.
1 combination of {A, B, C} can be arranged as ABC, ACB, BAC, BCA, CAB, and CBA, so for a permutation of 3
things taken from 3 things, there are 3! ways.
For all of the 5Cs combinations, each has 3! arrangements, which is equivalent to a total number of sP3 permutations,
such that 5Cs X 3!=;P;

P: 5-4-3
Therefore, there are sC 3 = 2o =10 (ways).
3! 3-2-1

Properties of combinations

If we define a combination as 3 things taken from 7 things, we also simultaneously define the combination of things
that are not taken, which is 7—3=4 (things). That is to say, the total number of combinations of taking 3 things from 7 is
equivalent to the total number of combinations of taking 4 things from 7 things. From this, we can generally derive the

following relation.

nCr=nCnp

9-8:7-6:5:4-3
7:6:5-4:3:2:1

This relational expression is useful for long calculations, such as ¢C7 = 36.

9-8
Cr=9Co=—>=36
0Cr=el2=1

When 7=0 in this relational expression, we get nCo=nCn . Since nCn =1, we can determine that nCo=1.

) ) n! P )
By using the permutation formula P = ( I in nCp=_ 'r , then when 0<r<mn, we can also express it as
n—r)! r!
n!
nCr =,
ri(n—r)!

Also, since nCn =1 and nCo=1, if we set 0!1=1, then this formula also holds for =0 or r=n.
14. Probability 22



On the scientific calculator, use the Table function to check the relational expression of combinations for n="17.

Press @), select [Table], press @), then clear the previous data by pressing (D
Press €9, select [Define f(x)/g(x)],
press @), select [Define f(x)],
press @), input f(x)=7C .

a0
@, press @), select [Probability], press @), flx)=7Cx
select [Combination(C)], press @, &) @

In the same way, input g(x)=7C (1-2) . g CA=TC (T2
D@OVRVOVX®ODODOE®
Press €9, select [Table Range], press
o)
After inputting [Start:0, End:7, Step:1], select [Execute], press € Table Range
Start:0
From the table, you can confirm the relational expression of End :7
| Step 11 |
the combination.
E fimd iz E fimd alxl
1 =] 35 35
2 1 T T | S 1 21
3 2 21 21 T E T T
4| a3 35 35 al T 1 1
1 4

EAEREISE

: Find the following values.

(1) 0Cs
9-8-7
0Cs= =84
3-2-1
84
Use the scientific calculator to calculate the total number of combinations of 3 things taken from 9 things.
Press @), select [Calculate], press Elc"aam X
OEVXOOLOV®E ®
84
(2) 1Cu
O _13-12 g
1BuUll—13L2— 2 . 1 -
78
Vor B I
13C11
DE@V®OLOVO®DO
78
= Given 8 letters, A, B, C, D, E, F, G, and H, find how many ways there are to select combinations of 4 letters.
o . , , 8:7-6-5
Since it is a combination of 4 things taken from 8 things, there are sCs= m =70 (ways)
70 ways
7 0 Iy
ac4a
OITIVICIVITIOIT
70

14. Probability 23



= There are a total of 52 cards in a deck, numbered from 1 to 13, 1 card each, in all 4 suits, diamonds, spades, hearts, and

clubs. In this case, solve the following problems.

(1) How many combinations of 3 cards can be selected from all 52 cards?

52-51-50
Since it is a combination of 3 things taken from 52 things, there are 5Cs= ERRE =22100 (ways)
22100 ways
7or | Y
52C3
GIBICIVITIVICIVITION T
22100
(2) How many combinations of 2 cards from each of 4 suits, for a total of 8 cards, can be selected?
Since it is a combination of 2 cards taken from 13 diamonds, there are 13C2 ways.
In the same way, 2 cards are selected from each of the spades, hearts, and clubs, for 13C2 ways.
13-12)'
Therefore, from the law of multiplication, we get 13C2X13Ca X 13C2 X 13Co= [7] =37015056 (vvays)
37015056 ways
VoF O Iy
¢13c2)?
OIOIOICIVITIVIVIVITIBIOISIONT
37015056

(3) How many combinations of 5 cards, including 2 specified cards, can be selected from all 52 cards?

Since the 2 specified cards are already selected, the other 3 cards are selected from the remaining 50 cards.

Therefore, there are 50Cs= 503479148 =19600 (ways)
19600 ways
50€3. ‘
BIOICIVICIVIVIGITION]
19600

14. Probability 24



PRACTICE

o

(1) 6Cs
6-5-4
603: =20
3:2-1

(2) 11C1o

14-13-12-11

= Find the following values.

14C10=14C4=

4-3-2-1

o

8
there are ,C;=,C,=——=36 (ways)

O@@VB®OVVO®E

DOROVWVOVO®DOE®

OEVB®OVVO®O

20
7 'y
6C3
20
1001
T ry
14C10
1001

== How many combinations are there of 7 cards selected from 9 cards, on each of which is written 1 number, 1 through 9.

Since it is a combination of 7 things taken from 9 things,

36 ways

7 H
aCc?

36

14. Probability 25



There are 5 different kinds of fish dishes and 6 different kinds of meat dishes. In this case, solve the following problems.
(1) How many combinations of 4 different types of dishes can be selected from all 11 types of fish dishes and meat

dishes combined?
Since it is a combination of 4 things taken from 11 things,

there are ;,C,= % =330 (ways)
330 ways
11¢4 ’
OIO)CIVITIVICIVITIOND)
330

(2) How many combinations of 2 different types of fish dishes and 2 different types of meat dishes, for a total of 4 types,

can be selected?
There are ;C, ways to select combinations of 2 different types from the fish dishes.

There are ;C, ways to select combinations of 2 different types from the meat dishes.

Therefore, from the law of multiplication, we get ;C, X ,C,= 2—1 X % =150 (ways)
150 ways
5C2XEC2 ’
Ol I IO OICIGI TIVIVIVITION T
150

(3) How many combinations of 6 different types, including 2 specified types of dishes, can be selected from all 11 types

of fish and meat dishes?
Since the 2 specified types of dishes are already selected, the other 4 types are

selected from the remaining 9 types.
9-8-7-6
Therefore, there are ,C,=——— =126 (ways)
4-3-2-1
126 ways

A

T H
9Cc4

OISO TIVIGIVITIOL D

126

14. Probability 26
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Total number of groups /

TARGET To understand the total number of ways that several things can be grouped.

STUDY GUIDE

Grouping

The method to find the total number of ways to group several things varies according to whether there are distinctions
between the groups.

Groups with distinctions

Select the ones that go into the 1st group, then select the ones that go into the 2nd group from the rest,... and so on. The
combination in the last group is determined automatically.

Groups without distinctions

(Total number when groups have distinctions)
(Total number of ways to distinguish groups)

Use to find the answer.
Consider the total number of ways that 6 students, A, B, C, D, E, and F, can be divided as follows.
(1) Divide them into 3 rooms, P, Q, and R, with 2 people in each.
For the selection of 2 people taken from 6 people, to go into the first room P, there are ¢C2 ways.
For the selection of 2 people taken from the remaining 4 people, to go into the next room Q, there are 4Ca ways.
For the selection of 2 people taken from the remaining 2 people, to go into the last room R, all the remaining people
go in automatically, so there is 1 way.
Therefore, from the law of multiplication, we get ¢C2x4C2X1=90 (ways)

(2) Divide them into 3 rooms, with 2 people in each.

There is no distinction between the 3 rooms when dividing them this way. P Q R
CD—EF
In (1), for example, for the 3 groups AB, CD, and EF, A and B might go into P, or Q, or AB < ’ ’
) ) EF —CD
R, soitis a permutation arranging 3 things, so there are 3! ways.
AB—EJF
If there is no distinction between rooms, then the 3! ways to divide them, C.D < EF - AD
{AB, CD, and EF}, are all the same. ’ 7
AB—CD
Therefore, when there is no distinction between rooms, we can find the total number by EF < CD— AB
dividing the total number in (1) by 3!.
90 90 15 ( )
—=—= ays
31 6 ey
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E @ Given 9 people divided as follows, find the total number of ways to divide them.

(1) Divide them into 3 rooms, A, B, and C, with 3 people in each.
For the selection of 3 people taken from 9 people, to go into room A, there are ¢Cs ways.
For the selection of 3 people taken from the remaining 6 people, to go into room B, there are ¢Cs ways.
For the selection of 3 people taken from the remaining 3 people, to go into room C, all the remaining people go in

automatically, so there is 1 way.

9-8-7 6-5-4
Therefore, from the law of multiplication, we get 9C3x¢Cs X 1= 21 X 291 =1680 (ways)
1680 ways
7or | Y
9C3x6C3
OV IV IO OICIVITIIVIVITION T
1680
(2) Divide them into 3 rooms, with 3 people in each.
By eliminating the distinction of A, B, and C in (1), we get 3! ways repeated.
o - 1680 1680
Therefore, the total number of ways to divide them is ? = m =280 (vvays)
280 ways
o ry
Ans
OICIVITICITITE EE
280
(3) Divide them into 3 rooms, with 5 people, 2 people, and 2 people in them.
For the selection of 5 people taken from 9 people, to go into the 5-person room, there are ¢Cs ways.
For the selection of the remaining 4 people to be divided into the 2 undistinguished 2-person rooms,
402
there are ways.
2!
4
1C2 9-8-7-6:5 9.1
Therefore, from the law of multiplication, we get 9Cs X = x 2L 378 (ways)
2! 5-4-3-2-1 2-1
378 ways
7F 0 Iy
PRVBVLO®BE aC5xAC2
VEPOVBVOVBRLVREVBVB@ -
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PRACTICE

=3 @ Given 8 people divided as follows, find the total number of ways to divide them.

(1) Divide them into 4 rooms, A, B, C, and D, with 2 people in each.
For the selection of 2 people taken from 8 people, to go into room A, there are ;C.
ways.
For the selection of 2 people taken from the remaining 6 people, to go into room B,
there are ;C, ways.
For the selection of 2 people taken from the remaining 4 people, to go into room C,
there are ,C, ways.
For the selection of 2 people taken from the remaining 2 people, to go into room D,
all the remaining people go in automatically, so there is 1 way.
Therefore, from the law of multiplication, we get

8:7 6-5 4-3

CyXeCy X, CoX1= X X =2520 (ways
gUa XgUg X4 Lo 9.1 2.1 2.1 ( Y)

2520 ways

POVAVOOBROROOVO®V®©® @ [peaxscaxac
ROROBOVOB®O S .

(2) Divide them into 4 rooms, with 2 people in each.
By eliminating the distinction of A, B, C, and D in (1), we get 4! ways repeated.
Therefore, the total number of ways to divide them is
2520 2520
4! 4-3-2-1

=105 (ways)
105 ways

T H &

WO O@V®O e |4

105

(3) Divide them into 4 rooms, with 3 people, 3 people, 1 person, and 1 person in them.
For the selection of 3 people and 3 people from 8 people to be put into 2
sC3X;5C3
2!

For the selection of the remaining 2 people to be divided into the 2

2CI
57 Ways.

undistinguished 3-person rooms, there are ways.

undistinguished 1-person rooms, there are

Therefore, from the law of multiplication, we get
8:-7-6 5-4-3
8C3X5C3 201_3.2.1X3.2.1X
2! 2! 2-1 2-1

=280 (ways)
280 ways

&

PPEVRVOVRIRNOOVB®VOO® G [pcic
VOOORO®E .
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Permutations containing similar things"

TARGET To understand the total number of permutations that contain similar things.

STUDY GUIDE

Permutations containing similar things
Given m number of objects, of which some of them are the same type of thing, @ things, b things.... 7"things, we can find

the total number of permutations arranged in 1 row as follows.

However, a+b+:-----+1r=n

Consider arranging 9 balls, comprising 4 red balls, 3 white balls, and 2 black balls, in 1 row.

Start by considering
(Total number when there are distinctions)

(Total number of ways to distinguish)

(Total number of ways to divide them when there are no distinctions)=

You can find the total number of ways by dividing 9!, for the arrangement of all 9 distinguished balls, by the product of
4! to distinguish the red balls, 3! to distinguish the white balls, and 2! to distinguish the black balls.

|

That is to say, there are

Use the scientific calculator to calculate the total number of permutations that contain same things.

m =1260 (vvays).

OICIVICIIT! eﬂﬁ—:le ‘
CI0ICIOI IV OIC IOl TIVICISIOICIOI TGN TYCH e

OTHER METHODS

Consider 9 locations in which to place all the balls.

For the selection of 4 locations taken from 9 locations, to place the 4 red balls, there are ¢Cs ways.

For the selection of 3 locations taken from the remaining 5 locations, to place the 3 white balls, there are 5Cs ways.
The locations to place the 2 black balls are determined automatically.

Therefore, from the law of multiplication, we get sCsx5C3sx 1=1260 (ways) to arrange 9 things in 1 row
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rx Find the total number of ways to arrange 5 blue balls, 4 yellow balls, and 3 green balls in 1 row.

This is a permutation of 12 things, which includes 5 things, 4 things, and 3 things that are similar, so there are

=27720 (ways)

514131
27720 ways
DREOAO® yﬁ%g ]
®PEVAVAROPVBOBROOVBOBDES 97720

= Find all of the ways to make whole numbers when making 6-digit whole numbers by using all 6 digits, 2,2, 3, 3,4, and 4.

6!

This is a permutation of 6 things, which includes 2 each of 3 types of similar things, so there are m =90 (ways)
o 90 ways
B! *
BICIVITIVITISIBICIGITIGITISIOITAFIE
390
? Find how many ways there are to arrange the 8 letters x, X, y, y, y, z, z, and z in 1 row, as shown below.
(1) Arrange the 8 letters freely.
This is a permutation of 8 things, which includes 2 things, 3 things, and 3 things that are similar, so there are
8!
o133 00 (ways)
560 ways
Jor | Y
POVBO® B
X3!
CIOICIVI VI CIOICIVITIVN T AT 550
(2) Arrange them so the 2 x's are consecutive.
Regard the 2 x's as 1 set, and consider it a permutation of 7 things, including 1 set for x, 3 y's, and 3 z's.
7!
TR (ways)
140 ways
71 *
DRVMOVWERO@OVW®OV®@ @ (312
140
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PRACTICE

Find the total number of ways to arrange 4 red balls and 3 white balls in 1 row of 7 balls.

This is a permutation of 7 things, which includes 4 things and 3 things that are
!

similar, so there are I 3 - =35 (ways)
35 ways
DOOBO® il ‘
SIOICIGI IV CISIOIC I TI DN TR 35

Find all of the ways to make whole numbers when making 8-digit whole numbers by using all 8 digits, 4, 4, 5, 5, 6, 6, 6,

and 6.

This is a permutation of 8 things, which includes 2 things, 2 things, and 4 things that
'

are similar, so there are 213 ' T =420 (ways)
420 ways
EOVBO® & ‘
B@VAVBR@X®@OVW® 6 420

Given 9 letters, A, A, B, B, B, C, C, C, C arranged in 1 row, find how many ways they can be arranged, as shown below.
(1) Arrange the 9 letters freely.

This is a permutation of 9 things, which includes 2 things, 3 things, and 4 things
!

.

21314!

that are similar, so there are =1260 (ways)

1260 ways

&

OICIOITIOLT! it

21%x31x4!

BOEVRVAXA@VAVBXD@O®O 6 1260

(2) Arrange the 3 B's consecutively.
Regard the 3 B's as 1 set, and consider it a permutation of 7 things, including 1 set

forB,2 A's,and 4 C's.
!
Tiarar 105 (ways)
105 ways
DOOB®O® i ‘
SIBICIGI I CISIOICIOI I TIE) 105
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Shortest path

TARGET To understand how to find the total number of shortest routes.

STUDY GUIDE

Shortest path
You can find the total number of shortest paths (shortest routes) that go from A to
B through the px ¢ grid shown in the figure on the right, by considering them to be

permutations containing similar things, as follows.

There are paths through the 2% 3 grid as in figure 1 on the right. Consider the total
number of shortest routes from A to B that go along these paths.
The shortest way to go from A to B is to go 2 cells up and 3 cells to the right.
Here, going 1 cell upward is denoted by 1, and going 1 cell to the right is denoted
by —.
For example, the progress shown in figure 2 on the right is expressed as "— 1 — t —"
That is to say, we can consider the total number of shortest routes as the total number

of2 1 and 3 — permutations.

This is a permutations containing similar things, so the total number we find is

(24 3)!

YEY =10 (ways).

Use the scientific calculator to calculate the total number of shortest routes.

CEVAV®
BPEVAVARXOI@VB®OV®

q
B
A
Figure 1
B
A
Figure 2
B
/ =
I
A/
Jor | Y
5!
21x3!
10
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':' @ There are paths through the 5%6 grid in the figure on the right. In this case, find B
how many shortest routes go through as shown below.
(1) Togofrom A to B.
Going 1 cell upward is denoted by 1, and going 1 cell to the right is denoted C
by —.
The total number of shortest routes is the same as the total number of 5 1 and A
6 — permutations.
Therefore, we find the total number is M =462 (ways)
462 ways
VOOOBO® T i
BORVRVBREO®OV®O® @ 162

(2) Togofrom A, through C to B.

The total number of shortest routes from A to C is the same as the total number of 2 t and 3 — permutations, which

(24 3)!
213!

is (ways)

The total number of shortest routes from C to B is the same as the total number of 3 1 and 3 — permutations, which

(3+3)!

313! (ways)
! !
Therefore, from the law of multiplication, we find a total of <22—:—33|>‘ X (33—:_;') =200 (ways)
o o 200 ways
Jor | Y
SERECELLERE PERERETE O] iAW T
RXO@DOUOBVBEO@VW®O® @ @ ' 200
(3) Togo from A to B, without passing through C.
To find the answer, subtract the number found in (2) from the number found in (1).
Therefore, we get 462—200=262 (ways)
262 ways
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PRACTICE

=3 @ There are paths through the 67 grid in the figure on the right. In this case, find B

how many shortest routes go through as shown below.
(1) Togofrom A to B.
Going 1 cell upward is denoted by 1, and going 1 cell

C
to theright is denoted by —.
The total number of shortest routes is the same as
the total number of 6 1 and 7 — permutations. A
6-+17)!
Therefore, we find the total number is ( T ') =1716 (ways)
1716 ways
o I ry
DEOOB®O® Kt
®O@OVB®OVLMWXDE®OV®WO K E 1716

(2) Togofrom A, through C to B.
The total number of shortest routes from A to C is the same as the total number of

(3+4)!

3!4!

3 1 and 4 — permutations, which is (ways)

The total number of shortest routes from C to B is the same as the total number of

(3+3)!

3 1 and 3 — permutations, which is 131 (ways)

Therefore, from the law of multiplication, we find a total of
(3+4)! » (3+3)!

3141 < gigy o T00 (ways)

700 ways
VOVBVBOPEVBVBROOVBVBO [T, x5,
ROBOOVBOBEOOOO®O®@®® 7

(3) Togo from A to B, without passing through C.
To find the answer, subtract the number found in (2) from the number found in (1).

Therefore, we get 1716 —700=1016 (ways)
1016 ways
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Repeated combinations /)

TARGET To understand how to find the total number of combinations it is possible to create while allowing
repetition.

STUDY GUIDE

Repeated combinations

Combinations that take 7 things from 7 types of things, while allowing repetition, are considered as follows.

)

Consider a combination that allows repetition where you take 7 things, from 3 types of fruit: bananas, oranges, and

(Consider permutations arranging 7 O and (12—1) partitions

pineapples.

Consider an arrangement of 7 O and 2 partitions | , which would be as shown in the following table of fruit

combinations.

Combinations of fruit Arrangement of O
Banana Orange | Pineapple and | 2 bananas | Lomnge | 4 pineanples
9 1 4 OO | O | QOO0 < 00 | Og | (p)OCF))F())
9 2 3 OO | OO | OO0
0 2 5 | OO | OOOOO
4 0 3 OO0O0O | | OO0

Therefore, the total number of fruit combinations is equal to the total number of permutations of an arrangement of

712!

70O and 2

Use the scientific calculator to calculate the total number of combinations of 7 things taken from 3 types of things,

,which is =36 (ways).

LA

while allowing repetition.

Jor 0 Y
9!

7ix21

ORV®V®
BORVAVBRXRO@V®OV® 6

36

RERCIS]

lan
iyl
L

= Find how many combinations there are when you select 12 sheets of paper from the 4 colors of red, blue, white, and

Ss8s

yellow. However, you can also not select any of those colors of paper.

The total number you find is equivalent to a permutation arranging 12 O and 3 | .

+3)!
Therefore, we get 2131 =455 (ways)
455 ways
Vor Y
DE®V®O %
®IOOVBVBROOORO®E i
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P Given 15 notebooks to be distributed to 5 students, find how many ways they can be distributed. However, at least 1

notebook is to be distributed to each person.
Assuming that 1 notebook is distributed to each of the 5 people, consider how to distribute the remaining
15—5=10 (notebooks).

The total number you find is equivalent to a permutation arranging 10 O and 4 | .

+4)!
Therefore, we get ————=1001 (ways)
104!
1001 ways
Vor 0 Y
DOOOBO® Tat
BOO@OUMWVBRD®@OV®WO® e 1001

Eo Solve the following problems with regards to a combination of z, y, and zthat satisfies 2+ 1y+2=20.

(1) How many combinations are there where 1, ¥, and 2 are non-negative whole numbers?
Consider a repeated combination, which allows repetition, where you take 20 letters, from 3 types of letters: Z, 4, and 2.

The total number you find is equivalent to a permutation arranging 20 O and 2 | .

20+ 2)!
Therefore, we get WZQM (ways)
231 ways
Vor o Y
BIICIQITIVIT) %
®0@VAOVBR2@V WO K6 231

(2) How many combinations of are there where , 4, and 2z are natural numbers?
Assuming that 2, ¥, and zare distributed 1 at a time, consider the repeated combinations of the remaining
20—3=17 (letters).
The total number you find is equivalent to a permutation arranging 17 O and 2 | .

+2)!

Therefore, we get W =171 (ways)
o 171 ways
Vor 1 Ny
0JOICIVITIVY %
®OOEVRVBREEVROEE .
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PRACTICE

Given 4 letters, A, B, C, and D, from which, allowing repetition, you take 25, find how many ways are there to combine
them. However, you can also not select any letter.

The total number you find is equivalent to a permutation arranging 25 O and 3 | .

Therefore, we get %23276 (ways)
e 3276 ways
PEOORO® g8 ‘
SIBIOICIVI IO TISIOIC IO CADI T 3276

Given 16 pieces of cake to be distributed to 6 students, find how many ways they can be distributed. However, at least 1

piece is to be distributed to each person.
Assuming that 1 piece of cake is distributed to each of the 6 people, consider how to

distribute the remaining 16—6=10 (pieces).
The total number you find is equivalent to a permutation arranging 10 O and 5 | .

Therefore, we get % =3003 (ways)
o 3003 ways
DOOOBO® i
BOO@OUVMVBRXE®@OV MO e 3003

Solve the following problems with regards to a combination of @, ¥, and zthat satisfies 2+ y+2=35.

(1) How many combinations are there where Z, 9, and 2 are non-negative whole numbers?
Consider a repeated combination, which allows repetition, where you take

35 letters, from 3 types of letters: &, Yy, and z.
The total number you find is equivalent to a permutation arranging 35 O and 2 | .

Therefore, we get (331——:_22')' =666 (ways)
e 666 ways
POOOBO® EOE
ClOICICIVITIGI TGO TAOL T CT 566

(2) How many combinations of are there where , ¢, and 2z are natural numbers?
Assuming that I, Yy, and z are distributed 1 at a time, consider the repeated

combinations of the remaining 35—3=32 (letters).
The total number you find is equivalent to a permutation arranging 32 O and 2 | .

Therefore, we get %zwl (ways)
e 561 ways
AOEOBO® En ‘
®OO@VAOVBXO@V®WOV 6 561
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Numbers of sets and elements /

TARGET To understand how to find the number and elements of AUBand A .

STUDY GUIDE

Number of elements in a set

If the number of elements in the set A is finite, then 72.( A) represents the number of elements. In particular, in the case of
the empty set @, since it has not elements 71()=0.

If A={2, 4, 6,8,10, or 12}, then n( A)=6(elements)

The following relations hold for unions of sets and complementary sets.

((i) n(AUB)=n(A)+n(B)—n(ANB)
Particularly when AN B=2, n(AUB)=n(A)+n(B)

\(ii) n(A) =n(U) —n(A)

J

(i) AUB

De@®

() U] U y

2 |

EAEREISE
@ Let Ube a set of natural numbers less than or equal to 30, let A be the set of multiples of 2, let B be the set of

multiples of 3, and let C'be the set of multiples of 7. In this case, solve the following problems.

(1) Find n(U), n(A), n(B),and n(C).
From the natural numbers less than or equal to 30 being 1, 2, 3, ..., 30, we get n(U)=30
From A={2x1,2x2,2x3, .., 2x15}, we get n(A)=15
From B={3x1,3x2,3x3,...,3x10}, we get n(B)=10
From C={7x1,7x2,7x3,and 7x4}, we get n( C)=4

n(U)=30, n(A)=15, n(B)=10, n(C)=4
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(2) Find the number of multiples of 2 and 3.
The set of multiples of 2 and multiples of 3 is expressed as ANB. It is the set of natural numbers less than or equal to
30 that are multiples of 6.
From ANB={6x1,6x2,6x3, ...,6x5}, we get n(ANB)=5 (elements)
5 elements
(3) Find the number of multiples of 2 or 3.
The set of multiples of 2 or multiples of 3 is expressed as AUB.
n(AUB)=n(A)+n(B)—n(ANB)=15+10—5=20 (elements)
20 elements
(4) Find the number of elements that are indivisible by 7.
The set of numbers that are indivisible by 7 is expressed as C.
n(C) = n(l7) = n(C) =30—4=26 (elements)
26 elements

PRACTICE

Let U be a set of natural numbers less than or equal to 90, let A be the set of multiples of 4, let BB be the set of

multiples of 5, and let C'be the set of multiples of 11. In this case, solve the following problems.

(1) Find n(U), n(A), n(B), and n(O).
From the natural numbers less than or equal to 90 being 1, 2, 3, ..., 90, we get

n(U)=90

From A={4X1,4%X2,4X3,...,4X22}, we get ( A)=22
From B={5X%1,5X%X2,5X%3, ..., 5X18}, we get n(B)=18
From C={11X1,11X2,11X3,...,11x8}, we get n( C)=8

n( U)=90, n(A)=22, n(B)=18, n( C)=8

(2) Find the number of multiples of 4 and 5.
The set of multiples of 4 and multiples of 5 is expressed as AN B. It is the set of

natural numbers less than or equal to 90 that are multiples of 20.
From ANB={20x%1,20X%2,20X3, and 20 x4}, we get n(ANB)=4 (elements)
4 elements

(3) Find the number of multiples of 4 or 5.
The set of multiples of 4 or multiples of 5 is expressed as AUB.

AUB=n(A)+n(B)—n(ANB)=22+18—4=36 (elements)
36 elements

(4) Find the number of elements that are indivisible by 11.

The set of numbers that are indivisible by 11 is expressed as C.
n(C) = n(U) — n(C)=90—8=82 (elements)
82 elements
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— ADVANCED

Market research was done for 2 models of product, A and B, and the responses of 1000 people were collected.

The results were totaled, and product A was purchased by 459, product B was purchased by 472 people, and both
of the 2 models were purchased by 236 people. In this case, solve the following problems.
(1) Find the number of people who purchased product A or product B.

The set of all people who responded are represented by U, the set of people

who purchased product A are represented by A, and the set of people who
purchased product B are represented by B.
The set of people who purchased both of the 2 models is represented by AN B,
and the set of people who purchased product A or product B are represented
by AUB.
n(A)=459 (people), n(B)=472 (people), and (AN B)=236 (people),
therefore
AUB=n(A)+n(B)—n(ANB)=459+472—236=695 (people)

695 people

(2) Find the number of people who purchased neither of the 2 models of product.
The set of people who purchased neither of the 2 models of product is ANB.
From De Morgan's laws, weget AU B = AN B, so
n(ANB)=n(AUB)=n{U)—n(AU B)=1000—695=305 (people)

305 people
De Morgan’s laws hold for subsets A and B of the v A B

universal set U, as shown below.

AUB=ANB,AnB=AUB
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Events and probability -~ /
To understand the basics of probability.
STUDY GUIDE

Events and probability

Trials and events

An experiment or observation that can be repeated under the same conditions, such as rolling dice, is called a trial. The
result of a trial is called an event, which is often expressed using a set. Also, an event that always happens in a trial is called
a sure event for that trial, and it is expressed by U. Furthermore, an event that cannot be further divided is called a

root event.

The sure events in a trial rolling 1 die is U={1,2, 3,4, 5, and 6}.

Probability

Given 1 trial, in which any root event is expected to occur equally, where IVis the number of all possible events and a is

a
the number of events A occurring, then we say N is the probability of the event A, which we express as P(A).

(Number of all cases that could occur) N

P(A)_(Number of cases of event A occurring) _ @

When we consider multiple combinations, such as of coins or dice, to calculate their probability, we need to distinguish

them to find the number of cases.

AEREIS|

|
|nn
L

P Given 1 die is rolled, find the probability of an outcome of a 3 or less.

There are a total of 6 possible outcomes.

Furthermore, there are 3 ways, 1,2, and 3, to roll a 3 or less.

3 1
Therefore, we find a probability of o = 2

|N||—l

14. Probability 42



In Math Box on the scientific calculator, you can use the Dice Roll or Coin Toss simulation to check probability
(statistical probability).

Simulate rolling 1 die 250 times.

Press @), select [Math Box], press @), select [Dice Rolll, press

Select [Dicel, press @), select [1 Diel, press

Vo [
(88 14 o:0 )
Matrix  Wector Ratio 3Coin Toss Attempts 5 »| |2 Dice
a& Same Result :0ff»| |3 Dice
hiath Box oExecute

Select [Attempts], press @), after inputting 250 (number of attempts), select [Confirm], press
Select [Same Result], press @), select [Off], press
Select [Execute], press @), select [Relative Freq], press

v [ o [
Attempts Dice :1 »| |Result Type
#1 Attempts 1250+ |IList
1~250 #2 Same Result :0ffw»
oConfirm #3

Read the values in the table for when the sum of the die was 1, 2, and 3 , then

add them to get 0.18+0.168+0.148=0.496, and you can confirm that the

7or B

. . . ]- Sum |Frea|Rel Fr
probability is approximately 0.5= 3 1 asl" .1 g;aempt N
3 27 (IPEEE
4 43 0172
(When Same Result is Off, the results of each trial are different.) 0.148
x Given 2 coins being tossed at the same time, find the probability of 1 being heads and 1 being tails.
Consider the combinations of heads and tails of the 2 coins.
There are a total of 4 combinations: (Heads, Heads), (Heads, Tails), (Tails, Heads), and (Tails, Tails).
Furthermore, there are 2 ways in which 1 is heads and 1 is tails, as shown above.
) . 2 1 1
Therefore, we find a probability of — = — -
4 2
2
On the scientific calculator, simulate tossing 2 coins 250 times. Coins P
Press @), select [Math Box], press @, select [Coin Toss], press Attempts 1250

Same Result :0ffw»
Select [Coins], press @), select [2 Coins], press

0.512

m
Select [Attempts), press @), after inputting 250, select [Confirm], press Sidgﬁ;rg? Rel Frl At tempts
o.1| 126 |mmam| 250
Select [Same Result], press @), select [Off], press e:2| 61| 0.244
[

Select [Execute], press @), select [Relative Freq], press
From the table, the value of heads coming up 1 time [@1] is about 0.51, and you can confirm that the probability is

1
approximately P
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xx Given 2 dice are rolled at the same time, find the probability of their sum being 5.

o

Consider the combinations of the outcome of the 2 dice rolls.

From the law of multiplication, we get 6 x6=36 (ways) for all of the combinations.

Furthermore, there are 4 ways to get a sum of 5, they are (1, 4), (2,3), (3,2),and (4, 1).
4 1

Therefore, we find a probability of — = — l
36 9 9

From Dice Roll, select 2 Dice, and simulate rolling 2 dice 250 times.

After the trial, select [Relative Freq], press @), select [Sum], press S EraalRel Fr| At tempts
2 13| 0.052
3| 12| o.oaz| 250
From the table, value of the sum of the rolled dice being 5 is about 0.11, ]| |
1 0.108
and you can confirm that the probability is approximately 9
= Given 1 die is rolled, find the probability of an outcome of a 5 or greater.
There are a total of 6 possible outcomes.
Furthermore, there are 2 ways, 5, and 6, to roll a 5 or greater.
2 1
Therefore, we find a probability of ry = 3 1
3
Press ©), select [Math Box], press @), select [Dice Roll], A A —
3 45 o.18
press 0%, select [Dice], press @X), select [1 Die], press {2 250
Select [Attempts], press @), after inputting 250, 0.148

select [Confirm), press

Select [Same Result], press @), select [Off], press @),

select [Execute], press €9, select [Relative Freq], press

Read the values in the table for when the sum of the rolled die was 5 or 6, then add them.

[
o

Given 2 coins being tossed at the same time, find the probability of the 2 coins both being heads.
Consider the combinations of heads and tails of the 2 coins.
There are a total of 4 combinations: (Heads, Heads), (Heads, Tails), (Tails, Heads),
and (Tails, Tails).
Furthermore, there is 1 way in which 2 are heads, as shown above.

Therefore, we find a probability of i 1
4
Press (©), select [Math Box], press @), select [Coin Toss], 4. e —
press @), select [Coins), press @), select [2 Coins], press v1| 12 aata| 250
Select [Attempts], press @), after inputting 250, 0.244

select [Confirm), press
Select [Same Result], press @), select [Off], press @), select [Execute], press €,

select [Relative Freq], press
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Given 2 dice are rolled at the same time, find the following probabilities.

(1) Probability that the sum of the rolled dice is 9 or greater

Consider the combinations of the outcome of the 2 dice rolls.

From the law of multiplication, we get 6 X6=36 (ways) for all of the combinations.
Furthermore, there are 10 ways, (3, 6), (4, 5), (4, 6), (5, 4), (5,5), (5,6), (6,3), (6, 4),
(6,5), (6, 6) toroll a9 or greater.

10 5
Therefore, we find a probability of — = — 5
36 18 5
18
Press ©), select [Math Box], press @X, select [Dice Roll], 45 e At tempts
press @), select [Dice], press @, select [2 Dice], press B 77 onoe 250
0.1

Select [Attempts], press @9, after inputting 250,
select [Confirm], press

Select [Same Result], press @), select [Off], press @, select [Execute], press €
Select [Relative Freq], press @), select [Sum], press

Read the values in the table for when the sum of the rolled dice was 9 or greater,
then add them.

(2) Probability of the same numbers coming up

There are 6 ways for the same numbers to come up, they are (1, 1), (2, 2), (3, 3),
(4,4), (5,5) ,and (6, 6).

6 1
Therefore, we find a probability of — = — 1
36 6 1
In the screen showing the results for (1), press ®, e et At tempte
. . i| &5|™52| 250
select [Relative Freq], press @), select [Difference], press 2| | o
0.18

The same number coming up on 2 dice together is
equal to a difference of 0.
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Probabilities of various events -

TARGET To understand how to find probabilities by using the concepts of permutations and combinations.

STUDY GUIDE

Probabilities of various events

You can use concepts such as permutations and combinations to
---------------.

find probabilities. . .
: nPr=nn—1)(n—2)--- (mn—r+1) :
: n'=n(n—1)(n—2)------3-2:1 :
: 0
o (n+1)!i=(n+1)n! :
: 0
: 0
b ,Cr= nPr nCr=nCn-r '
' r! "
‘ 0
N (4

Probability by using permutations
Given 5 cards, each with 1 letter A, B, C, D, or E written on them, being arranged in 1 row from the left at random,
find the probability that the card on the left end is A.

An arrangement of 5 cards is a permutation of 5 things taken from 5 things, so Fixed.
th 5P .

ere are sP5 ways ‘A‘ ‘ ‘ ‘ ‘
An arrangement with A on the left end is a permutation in which A is fixed on the left ——————

end and 4 things are taken from the remaining 4 things, so there are 4P ways. Arrange the remaining 4.

) - 4P474!7 4! 1
Therefore, we find a probability of ? =T sl 5

Probability by using combinations
Given 5 cards, each with 1 letter A, B, C, D, or E written on them, from which 3 cards are drawn at random, find the

probability that 1 card is A.

The selection of 3 cards taken from 5 cards is a combination of 3 things Consider it
taken from 5 things, so there are 5Cs ways. alread)i drawn.
A selection that includes A in the 3 cards is a combination of 2 things taken ‘ A ‘ ‘ ‘ ‘ ‘

from the remaining 4 things, as A has already been taken, so there are 4Ca "

Select 2 things from the remaining 4.
ways.

3 . 4C2 2 1 .
Therefore, we find a probability of = = . =—
5Cs  5-4-3

3-2-1

4-3

S
w
w
)
—
w

[\
—_
t
i~
w
ot
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oo Given a relay team of 6 athletes, A, B, C, D, E, and F, if the running order is decided by drawing lots, find the probability

that A will be the first runner and that F will be the last runner.
The 6 runners are a permutation of 6 runners, so there are ¢Ps ways.

Making A the first runner and F the last runner gives us a permutation of the remaining 4 people, so there are 4P ways.

Therefore, we find a probability of — = —

1Py 4!_ 4! 1 1
¢Ps 6! 6-5-4! 30 %

Press @), select [Calculate], press . !.ram -
BICIVITICITICICICINITICITICA

1]
30
e There is a bag holding 7 red balls and 5 white balls. Given 3 balls are taken from the bag at the same time, find the
probability that the balls taken out are 2 red balls and 1 white ball.
The red balls and white balls add up to 12 balls, from which 3 balls are taken, so there are 12Cs ways.
From the law of multiplication, we find there are C2x5C1 (ways) to take 2 red balls from 7 red balls and to take 1 white
ball from 5 white balls
76
Therefore, we find a probability of 1Cax oG =21 = 7—65& = E ﬂ
1203 12-11-10  2-1 12-11-10 44 44
3-2-1
6®@®®®®®®®®®®®®®@®®®ﬂ%%1 ’
VOEV®VOO®R E® 2
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PRACTICE

Given 5 children and 2 adults are arranged in 1 line, find the following probabilities.
(1) Probability that the 2 adults are beside each other
To arrange 7 people, including children and adults, in 1 row is a

people, so there are ;P; ways.

permutation of 7

Treat the 2 adults as a group, so it is an arrangement of 6 things, so there are

«Ps ways.

In each of these arrangements, there are .P, ways for the 2 adults to be arranged.

Pex.P, 6!2! 612 2
Therefore, we find a probability of ~———— = = == 2
7P7 7! 7 ° 6! 7

BORUVAIVIXO@®V®OV ®
VORVLV®OL®E

(2) Probability that the 2 adults will be on both ends
An arrangement with the adults on both ends has ,P, ways.

~J|M

In each of these arrangements, there are ;P; ways for the 5 children to be arranged.

Therefore, we find a probability of 2P27>1<)ip5 = 2;?! = 7265'5' — % 1
21

PREUAVAROBV®O® 255 ‘
VOOO®O®E® =l

There is a bag holding 8 red balls and 6 white balls. Given 4 balls are taken from the bag at the same time, find the

probability that the balls taken out are 2 red balls and 2 white ball.

The red balls and white balls add up to 14 balls, from which 4 balls are taken, so

there are ,C, ways.

From the law of multiplication, we find there are ;C, X ;C, (ways) to take 2 red balls

from 8 red balls and to take 2 white balls from 6 white balls

Therefore, we find a probability of

8-7 65
sC:X6C2 9.1 9.1 _ 87 6:5 4:3-2:1 _ 60
4.C,  14-13-12-11 2-1 2-1 14-13-12-11 143
4-3-2-1

SIOJCIVI YOIV TIOIIOICIVITIVIVIOLI YO
VOORVB®VLVO®®®

60
143
o '
BC2XELC2
14C4
60
143
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Basic properties of probability (1)

TARGET To understand about product events, sum events, and exclusive events.

STUDY GUIDE

Product event, sum event, exclusive event

A sure event Uthat includes 2 events, A and B, has the following events.

- An event in which both A and B occur is called a product event, and is expressed as AN B.

- An event in which at least one of A or B occurs is called a sum event, and is expressed as AU B.

-Inan event in which A and B do not occur at the same time, we say that A and B are mutually exclusive events,
which is expressed as AN B=2.

Events indicated by the empty set @ are called an empty event.

U U U
A B A B A B
AnB AuB
Product event Sum event Exclusive event
EXEREISE

Given 1 die is rolled, then an outcome of 4 or greater is the A event, and an outcome of an even number is the B
event. In this case, show the following events as sets.
(1) AnB
Each event is represented as a set: A={4, 5,6} and B={2, 4, 6}
The elements common to A and Bare the ANB elements, so ANB={4, 6}

ANB={4,6}

(2) AUB
All of the elements included in A and B are all the elements AUB, so AUB={2,4,5,6}

AuB={2,4,5,6}
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Given 1 die is rolled, then an outcome of an even number is the A event, an outcome of an odd number is the B
event, an outcome of 3 or less is the C'event, and an outcome of 4 or greater is the D event. In this case, solve the
following problems.
(1) Forall sets, show the product events for each of 2 events.

Fach event is represented as a set: A={2, 4, 6}, B={1, 3,5}, C={1,2,3}, D={4,5,6}

A and B have no common elements, so ANB=2

A and C'have 2 as a common element, so ANC={2}

A and D have 4 and 6 as common elements, so AND={4, 6}

Band Chave 1 and 3 as common elements, so BNC={1, 3}

Band D have 5 as a common element, so BN D={5}

C'and D have no common elements, so CN D=2

ANB=g2, AnC={2}, AnD={4,6}, BNnC={1,3}, BhD={5}, ChD=o

(2) Describe all the combinations of these events that are mutually exclusive events.

Combinations that become empty events when put in a product event are exclusive events, so A and B, as well as C

and D are exclusive events.

A and Baswellas Cand D

PRACTICE

Given 1 card being drawn from 15 cards, on each of which is written 1 number, 1 through 15, then an outcome of a
multiple of 2 is the A event and an outcome of a multiple of 3 is the B event. In this case, show the following events as

sets.
(1) AnB
Each event is represented as a set: A={2, 4, 6, 8,10, 12,14}, B={3,6,9,12,15}

The elements common to A and B are the AN B elements, so ANB={6,12}
AnB={6,12}

(2) AUB
All of the elements included in A and B are all the elements AU B, so

AuB={2,3,4,6,8,9,10,12, 14, 15}
AuB={2,3,4,6,8,9,10,12, 14,15}

Given that 1 card is drawn from 1 deck of 52 cards, excluding jokers, of the following A - D events, find all the
combinations that are mutually exclusive events. Note that the picture cards appear as jacks, gueens, and kings.
A Picture card is drawn. B.. Ace of hearts is drawn.

C...Aqueen is drawn. D...Anumber of 10 or less is drawn.

Simply find the combinations that cannot occur at the same time, which are A4 and

B, Aand D, Band C, aswellas C'and D.
Aand B, Aand D, Band C,aswellas Cand D
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Basic properties of probability (2)’ /

TARGET To understand how to find the probability of the occurrence of at least 1 of 2 events.

STUDY GUIDE

Basic properties of probability
When a sure event Uincludes 2 events, A and B, then the probability of those events occurring is P(U), P(A), or
P(B). It has the following properties in this case.

4 )

(i) Foranyevent A4,0<P(A)<1
i) The probability of a sure event Uis P(U)=1
The probability of an empty event @ is P(2)=0
(iii) P(AuB)=P(A)+P(B)—P(AnB)
(iv) When A and B are mutually exclusive events, then

P(ANnB)=P(2)=0,s0 P(AUB)=P(A)+P(B)

i o

In particular, (iv) is called the addition theorem of probability.

EAERGISE

Given 1 die is rolled, find the probability of the outcome being a multiple of 3 or an odd number.

Given outcomes that are a multiple of 3 are A events, and outcomes that are odd are B events, then the product events
AN B are outcomes that are multiples of 3 and odd events. Each event is represented as a set: A={3, 6}, B={1, 3, 5},
ANB={3}

Therefore, P(A) = -~ =~ pB) =2 - L panp) =1
6 3 6 2 6
Thus, the probability of a sum event AU B, whose outcome is a multiple of 3 or an odd number, is
P(AUB)=P(A)+P(B~P(ANB)=~ + + -1 _ 2 2
3 2 6 3 3

There is a bag holding 7 red balls and 5 blue balls. Given 2 balls are taken from the bag at the same time, find the

probability that 2 the balls taken out are the same color.

An event in which the 2 balls that are taken out are the same color is a sum event AUB of event A4, in which the 2 balls
are red, and event B, in which the 2 balls are blue.

The red balls and blue balls add up to 12 balls, from which 2 balls are taken, so there are 12Ca ways.

2 red balls can be taken out in 7C2 ways. 2 blue balls can be taken out in 5C2 ways.

From the addition theorem of probability, the probability of the sum event AUB of mutually exclusive events A and Bis

7-6 5-4
C C . ] . .
P(AUB)=P(A)+P(B)=—2 252 2.1 201 ©6 54 31 31
1202 12Cs 12-11 12-11 12-11  12-11 66 66
2-1 2-1 —_—

Yy

@@@@@@@@@@@@@@@@@@@@ﬂ%%2

VOREVAVVV®D® 31
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PRACTICE

There are 25 cards, on each of which is written 1 number, from 1 to 25. Find the following probabilities when cards are

drawn.

(1) Probability of the outcome being odd or a multiple of 5 when 1 card is drawn
The sure event is that a number 1 to 25 is drawn, and since U={1, 2, ---, 25}, we
have n( U)=25
Outcomes that are odd are A events and outcomes that are a multiple of 5 are B
events.
A={1,3,5,7,9,11,13,15,17,19, 21, 23,25}, so n( A)=13
B={5, 10, 15, 20, 25}, so n(B)=5
ANB={5,15,25},so n(ANB)=3
The probability we wantis AU B, so we get
13 5 3 3

P(AUB)=P(A)+P(B)-P(ANB)=_-+_——-=— 3

(2) Probability of both being odd or both being even when 2 cards are drawn
Event A, where both are even numbers, and event B, where both are odd

numbers, are mutually exclusive events.

The probability we want is AU B, so from the addition theorem of probability, we
get P(AUB)=P(A)+P(B)

The selection is to draw 2 cards from 25 cards, so there are ,;C, ways.

Then, it is to draw 2 even cards from 12 even cards, so there are ;.C, ways.

Then, it is to draw 2 odd cards from 13 odd cards, so there are ;;C, ways.

Therefore, the probability of both being odd or both being even when 2 cards are

12-11  13-12

C C ) )
drawnis 22 3> _ _2-1 , 2-1 _12-11  13-12 12

= = + —
»C2  25C; 25-24  25-24 25-24 25-24 25

2-1 2-1
12
25
CIOIOICIVITICIVIVITI®) 12C2413C2
POEOAOQO®® | 2
VROV VOO®E @ =
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There is a bag holding 9 red balls and 7 blue balls. Given 3 balls are taken from the bag at the same time, find the
probability that 3 of the balls taken out are the same color.

An event in which the 3 balls that are taken out are the same color is a sum event
AU B of event A, in which the 3 balls are red, and event B, in which the 3 balls are
blue.

The red balls and blue balls add up to 16 balls, from which 3 balls are taken, so there
are ,C; ways.

3 red balls can be taken out in ,C; ways.

2 blue balls can be taken out in ;C; ways.

From the addition theorem of probability, the probability of the sum event AU B of
mutually exclusive events A and Bis P(AUB)=P(A)+P(B)

9-8-7 765
3Gy 1Cs  3.9.q 3.2.1 _ 9-8:7 n 7-6-5 17
 6Cs sC; 16:15-14 16-15-14 16-15-14 16-15-14 80
3:-2-1 3:-2-1
E
80
®REVAVOOVBIPVOOVBVIVO®E [cies
VOO®VMWOOOE 6 a0
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Basic properties of probability (3)

TARGET To understand the probability that some event will not happen.

STUDY GUIDE

Complementary events
For an event A, which is in the sure event U, an event in which " A does not occur" is called a complementary event
of A, and is expressed as A . The complementary event A has nothing in common with event A, so they are mutually

exclusive. Therefore, this gives us AN A =2 Furthermore, since A and A are sure events, we have AU A =U.

For P(AU A)=P(U), then from P(U)=1 and P(AN A )=0, we get P(A)+P( A)=1.

From this, we can find the probability that "A does not occur ( A )" by using the following relation.

P(A)=1— P(A)

EXAEREIS

L

= There is a bag holding 7 red balls and 6 white balls. Given 3 balls are taken from the bag at the same time, find the
following probabilities.
(1) Probability of all 3 being red balls
The red balls and white balls add up to 13 balls, from which 3 balls are taken, so there are 13Cs ways.

Of these, the number of cases where all 3 are red balls, in which 3 red balls are taken from the 7 red balls, is 7Cs ways.

765
C 9. 6"
Therefore, we find a probability of o 3201 765 = 35 35
13C 3 13-12-11 13-12-11 286
7o O Yy
7C3
®O@VAOVOVVB®AIVORI@OVWXVOVOV®E 6 [13C3 35
86
(2) Probability of at least 1 being a white ball
An event, such that "at least 1 ball is white" is the complementary event ;1 of A, which is "all 3 balls are red"
Therefore, we find a probability of P(Z) =1-PA)=1- 35 _ 251 _251
286 286
286
7o I ry
1-Ans
olelclc) .
86
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Find the following probabilities when 6 people simultaneously draw 1 lot each from 30 lots, which includes 3 winning lots.
(1) Probability of all 6 people losing
The selection is to draw 6 lots from 30 lots, so there are 30Cs ways.
The number of cases in which all 6 people lose is a selection of 6 lots from 27 losing lots, so there are 2:Cs ways.

27-26-25-24-23-22

C C5-4-3-9. 27-26-25-24-23-22
Therefore, we find a probability of T 654321 = = oU6 506
0Cs  30-29-28-27-26-25 30-29-28-27-26-25 1015 el
7o 0 Iy
27CE
PEOOVAVVVEEVECRVBVOO®E® [30CE o
1015
(2) Probability of at least 1 person winning
An event, such that "at least 1 person wins" is the complementary event A of A, which is "all 6 people lose"
Therefore, we find a probability of P(Z) =1-PA)=1- D06 509 _509
1015 1015
1015
7or 0 Y
1-Ans
PO®E <0
1015

PRACTICE

= There is a bag holding 10 red balls and 10 white balls. Given 4 balls are taken from the bag at the same time, find the

o

following probabilities.

(1) Probability of all 4 being red balls
The red balls and white balls add up to 20 balls, from which 4 balls are taken, so
there are »,C, ways.
Of these, the number of cases where all 4 are red balls, in which 4 red balls are
taken from the 10 red balls, is ;,C, ways.

10-9-8-7
C .3.92. 10-9-8-7 14
Therefore, we find a probability of el _4-3-2-1 =
»Cs 20-19-18-17 20-19-18-17 323
4-3:-2-1 14
323
& o i
®O0RVOVOVV®E® (10t
VROOORVOO®D® 1a

(2) Probability of at least 1 being a white ball -
An event, such that "at least 1 ball is white" is the complementary event A of A,

which is "all 4 balls are red".

: . T _,_ 14 _ 309
Therefore, we find a probability of P(A)=1— P(A)=1 323 323 309
323
1—.;nms ’
D © @ @ 309
323
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There are 40 lots, which includes 5 winning lots. Find the following probabilities when 4 people simultaneously draw 1
lot each from them.
(1) Probability of all 4 people losing
The selection is to draw 4 lots from 40 lots, so there are ,C; ways.

The number of cases in which all 4 people lose is a selection of 4 lots from 35 losing
lots, so there are ;;C, ways.
35-34-33-32

C .3.9. 35-34-33-32 5236
Therefore, we find a probability of Pl _4:3-2:1 _ =
©0Cy 40-39-38-37 40-39-38-37 9139

4-3-2-1 5236

9139

A

=39
g

SIOICICICICIVICICICIO N E:
VOOOOROOO®®® CEED

F
o
5
e

(2) Probability of at least 1 person winning

An event, such that "at least 1 person wins" is the complementary event A of A,
which is "all 4 people lose".

- 5236 3903
Therefore, we fi ility of =1— =1- =
erefore, we find a probability of P(A4)=1— P(A4)=1 9139 _ 9139 3903
9139
1—.¢Tnms ’
OJCICL 3903
3139
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Probability of independent trials -

TARGET To understand the probability when there are multiple trials that do not affect each other.

STUDY GUIDE

Probability of independent trials

2 trials are said to be independent if their respective results do not affect each other. Given 2 trials T1 and T2 are
independent, such that the probability of event A occurring in T1is P(A), and the probability of event B occurring in T2
is P(B), then we can find the probability p of A and B occurring as follows.

(p=P(A)xP(B))

The same also holds when there are 3 or more independent trials.

EAEREISE

Given 1 die is rolled 2 times consecutively, find the probability that the outcomes of the 2 rolls are both 1.

The outcome of the 1st trial and the outcome of the 2nd trial are independent because they do not affect each other.

1
Given A and B are the events in which the 1st and 2nd outcomes are 1 events, respectively, A and B, then P(A)= E

1
and P(B):g.
) . 1 1 1
Therefore, we find a probability of P(A)x P(B)= reraT) 1

36
Given 1 coin is tossed 3 times consecutively, find the probability that the 1st time is heads, the 2nd time is tails, and the
3rd time is heads.

The 1st, 2nd, and 3rd tosses are independent because they do not affect each other.
Given A, B, and C'are the events in which the 1st time is heads, the 2nd time is tails, and the 3rd time is heads,

respectively, then P(A)Z%, P(B)Z% and P(C)_%

1 1 1 1
Therefore, we find a probability of P(A)x P(B)x P(C)= SXGXy = n

1

8

Do a trial in which 1 card is drawn from 1 deck of 52 cards, excluding jokers, and next 1 die is rolled. In this case, find the
probability that the card will be a heart and the rolled die will be an odd number.

The drawing 1 card trial and the rolling 1 die trial are independent because they do not affect each other.

13 1
Given A and B are the events in which the suit is hearts and the dice roll is odd respectively, then P(A) 5—2 = Z and
3 1
P(B====
6 2

oo | =

1 1
Therefore, we find a probability of P(A)x P(B)= 235"

|<:>0||—l
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There is a bag holding 6 red balls and 4 white balls. 1 ball is taken out of the bag, returned to the bag, and then another

1 is taken out. In this case, find the following probabilities.
(1) Probability of the 1st time being a red ball and the 2nd time being a white ball

The taking out 1 ball trial and then taking out 1 more ball trial are independent because they do not affect each other.
Given A and B are the events in which the 1stis a red ball and the 2nd is a white ball, respectively, then
6 3 4 2
P(A)=—=—and P(B)=—=—.
10 5 10 5
' - 3 2 6
Therefore, we find a probability of P(A)x P(B)= 5 X i 6
25
(2) Probability of the same color ball being taken out 2 times
There are 2 ways for the event of the same color ball being taken out 2 times: the event of red balls being taken out 2
times (i) and the event of white balls being taken out 2 times (ii).

6 6 9
The probability of (i), the 1st time being a red ball and the 2nd time being a red ball, is — x —

10 25
" .. . ) . . . ) 4 4 4
The probability of (ii), the 1st time being a white ball and the 2nd time being a white ball, is — x 0 = pY
) . .. ) ) ) 9 4 13
Since (i) and (ii) cannot occur at the same time and are exclusive events, we find the probability is o + PrT
13
25

PRACTICE

Given 1 die is rolled 3 times consecutively, find the probability that the outcomes of the 3 rolls are all multiples of 3.
The 1st, 2nd, and 3rd rolls are independent because they do not affect each other.

Given A, B, and C are the events in which the 1st time, 2nd time, and 3rd time are

multiples of 3, respectively, then
2 1 1 1
P(A)=—=—, P(B)=—,and P(C)=—.
(A)=o =7, P(B)=7,and P(C)=7

1 1 1 1
Therefore, we find a probability of P(A)x P(B)x P(C)= 3X3%X3 9 1

27

Given 1 coin is tossed 3 times consecutively, find the probability that the outcome is 2 heads and 1 tails.
The 1st, 2nd, and 3rd tosses are independent because they do not affect each other.
There are 3 ways for the event where the outcome is 2 heads and 1 tails:

(1st, 2nd, 3rd)=(heads, heads, tails), (heads, tails, heads), (tails, heads, heads).
1 1 1 1
The probability for all of them is — X 5 X 5 3
Therefore, since the 3 events are exclusive events, we find a probability of
1 1 1 3

8 8 8 8 3

8
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Do a trial in which 1 card is drawn from 1 deck of 52 cards, excluding jokers, and next 1 die is rolled. In this case, find the
probability of the card being a diamond and the rolled die being 2 or less.
The drawing 1 card trial and the rolling 1 die trial are independent because they do
not affect each other.

Given A and B are the events in which the suit is diamonds and the rolled die is 2 or

13 1 2 1
less, respectively, then P(A)=— = — and P(B)=—= —.
52 4 6 3

1
Therefore, we find a probability of P(A) x P(B):Z X3 =1y

Bag A contains 5 red balls and 3 white balls, and bag B contains 2 red balls and 4 white balls. Given 1 ball is taken from

each bag A and B, find the probability of the same color ball being taken out.
There are 2 ways for the event of the same color being taken from A and B: the event

of red balls being take from A and B (i) and the event of white balls being taken
from A and B (ii).

The probability of (i), a red ball from A and a red ball from B, is % X % = 25—4
- .. . . .3 4 1
The probability of (ii), a white ball from A and a white ball from B, is 3 X o = n

Since (i) and (ii) cannot occur at the same time and are exclusive events, we find the
5 1 11

probabilityis — + — = —
24 4 24 -

24
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Probability of repeated trials (1) ~

TARGET To understand the probability when independent trials are repeated.

STUDY GUIDE

Repeated trials
When the same trial is repeated under the same conditions, and each trial is independent, then that series of trials is called
a repeated trial. Given the probability p of event A occurring at the 1st trial and repeating the trial n times, then we can

find the probability that A occurs 7 times as follows.

)n—r

C.p"(1—p

Given 1 die is rolled 5 times consecutively, consider the probability of 1 being rolled 2 times.

By marking O each time the outcome is 1, and marking x each Ist time [2nd time| 3rd time|4th time|5th time
time the outcome is not 1, then the ways that 1 can appear 2 times O O X X X

' _ O X O X X
are shown in the table on the right. o) % % o) %
For this number of cases, consider that 2 O and 3 x line up. That is O % % % O
to say, the total number of combinations of 2 O out of 5 attempts : ' : :

is 5C2 ways.
1
Then, given 1 die is rolled 1 time, the probability that the outcome is 1 is rE and the probability that the outcome is

1
not 1is a complementary event, so itis 1— E

2 3
Therefore, the probability of the 1st line in the table is l><l>< 1—l X 1—l X 1—l = L 1—l .
6 6 6 6 6 6

Similarly, the probability of the other 5C2 ways are all the same.

All the cases of the sC2 ways are exclusive, so we simply find the sum of these probabilities.

7F 0 Iy
2 3 2 3 1Y 5%
1 1 411 |5 625 SC2%| = | x| =
Thus, we find a probability of 5Ca|—| |1 —— —oA e =— [E] [E] £25
6 6 2-1(6) (6 3888 3688
EXERGISE
xx Given 1 coin is tossed 6 times consecutively, find the probability that the outcome is 4 heads.
Given 1 coinis tossed 1 time, the probability that the outcome is heads is l
(. 1Y 1)'(, 1) _6-5(1) (1) 15
i ili Cul=l l1==| =C,|=| 1==| =22 |=| ==
Therefore, we find a probability of ¢ 1[2] [ 2] 6 2[2] [ 2] 2'1[2] [2] ” E
7or | . . Y
ORLVBVOOL®® scax( %) 'x(1)
SNIGIOICIBIOIOISIOIOIICIOICIOIOIOISI T %
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Given 1 die is rolled 4 times consecutively, find the probability of the outcome being 5 or greater 2 times.

2 1
Given 1 dieis rolled 1 time, the probability of an outcome of 5 or greateris — = —.

2 2 2 2
1 1 4-3|1] 12 8
Therefore, we find a probability of 402[3] [1 - —] = —[—] [—] =—

3)  2-1(3)|3) 27 8
27

POVBVVVBE s 1)'x(2)
ROOEPOOOROPOIOVOE@ 8

—
0% o

There is a bag holding 6 red balls and 4 white balls. 1 ball is taken out of the bag, the color is confirmed, and then it is

returned to the bag. Given this trial is repeated 5 times, find the probability that the outcome is 3 white balls.

4 2
Given 1 ball is taken from the bag, the probability that the outcome is a white ball is — =

=2
Therefore, we find a probability of 503[%} [1 - é] = 5C?[§] 1= %] - %[g] [g] B % 144
625

®RVBROOO®OG séﬁau@r‘
ROPE®OOO@EOOROEOE®EOD@® 32
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PRACTICE

Given 1 coin is tossed 5 times consecutively, find the probability that the outcome is 3 heads.
s - : . : .1
Given 1 coin is tossed 1 time, the probability that the outcome is heads is 2"

Therefore, we find a probability of

el flb s -
53
16
EEOIOOOBE se 1) x(3)
SICIOICIOIOIOISISIOINICIOICIOIOIOISI D <5
Given 1 die is rolled 6 times consecutively, find the probability of the outcome being 3 or greater 4 times.
Given 1 dieis rolled 1 time, the probability of an outcome of 3 or greater is % =—
Therefore, we find a probability of
=3 <
80
243
OEVBVOO®® scax(2) (1)
SICIOICIOIOIOISIOIOINICIOICIOIOIOISI D 243

There is a bag holding 8 red balls and 12 white balls. 1 ball is taken out of the bag, the color is confirmed and then it is
returned to the bag. Given this trial is repeated 7 times, find the probability that the outcome is 4 white balls.

Given 1 ball is taken from the bag, the probability that the outcome is a white ball is
12 3

20 5°

Therefore, we find a probability of

3 3 3 765 4536
704{5 [1_"31 —rG EJ [___} 32 1[ ][ ] " 15625
4536
15625
DEOBOVO®® rca(2) (2]
ROPE®OOO@OORODEOOODE® As3e
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Probability of repeated trials (2)

TARGET To understand about problems of using repeated trials.

STUDY GUIDE

Using repeated trials
Consider problems in which points are moved or scores are given according to the results of a tossed coin or die, such
that zis the number of heads or tails that appears or a specified number on the die appears, and that a graph of the

points or a total of the scores are shown by .

>
>

There is a point P at the origin of a number line. Toss a coin and —3-9-1 9 1 2 3

«— ——>

move the point 2 to the right for heads, and move it 1 to the left for

P
Move 1 to the left. ‘ ‘ Move 2 to the right.

tails. Consider the probability of whether the point P returns to the

origin after the coin is tossed 6 times.

Y

P returns to the origin O position if heads comes up Ztimes when a coin is

\/

tossed 6 times.

Y

Y

Y

By solving this, we get =2

Y

We can formulate the following equation for 2 by assuming that the point -3-9-10 1 2 3
& |
+ T
| |

2x 2+ (—1) % (6—2)=0 :

Therefore, we can see that the point P returns to the origin if heads appears 2

times within 6 repeated trials. P

1 Point P returns to the origin if
Also, for 1 coin toss, the probability of heads is 5 heads appears 2 times and tails

4 times within 6 repeated trials.
2 4 2 4
1 1 5111 15
Thus, we find a probability of 602[5] [1 - —] = ﬁ[—] [—] =—

2 2-1(2 2 64

On the scientific calculator, use the Math Box function to check the probability statistically. =5

Coins H I
Press @), select [Math Box], press @), select [Coin Toss], press Attempts B >
Same Result :0ff»

Simulate tossing 1 coin 6 times.

The number of times heads @ and tails O appear when a coin is tossed 6 times are displayed respectively.
In the results display screen, press @ @) to repeat a similar simulation and to count the number of times for each
combination.

If 64 trials of tossing a coin 6 times are done, then theoretically 2 heads @ and 4 tails O should appear 15 times.

R L G . Ve |
S1ds Freg Rel Fr Attempts Slds Freg -I:- Attempts Slds Freg Rel Fr Attempts Slds Fre; Fel Fr Attempts
=] 1|0, 1EEE E =] 203333 Q 2 0.5 E Q 4| 0.6EEE E
0.8333333333 0.6666666667 0.5 0.3333333333

Fill in the table below based on the results of the 64 simulations. However, you could also do this trial with the
cooperation of several people.

Counts of tails @ and heads O 0,6 1,5 2,4 3,3 4,2 5,1 6,0
Theoretical value for each time (count) 1 6 15 20 15 6 1

Trial results from scientific calculator (count)

14. Probability 63



the left for even numbers. In this case, find the following probabilities.

(1) Given the dieis rolled 12 times, the probability of the point P returning to the origin
If the die is rolled 12 times, and we let the number of odd-numbered outcomes be z, then the number of even-
numbered outcomes is (12— ).
Since the position of the point P is the origin in this case, then 32+(—1)(12—x)=0, which we can solve as =3

Therefore, the point P is at the origin if odd-numbered outcomes appear 3 times within 12 repeated trials.

1
Also, for 1 roll of the die, the probability of an odd-numbered outcome is 3

. N 1'( 1) 12-11-10(1) (1) 55 55
Thus, we find a probability of 1203[—] [1——] :f[_] [—] =—
2 2 3-2-1 |2 2 1024 1024
Press @), select [Calculate], press T 1112 x
PEEVBVVORIRCOBEO®Ve® [12¢%(z)
1024

(2) Given the die is rolled 10 times, the probability of the point P being at a position of +6
If the die is rolled 10 times, and we let the number of odd-numbered outcomes be ¥, then the number of even-
numbered outcomes is (10— ).
Since the position of the point P is 46 in this case, then 3y+(—1)(10—1y)=6, which we can solve as y=4

Therefore, the point P is at a +6 position if odd-numbered outcomes appear 4 times within 10 repeated trials.

1
Also, for 1 roll of the die, the probability of an odd-numbered outcome is 5 .

Thus, we find a probability of 1004[%] [1§] - 1;1).'3?..;..17 [%] [%] - éOTL;) —105
512
Ve O ] Yy
1
POOVBVVVBEROOEEEOOOOe[MeX(z)
512
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PRACTICE

@ Play a game in which you roll 1 die and outcomes of 5 or greater get 4 points, and any other outcome gets 2 points. In
this case, find the following probabilities.
(1) Given the die s rolled 6 times, the probability of the score being exactly 20 points
If the die is rolled 6 times, and we let the number of outcomes of 5 or greater be ,
then the number of other outcomes is (6 — ).
Since the total score is 20 points in this case, then 42+2(6 —x)=20, which we can

solve as =4
2

1
Also, for 1 roll of the die, the probability of an outcome of 5 or greater is % 3

Therefore, we find a probability of

1 1 1 2 6:-5(1 2 20
ol bl - -
20
243
OEOVRVOO®® scax( 1)'x(2)"
SI010ICISIOIOISIOIOISIOINICIOIOIOISIE: FrE]

(2) Given the dieis rolled 5 times, the probability of the score being exactly 16 points
If the die is rolled 5 times, and we let the number of outcomes of 5 or greater be y,

then the number of even-numbered outcomes is (5— ).
Since the total score is 16 points in this case, then 4y+2(5—1y)=16, which we can

solve as y=3

1
Also, for 1 roll of the die, the probability of an outcome of 5 or greater is 3"

Therefore, we find a probability of

1 1 1 2 5:-4|1 2 40
- Rl -0
40
243
OEVAVOO®E scax(1)'x(2)
SIGIOICICIOIOIGICISISICINIEIOIOIOISIE] 245
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Conditional probability /

TARGET To understand probabilities with conditions.

STUDY GUIDE

Conditional probability
For 2 events, A and B, the probability of B occurring when A occurs is called the conditional probability of B
occurring when A occurs, and is expressed as Pa(B). Pi(B) is the probability that event B will occur when event A

occurs, which we can find as follows.

(Number of cases of events

P,(B) A and B occurring together) n(AN B)
777 (Number of cases of event A occurring)  n(A)
Let the number of cases in the sure event Ube n( U), then by using P(A) = % and P(ANnB) = % we

N N M
get Pa(B) = mAnB) = P(AN B) xn(l)) = PN B) , S0 we can express the conditional probability as follows.

n(A) P(A)xn(U) P(A)

P(ANB)
P(A)

P4(B) =

By removing the denominator of this equation, we get the following formula.

P(AN B) = P(A)PA(B)

This relational expression is used to find the probability of A and B occurring together, P(ANB), which we call the

multiplication theorem of probability.

In a bag are 4 red balls, and on each is written a number, 1, 2, 3, or 4; there are also 5 white balls, and on each is
written a number, 5, 6, 7, 8, or 9. If you take 1 ball from this bag, find the conditional probability of the ball being red and
having an even number written on it.

The sure event U has 9 ways to take out a ball, so n( U)=9.
Given A is the event in which a red ball is taken out, and B'is the event in which it has an odd number, then n(A)=4

and n(ANB)=2.

a4 4B _»
Therefore, P(A) = w09 and P(ANB) = W0
2
| ) _P(ANB)_y _1
Thus, we find a probability of Pa(B) = P 1 =3
9
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XERCIS]

I
[
il

From a bag holding 5 red balls and 6 white balls, take out 1 ball 2 times. Find the conditional probability of the 2nd ball
taken out being red when the 1st ball taken out was red. However, the balls taken are not returned to the bag.
Let the 1st ball taken out being a red ball be event A, and let the 2nd ball taken out being a red ball be event B.
Since there are 5 balls, we get n(A)=5.
Since the 1st time the ball is taken from 5 red balls, and the 2nd time the ball is taken from the remaining 4 red balls, we

get n(ANB)=5-4.

5 5-4 2
Therefore, P(A) = —,P(ANB) = .
11 11-10 11
2
, " 112
Thus, we find a probability of Pa(B) = ST 9
n 5

There are 20 lots, of which 5 are winning lots. From these, first the older brother draws 1 lot, then the younger brother
draws 1 lot. Find the conditional probability of the younger brother winning after the older brother has lost. However, the
lots that are drawn are not returned.

The older brother losing is event A and the younger brother winning is event B.
Since there are 20 lots, of which 5 are winning lots, we get n(A)=20—5=15.

Since there are 15 losing lots and 5 winning lots, we get n( AN B)=15-5.

15 3 15-5 15
Therefore, P(A) = —=—~,P(ANB) = 2
20 4 20-19 76
15
. e —ﬁ_ 5
Thus, we find a probability of Pa(B) = T 5
4 19

PRACTICE

@ From a bag holding 3 red balls and 4 white balls, take out 1 ball 2 times. Find the conditional probability of the 2nd ball

taken out being red when the 1st ball taken out was red. However, the balls taken are not returned to the bag.

Let the 1st ball taken out being a red ball be event A, and let the 2nd ball taken out
being a red ball be event B.

Since there are 3 balls, we get n(A)=3.

Since the 1st time the ball is taken from 3 red balls, and the 2nd time the ball is taken
from the remaining 2 red balls, we get 1n( AN B)=3-2.

Therefore, P(A):%,P(AmB): 302 _ 1

76 T

Thus, we find a probability of P4(B) =

1
3 1

e N =
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Calculating probability /

TARGET To understand how to find probabilities by using the addition theorem and multiplication theorem.

STUDY GUIDE

Addition theorem and multiplication theorem
We can use the addition theorem and multiplication theorem to find probabilities in applied problems of probability.
Addition theorem for probability

When event A and B are mutually exclusive, the following formula holds.

[P(AUB)zP(A)+P(B)J

Multiplication theorem of probability

When event A and B occur together, the following formula holds.

[P(A N B)= P(A)PA(B)J

RERCIS]

lan
iyl
L

There is a bag holding 4 red balls and 5 white balls. From this bag, A takes out 1 ball, and then B takes out 1. Find the
probability of B taking out a red ball in this case. However, the balls taken are not returned to the bag.
There are the following 2 ways in which B takes out a red ball.
A takes out a red ball, and then B takes out a red ball. ...(i)

A takes out a white ball, and then B takes out a red ball. ... (ii)

From the multiplication theorem, the probability of (i) is %x% = %
o " R I )
From the multiplication theorem, the probability of (ii) is %318
Since (i) and (ii) are exclusive, from the addition theorem, we find the probability is % + % = %

| o n
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x There are 30 lots, of which 6 are winning lots. In this case, find the following probabilities. However, the lots that are
) drawn are not returned.
(1) Given 2 people A and B draw lots in this order, the probability of B winning

There are the following 2 ways in which B wins.

A wins and then B also wins. ... (i)

Aloses and then B wins. ... (ii)

From the multiplication theorem, the probability of (i) is 6 X o1
30 29 29
From the multiplication theorem, the probability of (ii) is 24 X 6 _ 24
3 29 145
) . .. . - ) I | 24 1
Since (i) and (ii) are exclusive, from the addition theorem, we find the probability is 2 + T 1
5
(2) Given 3 people A, B, and C draw lots in this order, the probability that at least A and C win
There are the following 2 ways in which at least A and C win.
All 3 people win. ...(i)
A wins, B loses, and then C wins. ... (ii)
T " N. 6 5 4 1
From the multiplication theorem, the probability of (i) is — x — x — = ——
29 28 203
From the multiplication theorem, the probability of (ii) is o X 24 X 2 = 6
29 28 203
) . .. . - ) | 6 1
Since (i) and (ii) are exclusive, from the addition theorem, we find the probability is —— + 25 2 1
7or 0 Y
EXS5X4+6x24%5
BOXORXODORDOXOVAOX@OOX®@@® 6| 30%x23x28 1
29|
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PRACTICE

There is a bag holding 12 red balls and 10 white balls. From this bag, A takes out 1 ball, and then B takes out 1. Find the
probability of B taking out a red ball in this case. However, the balls taken are not returned to the bag.
There are the following 2 ways in which B takes out a red ball.

A takes out a red ball, and then B takes out a red ball. ...(i)
A takes out a white ball, and then B takes out a red ball. ... (ii)

12 11 2
From the multiplication theorem, the probability of (i) is 59 X Y
10 12 20
From the multiplication theorem, the probability of (ii) is — X — = —
22 21 77
Since (i) and (ii) are exclusive, from the addition theorem, we find the probability is
2 20 6
Sy 22 6
v 77 11 —
11

There are 25 lots, of which 5 are winning lots. In this case, find the following probabilities. However, the lots that are
= drawn are not returned.

(1) Given 2 people A and B draw lots in this order, the probability of B winning
There are the following 2 ways in which B wins.

A wins and then B also wins. ...(i)
A loses and then B wins. ...(ii)

5 4 1
From the multiplication theorem, the probability of (i) is — x — = —
25 24 30

T - e 20 5 1

From the multiplication theorem, the probability of (ii) is 95 X 94 = i

Since (i) and (ii) are exclusive, from the addition theorem, we find the probability
1 1 1
S —+—-=— 1
30 6 5 —
5

(2) Given3 people A, B, and C, draw lots in this order, the probability that at least B and C win
There are the following 2 ways in which at least B and C win.
All 3 people win. ...(i)
A loses, B wins, and then C wins. ... (ii)
4 3 1

5
From the multiplication theorem, the probability of (i) is — X — X — = ——
25 24 23 230

20 5 4 2
From the multiplication theorem, the probability of (ii) is — X — X — = —

25 24 23 69
Since (i) and (ii) are exclusive, from the addition theorem, we find the probability

2 1

is—+—=— 1
230 69 30 4
30

BORORODDO® O ® @ [sxixsraoxsxa
QROROORIDE@ 1
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Expected value /

TARGET To understand how to evaluate the value of a trial according to its probability.

STUDY GUIDE

Expected value

When a numerical value, such as "prize money", is obtained by a trial, such as "drawing lots", the average of the obtained
values is called the expected value.

If the possible values of a quantity X are @, @z, ... , Tn, and the probability p of obtaining these values is pi, ps, ...... ,

Du(pitpot. +pu=1), then the expected value F can be found by using the following formula.

E=zp +x,p, +- + TnPn
EXEREISE
There is a lottery as shown in the table on the right. 1st prize|2nd prize|3rd prize| Loser
In this case, solve the following problems. Prize(r;)oney 3000 | 1000 400 0 Total
(1) Find the probabilities of drawing 1st, 2nd, or 3rd Count (lots) 5 3 10 20 100
prize, or losing, when you draw only 1 time.
The are a total of 100 lots.
. o2 1
1st prize has 2 lots, so the probability is — = —
100 50
‘ S8 2
2nd prize has 8 lots, so the probability is — = —
100 25
. 2o 10 1
3rd prize has 10 lots, so the probability is — = —
100 10
. S 80 4
Losing has 80 lots, so the probability is — = — 1 2 1
005 1st...——,2nd... _,3rd... ——,loser... ~
50 25 10 5

(2) Find the expected value of the prize money for drawing 1 lot.
Since the expected value is the sum of the products of each prize and its probability, we get
1 2 1 4
3000 X — 41000 X — + 400 X — + 0 x — =180($)
50 25 10 5

$180
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beel Given 1 coin being tossed 5 times consecutively, solve the following problems.

(1) Find the probabilities for each number of times the outcome is heads.
Given the coin is tossed 1 time, the probability that the outcome is heads is % .
The outcome can be heads 0 times, 1 time, 2 times, 3 times, 4 times, or 5 times.
Given k(k=0, 1,2, 3,4, and 5) is the number of times that heads can appear, then the probability that heads appears

k 5k 5
1 1
just those numbers of times can be expressed as 5C k[g] [1 — —] =5C k[—] .

2 2
Theref h bability of 0 heads is 5C ld—is—i h bability of 1 head is 5C 13—5-15—i
erefore, the probability of 0 heads is s o5 5 32,teproa ility of 1 head is s 13 5 37
. P RN I S Y S . 1) (1) s
the probability of 2 heads is 5C2 9 2.1 |2 16,the|orobab|||tyo1‘3heads|s 5035 —5025 BETE

1) 1y 5 1y (1) 1
the probability of 4 heads is C4[5] = SCI[_] = E,the probability of 5 heads is C[E] = [5] =—

1 5 5 5 5 1
0 times... 32 ,1time... 32 ,2times... 16 , 3 times ... 16 , 4 times ... 32 , b times... 32

(2) Find the expected value of the number of times heads appears.

Since the expected value is the sum of the products of each number of times and its probability, we get

1 5 5 5 5 1 5,
OX—+1X—+2X—+3X—+4x—+5X— = — (times)
32 32 16 16 32 32 2 5 .
—times
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5
1
Since the expected value to be found is the sum of the values of =0, 1,2, 3,4,and 5in z-5C x[;] , we can confirm it

by using the Spreadsheet function on the scientific calculator, as shown below.

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D - ™
+—
Calculate  Statistics  Distribution
Xy=0
Table  Equation
o
After inputting [A1:0, A2:1, A3:2, A4:3, A5:4, and A6:5] respectively, .
1
press @), move to [B1]. Z] I

T
Fill Formula
Press €9, select [Fill Formula), press Form =A1X5CA1IX{1
Range :B1:BB

)
1
After inputting [Form=A1X 5C a1 X [EJ ], press © (*)

After inputting [Range:B1:B6), press @, select [Confirm], press @) (*)

When the sheet is displayed, move to [B7].

After inputting [Sum(B1:B6)], press ®® (*)

5
The calculated expected value 2.5 = ) is displayed in [B7].

EXTRA Info.

How to enter letters A to F in the scientific calculator
Al=®@®,Bl=®®,[Cl=®©®, DI=®O®,[E=®0, [FI=®®
*In this question, [A] and [B] are used because calculations done in column B are based

on values input in column A.

How to input operation symbols specific to Spreadsheet
On the cell in which to do a calculation, press @, select [Spreadsheet], press @), select
one of the 8 selections below to use, then press
[Grab, =, $, :, Min, Max, Mean, Sum)]

* In this question, [Sum] is used to calculate the total of a selected range specified by [:].

P K R K K K R K X X XX XX
‘cescsccscscscscscscscscscscscscsccca’

OTHER METHODS
Press @), select [Calculate], press
Press @), select [Func Analysis], press @), select [Summation(X)], press

7F 0 Iy

))

3]

PREOVBOVOB®EORODODOOOODO®E @ 5 ¥5(

M=

N

Details about the symbol 2 (sigma), which is used in the separate solution, are explained in the separate volume

"Sequences".
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PRACTICE

There is a lottery as shown in the table on the right. In 1st prize | 2st prize | 3st prize| Loser
this case, solve the following problems. Prize(g)oney 10000 | 1000 100 0 Total
(1) Find the probabilities of drawing 1st, 2nd, or 3rd Count (lots) 1 10 100 889 | 1000

prize, or losing, when you draw only 1 time.

The are a total of 1000 lots.
. T |
1st prize has 1 lot, so the probability is
1000

2nd prize has 10 lots, so the probability is 10 = L
1000 100
: e . 100 1
3rd prize has 100 lots, so the probability is = —
1000 10
. e . 389
Losing has 889 lots, so the probability is
1000
- 1 ond 1 3rd 1 r 889
.O. n LA N ] r LN ] oser...—
1000’ 100’ 10 1000

(2) Find the expected value of the prize money for drawing 1 lot.
Since the expected value is the sum of the products of each prize and its
ore 1 1 1 889
probability, we get 10000 X —— + 1000 X —— + 100 X — + 0 X ——— =30($)
1000 100 10 1000

$30
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Poe Given 1 die being rolled 3 times consecutively, solve the following problems.

o

(1) Find the probabilities for each number of times the outcome is 1.
Given a dieis rolled 1 time, the probability of an outcome of 1 is re

The outcome can be 1 0 times, 1 time, 2 times, or 3 times.
Given k(k=0, 1, 2, and 3) is the number of times that 1 can appear, then the
probability that 1 appears just those numbers of times can be expressed as

1 k 1 3—k 53—k
3Ck[€ [I—E] =3Cr——.
5 5 125
Therefore, the probability of 0 1sis :Co— = —5 = ——
6 6 216
- . 5 52 25
the probability of 1 1 is 3016—3 =3 6—3 = Ty
. ) 5 5 5 5
the probability of 2 1s is 3026—3 = 3016—3 =3 6_3 = T
the probability of 3 1s s 4Cs 2. = & — L
. Y e T 6 216
125 ; 25 5
Otimes...,1time...—_,2times...-_,3times...
216" 72" 72 216

(2) Find the expected value of the number of times the outcome is 1.
Since the expected value is the sum of the products of each number of times and

its probability, we get 0 X 125 +1X 2 +2X 5 +3 X SEN (times)
216 72 72 216 2

—times
Press ©), select [Spreadsheet], press @), then T —
clear the previous data by pressing (O ; |
After inputting [A1:0, A2:1, A3:2, and A4:3] -
respectively, press @), move to [B1]. Fill Formula o cn
Press ¢, select [Fill Formula], press

(3—A1)

5
After inputting [Form=A1X ;C 4, X W]' press €9

After inputting [Range:B1:B4], press €©,

select [Confirm], press
When the sheet is displayed, move to [B5].

After inputting [Sum(B1:B4)], press &

1
The calculated expected value 0.5 = 5 is displayed in [B5].
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