Vectors

2 |
3
4|
5 |
6 |
7
8 |
9 |
10 |
1|
12 |
13 |
14 |
15 |
16 |
17 |
18 |
19 |
20 |
21 |
22 |

VBCTOIS i 1
VECTOI OPEIATIONS oo 3
COMPONENES OF VECTOTS w..ocoouievieiiccceceeereeeeses e 6
Vector operations with COMPONENTES i 8
D atOrMaAtiON OF Ve CTOIS oo e e e 12
Parallel vector CONAITIONS ..o 14
VECTOT FESOIULION weouirieiaiiiriii st 16
INNEr Products Of VECTOTS ..o 18
Calculating angles formed by VECtors ... 20
Perpendicular vector conditions ... 24
How to find perpendicular VECTOrs ... 25
Properties of iNNer Products ... 27
Position vectors, and internal dividing points and external dividing points ....... 28
Position vectors of the midpoint and center of gravity ..., 32
CoNditions Of FIGUIES v 34
Formula for the area of a triangle .o, 36
SPAtial VECTOIS oo 38
Spatial COOrdINALES ...t 39
Components of spatial VECTOrs ... 40
Internal dividing points and external dividing points ..., 44
Inner products of spatial VeCtOrs ... 46
Quter products Of VECTOIS v 50

CASIO Essential Materials




CASIO
Essential Materials

Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
Table  Eguation

(X 28101
Inequality ~ Complex

Better Mathematics Learning
with Scientific Calculator




Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section



Vectors

TARGET To understand the meaning of and how to express vectors.

STUDY GUIDE

Directed segments and vectors

A vector is a quantity that has both direction and magnitude.

Furthermore, a line segment with a specified direction, as Directed
shown in the diagram on the right, is called a directed segment AB
segment. For the directed segment AB, A is called the A

starting point, B is called the end point, and the length of the

End point

B B

Vector Kl—é
Magnitude

A | AB|

Starting point

segment AB is the magnitude of the directed segment AB. The position of the directed segment does not matter with a

_—

vector. A vector represented by a directed segment AB is written as AB, and the ma

as | AB |. A vector with a magnitude of 1 is called a unit vector.

Vectorial equality
When 2 vectors @ and b have the same direction and equal magnitude, then we

—

say @ and b are equal, which is denotedas a = b .

Inverse vectors and null vectors
A vector whose magnitude is equal to, but whose direction is opposite to vector a,
is called the inverse vector of @, which is denoted as —a . When a = OA,

then —E:E and —CYX)ZE.

gnitude of the vector AB is written

b

(0]

Avector AB whose starting point A and end point B coincide with each other is regarded as a

—_

—_—

vector AA having a magnitude of 0, and we call it a null vector, which is denoted as 0. Such that AA =0.

Adding and subtracting vectors

Consider 2 vectors 5 = (ﬁ: and 5 = E .We say that OTé is the sum of 5 and E,Which is denoted as 5, + B

Specifically, ﬁ + E = (ﬁ

Consider 2 vectors 5 = (ﬁ: and 5 = OTé .We say that ﬁ is the difference between Zi and E,Which is denoted as

—

E—B.Speciﬁcally, OA — OB = BA and E—b:8+(—5).

4 _ N _ N _ )
Adding a-+b Subtracting a—b=a+(—b)
B B . .
a+b ) 7 a—b=a+(—b)
b
0—>, 0 )
a —
—b
L J

11.Vectors 1



XERCIS

I
[
il

Solve the following problems using the diagram on the right. N \
(1) Which are equal vectors? Use the equal sign to show them. — b 1
Find the vectors with the same direction and equal length. - - ¢ d
a=d - o
(2) Which are inverse vectors? Use the equal sign to show them.
Find the vectors with the opposite direction and equal length. . . o
C——€eor—C—=¢e
Draw the following vectors.
(1) a+b (2) a-b
1] H L
75 ﬁ g =, }?—» ﬂ// :': . N
b N
. ~a—b
b L1
PRACTICE
Solve the following problems using the diagram on the right. 7&' .
(1) Which are equal vectors? Use the equal sign to show them. T ¢ \ -

Find the vectors with the same direction and equal length. 5\ \¢
b d b d [ ‘ \
b=e LI

2/

(2) Which are inverse vectors? Use the equal sign to show them.
Find the vectors with the opposite direction and equal length.

a=—-dor—a=d
Draw the following vectors.
1) a+b 2) a+b
ZI: -i" T/ﬁ_* \\ [;
b a7 ~\~\ T
a a ™
s 4
| b |
3) a—b 4) b-a
| o | 1 +
- T k -] a ___-—)77
a ST \(b B R
— o —D 7 /—» —
==y VA b g

11.Vectors 2



T
Vector operations /

TARGET To understand the operational rules and real multiples vectors.

STUDY GUIDE

Commutative law and associative law

The following laws hold for adding vectors.

Commutativelaw a+b=b+a

Associativelaw (a+b)+c=a+(b+c)

The commutative law and associative law hold for adding vectors in the same way as for integer expressions. This can be

explained as follows.

[Commutative law] [Associative law]
C a B
b -
b
(0] - A
a
For the parallelogram OABC, let O_X = 5,66 = B . For the quadrangle OABC, let O_A = E,E = E,B_C' = E
From @=5,E:5,weget From OB = OA + AB = a + b and
OB=OA+AB=a+b AC = AB+BC = b+ ¢, we get
OB=0C+CB=b+a. OC=0B+BC=(a+b)+c
Therefore, we get a +b =0+ a . @=cﬁ+A_c'=E+(5+E)‘

Therefore, we get (@ +b)+c=a+ (b +c).

Real multiples

For a vector a,which is not 6,and a real number &, we can determine k=2 k=-2

ka ,the multiple of k of a, as follows.

(a) If k>0 and the direction is the same as a . then the vector has a a/ ka =2a Zi/
magnitude that is a multiple of &.

(b) If k<0 and the direction is the opposite of a , then the vector has
magnitude that is a multiple of | .

(c) If k=0, then we get 0.

The following 3 laws hold when adding real multiples of vectors, given that kand [are real numbers.

[(1) k(la) = (kl)a (2) (k+Da =ka+la (3) k(a+b)=ka + kl;]

11.Vectors 3



From the following diagrams, we understand that the laws (1) to (3) hold for real multiples of vectors when k=2 and [=3.
(1) (2)
a a

— —

— — — —

3a 3a 2a 3a

Y
Y
Y
Y

>
>

Y

By applying the laws and properties we have learned so far, we can calculate the sums, differences, and real multiples of

vectors the same as we calculate integer expressions.

~VEDCICE
EXERGCISE

Draw the following vectors.

(1) 4a
L~
= |~ —
Qa - 4@
| |
(2) 2a+3b 3 I |
A 3
- . .’_. //
—tq ' 2a 4//: il
—T"| 2a + 3b
I A
Simplify the following expressions.
(1) 3a+2b—5a+3b=3a—5a+2b+3b (2) —8a—7b+10a+b=—8a+10a—7b+b
=(3-5a+(@2+3)b = (-8 +10)a + (7 +1)b
= —2q+5b =20 —6b
—2a +5b 2a — 6b
Show 5 and 5 such that 5 satisfies the following equations.
(1) 47 —3a+b =2z +5a +9b (2) 27+ 3a—10b=0
AT —27 =50+ 3a+9b— b 22 = —3a + 10b
20 = 8a+ b 7= —3a+5b
T = 4a + 4b 2 . 3 - .
- - o T=——a+5b
T =4a+4b 2

11.Vectors 4



PRACTICE

Draw the following vectors.

(1) 3a+b 1, >
- Ll ~ n—» “‘
a 30 15
\ T ) 3
— -+ \\ ‘.“
A 30/ 1 O ~ |
(2) 4a—3b ‘k
b T +3b6
40
PR EEER
a T e —— —
Simplify the following expressions.
— — — — ]_ — — — -
(1) —6a+11b—3a—2b (2) E<9a_7b)_(_a_2b)

=—6a—3a+11b—2b

a =sa— T b+a+ab
=(—6—3)a+(11—2)b

o 7 =
=3a+a—§b—|—2b

= —9a+9b
—9;+95 :(3+1)5+ —§+25
:4;_§5 4a—§b
Show @ and b such that 2 satisfies the following equations.

(1) 2z+8a—4b=0 (2) z+5a—2b=3z+1la+2b
252—8;4-48 ;—3;211;+25—5;+25
52—421:4-25 —2;26;-#45

~ L z=-3a-2b _ L
T =—4a +2b r=—3a—2b

11.Vectors 5




Components of vectors

F

TARGET To understand how to calculate and draw vectors on a coordinate plane.

STUDY GUIDE

Component expression of vectors
On a plane with a coordinate system whose origin is O, we have 2 points

E: (1,0) and E2(0, 1) on the xaxis and ¥ axis. For this, there are 2 vectors

e1 = OE e

then its coordinates are (@ and @z), which are expressed as OA = a1e1 + @€ .
These ax and az are respectively called the & component and ¥ component of

O—A , which is expressed as (ﬁ = (@1, a:) . The method for showing this is called

R

the component expression of OA .

Operations using components

Given a = (a1,a2),b

= OE,, called fundamental vectors. If we take an arbitrary point A,

_)y ____________________ _A__(al,az
a2 €2
e = (0,1
Es H
e =(1,0) |
oF——> %
Ex a e

= (b1, b2) . We can express sums, differences, equality, and real multiples as shown below.

I

1)

+ (bla b2) -
— (b1, b2) = (@

Adding a+b= (al,az)

—

Subtractmg a—b= (a1, a2)
Equality a, = b — (a1,a:) =

kCL = k(aq,az) = (kal,kaz)

\Real multiples

(a: + bi,a: + b,)
— b1, a:

(bl, bz) — a = bl,az =b,

— b)

(kis areal number))

Adding Subtracting Real multiples
YA - = Y4 YA
a2 + b2 a—+ b e
a2 [0 e — — kaa """""""""" ka
a a—b>b :
a2 STLRRLTY :
b2 - b? """"" . g a . '
_O a b ! i 0] a b i’ 0) a1 ka :;E
a: + bl

Components and magnitudes

Given a = (a1,a2) . The following shows the magnitude of the vector whose components have been expressed.

|CL |: \/af12 + a22

11. Vectors
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EAENCIOE

@ On a coordinate plane with an origin O, take 2 points A(4, 1) and B(—2, 3). Ya .
Given Zi = (TA:,B = @ solve thf folloviing problems. B(-2.3) a-t b B
(1) Expressthe components of @ and b . b
From A (4,1) and B (—2, 3), we get 4= OA = (4,1),5 —OB= (-2,3). b a :_' K A(4,1) .
0 a T

—

(2) Express the components of Zi+z§,5 -b.
a+b=4—-21+3)=(24),a-b=4+21-3)=(6-2)

(3) Find the magnitudes of aand b.

lal=# +17 = 17,10 1= (=27 + 3 =13

PRACTICE
@ On a coordinate plane with an origin O, take 3 points A (2,4), B (—3, —1), and Yr A(2,4)
C (3,—3).Given a= O_A',E = @,E = 0C, solve the following problems. BN o
(1) Express the components of Zi, l;,and c. a+ I_). a\C—a
From A (2,4),B (=3, —1),C (3, —3), we get b —+—
- - 7 —_ - - C
a=0A=(2,4),b=0B=(—3,-1),c =0C=(3,-3). B(-3-1)
- Py - b—c B
— (274)7b — (_39_1)76 — (37_3) C(3,73)

- = —

a+b=(2—34—1)=(—13)
):

=(—3—-3,—1+3)=(—6,2)

(3) Find the magnitudes of a, b ,and c.
lal=+2 +4° =25
b= (=) +(—1y
lel= 3" + (=37 =32

é‘

la|=2v5,]b|= 10, c|= 3V2

11.Vectors 7



Vector operations with componentS/

TARGET To understand how to calculate vectors on a coordinate plane.

STUDY GUIDE

Operations using components

Given a = (a1,a2),b = (b, b2) . Use the following relations to calculate using components of vectors.

( )

Adding ZI: + I; = (a1, a:) + (b, b:) = (a1 + bi,a: + b,)
Subtracting a — b= (al, a2) - (bl,bz) = (a1 - b1,a2 — bz)

| Real multiples ka = k(a.,a:) = (ka,ka:) (kisareal number) |

ERERGIS]

L

@ Givena= (2,—5),5 = (—2,1), solve the following problems. . y1
(1) Express the components of a+2b. le) T
a+2b=(2,-5)+2(-21) s 2 >
—(2-4,-5+2) oL -
=(~2,-3) a+2b=(—2,-3) R
o a+2b =
(2) Find the magnitude of @ + 20 . 5N
la+2b| = (~27 + (-3
—J13 - -
la+2b|=+13
PRACTICE

@ Givena= (1, 4),5 = (—3,2), solve the following problems.

(1) Express the components of 2 —b.

20 — b = 2(1,4) — (—3,2)
=(2+3,8—2)
= (5,6) I

(2) Find the magnitude of 2 —b.
|2a — b| =5 + 6’
=61

|2a — b |=/61

11.Vectors 8



EXTRA Info.

On the scientific calculator, use the Vector function to check basic operations.

In this section, we study elementary ways of using Vector, the vector operation function on the scientific calculator by

calculating problems involving the components of vectors.

Vector: With this function, you can systematically do a variety of vector operations by recording vector components in the

variable memory of the scientific calculator.

The purpose of this chapter is to approach the academic reasoning diversely by combining basic mathematic studies with

vector operations using the Vector function.

EAENCIOE

B
5388
8388

= @ Givena =(3,—4)and b

(*)Register the components of a and b respectively in the scientific calculator.

Press @), select [Vector], press

Register a =(3,—4).

=(—5,12), solve the following questions by using the Vector function of the scientific calculator.

X¥0 zglle
[nequality Complex  Base-W
(88 0:0
hdatrix Ratio

Press €, select [VctAl, press @), select [Dimensions], press @), select [2 Dimensions), press @), select [Confirm), press

2 Dimensions

Vector Dimension?

VctB:None 3 Dimensions Dimensions :2 »
Press [TOOLS]| |VctC:None
to define Vector.| [VctD:None
In the displayed screen, input the £ component and the ¢y component respectively. D
o]
OOOCD@®E | =l
-4

Register l;

=(—5,12).

Press €, select [VctB], press @), select [Dimensions], press @), select [2 Dimensions], press @), select [Confirm], press

Vcth:2 2 Dimensions Vector Dimension?
VctB:None 3 Dimensions Dimensions :2 »
Press [TOOLS] [VetC:None
to define Vector.| |VctD:None
In the displayed screen, input the £ component and the ¢y component respectively. P

-5

CE@DQE®E | lmml
12

(1) Express the components of a+banda—b.

Calculate the components of @ +b .

Press @), select [Vector], press @), select [VetAl, press @, @, @), select [Vector], press @), select [VetB], press @), €@

o] o)
Vector Calc =| VctAt+VctB PRI
Func Analysis A RYVcthA i
Probability »| [VctB
Numeric Calc =| |VctC -2
- — 7 o] o)
Calculate the componentsof @ — b . VetA—VcotE 'v'ctfms= |
@OOBRO@BOVO®E 1o
8
a+b=(—2,8),a—b=(8-16)

11.Vectors 9



—

(2) Express the components of 2@ and —b .

Calculate the components of 2a . 2V|::th vetonss ’
PEBO®® (=]
B
Calculate the components of -b . —Vl::th vetonss
LT (=]
9

—

20 = (6,—8),—b = (5,—12)

(3) Find the magnitudes of @ and b

Calculate the value of |a |.

Press @9, @, select [Numeric Calc], press @®), select [Absolute Value], press @), QITIOIZ)

o]
Vector Al Absolute Value Abs{VctA>

Func Analysis »| [Round Off 5
Probability >
Calculate the value of \B\. Abs(m\h::tn)
POUOORBEOB®OOB®O® |aps(vern)
13
la|=5,b|=13

—

(4) Express the components of the unit vector of @ .

Press &%), @), select [Vector], press @), select [Vector Calc], press @®), select [Unit Vector], press @), QIO

o] o)
Vector Calc Bl Dot Product UnitV{vctal pEEEE
VctéA Cross Product [
VctB Angle
VctC 0.6
3 4
5 5

11.Vectors 10



PRACTICE

—

000
oaas|
8328|
Sass)

(*)Register the components of @ and b respectively in the scientific calculator.

@ Given @ =(—4,—6) and b =(8, 18) solve the following questions by using the Vector function of the scientific calculator.

Register @ =(—4, —6). D
O@®O®@e@ [JctB:Nane L]
VctC:None
VctD:None -b
Re@ﬁer5=%&18) VetA: 2 P
OUBBRE EBOEBE e
VctD:None 18
(1) Express the components of 2q + b and %B —a.
Calculate the components of 2a + b. IVt AHVC B Ve tans
Q@WOV®D@®WOO® W .
1]

—

]_ —
Calculate the componentsof —b—a.

® OOQ@AVOVBO@®O®E

o]
1142VctB-VYctA

Vot Ans=
13

—

2a + b

—

(0,6),

(2) Hndthernagnhudesof25—+5 and %g—fa.

Calculate the value of | 2a + b |.

® @VOOVHOEHV®DE@®OO®O @

—_ —

1b—a.
2

Calculate the value of

@OVOBR®OEOP@B®OVOV®O@®OV®O

| 2a + b|=6,

—

1—»
“b—a=(815
,b—a=(19

o
Abs (2VctAt+VctB)

[
B
Abs{112VctB-VctA)
17

1—» —_
—b—a| =17
2
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Deformation of vectors /

TARGET To understand how to deform vectors by considering the sums and differences of vectors.

STUDY GUIDE

Deformation of vectors

Use the following relations, to deform vectors.

( )

Adding AC+ CB = AB (Combined)
Subtracting AB = CB — CA (Divided)

Negative direction AB =—BA (Starting point and end point are switched)

\Null vector AA =0 (Starting pointand end point are the same)

Adding Subtracting Negative direction
C C
. . AB >
AC CB CA CB A P
BA _
A — B A — B =y .
AB AB BA
EXERGISE
@ In the diagram on the right, the quadrangle ABCD is a square with a point O at the A b D
intersection of the diagonals AC and BD. Given AB = a,AD = b,CD = ¢, solve the
following problems. a Z
BY C
(1) What vector is formed by Ei +B ? Draw it on the right. A D
BC=AD=0
a+b=AB+BC=AC 0
B C
(2) Show ﬁ in the diagram on the right as a,l;. A
BD=BA+AD=-AB+AD=-a+b=b-a
0)
b—a B C

(3) What vector is formed by a+c?
From @Zﬁ,weget 5+E=E+(}T}=E+ﬁ=ﬁ:6.
Null vectors

11.Vectors 12



PRACTICE

@ In the diagram on the right, the hexagon ABCDEF has a point O at the intersection of

-

a b
the diagonals. Given E = E,E = b, solve the following problem:s. B F
O
C E

(1) What vector is formed by a +b 2 Draw it on the right.

a+b=AB+BO=A0

BO—AF = b B

(2) What vector is formed by @ —b ? Draw it on the right.

B —

A=
—b=AB+FA =FA +AB=FB

B —

F
a

(3) Show AE in the diagram as 5,5.

AE=AB+BO+OE=a+b+b=a+2b B

(4) Show DA inthe diagram as E,B.

DA = DC+CO+OB+BA = —

_AF = —b B
0
c

11.Vectors 13



T
Parallel vector conditions /
To understand parallel vectors.

STUDY GUIDE

Parallel vectors Same direction Opposite direction

When 2 vectors, @ and b, that are not 0, have the same directions or
opposite directions, we say that @ and b are parallel, and we write it as
a /| b . From the definition of parallel vectors and the definition of real a b a b

multiples, we can say the following.

Whena = 0,b =0,

— — —

wegeta // b < a = kb, in which there exists the real number k.

Component expression of parallel vectors

When a = 0,b = 0,a = (a1,a2),b = (b, b2), we can say the following about parallel vectors.

[We geta /| b < (a,a,) = k(b;,,),in which there exists the real number k.]

RERCIS|

i
L1
1

When | a |= 3, use a to show a vector with magnitude 1 that is parallel to a .

1- -
We find 2 vectors, a vector with the same direction ga and a vector with the opposite lal=3
1 —
direction —ga. / /
1 — 1 —
—a,——a
3 3

Determine a value for 2 such that the 2 vectors @ = (x +1,2x — 3) and b= (2,3) are parallel.

From a /] I;,vve get a=kb .in which there exists the real number £
r+1=2k

From (2 +1,22 —3) = k(2,3) , weget |, _ 5 _ 4.

By solving these simultaneous equations, we get =9 and k=5.

11.Vectors 14



PRACTICE

When | a =2, use a to show a vector with magnitude 5 that is parallel to @ .

. . . -, 1= 1-
A vector with magnitude 1 that is parallel to a is Ea and —Ea,.

5 - 5—
Therefore, the vectors we find are E a and — 5 a.

In the diagram on the right, AB=6, BC=8, and £B=90° in the right triangle ABC,
such that FC = E .Now, use € to show the direction is the same as ¢ and the

magnitude of the vector has a magnitude of 1.

From the Pythagorean theorem, we get | ¢ |= AC = 1/6° + 8°> = 10.

1 —
Therefore, the vector we find is ﬁ c= E c.
C

Determine a value for & such that the 2 vectors c_i = (=3x +1,2x —2) and l; = (2,—1) are parallel.

From a // b, we get a = kb, in which there exists the real number .

—3xr+1=2k

From (—3x + 1,2 — 2) = k(2,—1), we get {233_ 9= —k °

By solving these simultaneous equations, we get =3 and k—=-4.

Determine a value for z such that the 2 vectors @ = (2z,8) and b= (4,2) are parallel.

From a // b, we get a = kb, in which there exists the real number .

2x = 4k

From (2x,8) = k(4,x), we get {8 — kr

1
From 2x=4k, we get k = 5T for which we substitute 8=kx.

1
S:sz,af =16, = +4

-y 5 —
—a,——a
2
A
¢
6
B¥8 C
i—v
10
=3
=14
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Vector resolution - /
To understand how to resolve vectors.

STUDY GUIDE

Vector resolution
When we have 2 vectors @ = 0,b = O,aﬂb on a plane, then an arbitrary

vector P is expressed in a way using real numbers sand ¢ as follows.

( )

—

p:s;+tl;

And,sa+tb=s'a+t'b < s=st=1t

\Speciﬁcally, sa+th=0 < s=1t=0

J
Component expression for vector resolution
When we have 2 vectors @ = (Ch,(lz),g = (b1,b2), such that a= 6,5 = 6, EME v
then an arbitrary vector E = (x,y) is expressed only 1 way using real numbers sand
t as follows. ;
th a
(z,y) = s(a,,a,) + t(by, b,) b o *,
(@) x
EXERCISE

In the diagram on the right, the parallelogram ABCD has midpoints M and N on sides

—

BC and CD; and when E = E,E = [;,vve can use (_J: and B to express m, AN.

—

—_— —_ —_— —_— 1__. ]__.
AM=AB+BM=AB+5AD=a+Eb

_ — — — 1 — 1= =
ANZAD-FDN:AD—FEAB:EG-FZ)

Given a = (4,—3)75 =(1,1). Use a and b to show p=(10,—11) .
Let p = sa +tb (sand ¢being real numbers).

10=4s+1

From (10,—11) = s(4,—3) + £(1,1), we get 1= —3s4¢
By solving these simultaneous equations, we get s=3 and t=—2.

Therefore, we get ; —30a-2b. —

p=3a—2b

11.Vectors 16



PRACTICE

In the diagram on the right, AOAB has sides OA and OB with midpoints M and N, 0O
such that O—A' = 5,0—13) = Z; Now, use 8 and 5 to show the following vectors.

(1) AN aM N b

—_ —_

AN=AO+ON=—OA+%O_]§=—0,+%b

(2) NM

1—) — —_

1— 1 1
NM=NO+OM=——-0B+—_-0A=——-b+—_-a=
2 2 2 2

Solve the following problems.
(1) Given a =(1,—-2),b =(2,—1) . Use a and b to show p=(-5-2).

Let p = sa + tb (sand t being real numbers).

—5=s8+4+2t

From (—5,—2) = s(1,—2) + £(2,—1), we get {_2 — g ¢

By solving these simultaneous equations, we get s=3 and t=—4. _ . .

Therefore, we get p = 3a — 4b. p=3a—4b
(2) Given @ =(5,2),b=(~2,4).Use a and b toshow p = (1,2).

Let p = sa + tb (sand t being real numbers).

1=58—2t

From (1,2) = 5(5,2) + £(—2,4), we get {2 =2s+4t’

. . . 1
By solving these simultaneous equations, we get s = 3 t=—.

— —

Therefore,weget;):%a+§b. ;:_a_|__b

11.Vectors 17



Inner products of vectors -
To understand the inner product of vectors.

STUDY GUIDE

Inner products of vectors B
Decide on 1 point O, then, given a= Oj,g = OTé,vvhen taking the points A and B,
the angle formed by OA and OB isan angle 6, such that 0°<#<180°, which we call

St
S

—_ =

the angle formed by vectors a,b. / 0

ISH)
=

When given an angle, 0, formed by 2 vectors Zi and I;,vvhich are not 6,the product of O

Y.V

S|

lallb| cos@ is called the inner product of 5 and g,and expressed as a -E.When

—

a =0 or b =0, we can determine that the inner productof @ and b is ¢-b = 0.

a-b=|a||b| cos@

Component expression of the inner products of vectors
When the components of 2 vectors a and b are expressed as @ = (a1,a2),b = (b1,b2), the inner product of a and b

can be expressed by using the components as follows.

a-b= a1b1+a2b2

B
e ;
Given a = OA,b = OB, we get ZAOB=0.
From the cosine formula, AB?> = OA*>+ OB*—2-0A-0OB-cosf ...we derive (i). 0 A
Now, from a = (a1,a2),b = (b, b:), we get 0 a

AB* =lb—al’= b —a)’ + (b —a2), 0A* =|OA I’=]a = a:* + 0, OB =| OB [*=|b "= b* + b*.
And, from OA-OB-cosf = a- b, we can substitute this for (i), to get
b —a )+ (b —a2) =a’+a’ + b+ b° — 2(_1: . 5

Rearranging this leads us to @ -b = ai1bi+ a2b> .

AEREIS]

an
|1
nn

[1]  Let the angle formed by a and b, which are |a |= 2,1 bl= 5, be 0. Find the values of the inner product of @ -b when

the magnitude of @ is as follows.

(1) 30°

L Ny

a-b=lallbl cos30 =2'5~7=5\/§ 5\/5
(2) 90°

a-b=lallbl cos90” =2.5.0=0 0
(3) 135°

L O Ny

a-b=lallblcos13s —2-5-[—7 =52 52
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-

When a = (2,—6),5 =(7,3), find the value of a-b.

—

a-b=2-7+(-6)-3=—4 —4

PRACTICE

Solve the following problems.
(1) Find the value of the inner product of 55 when |&|: \/g, \ B |= 2\/5 and the angle formed by E and 5 is 60°.

—

- = 1
a'b=|a||b|c0560°=\/5-2\/5-523

(2) Find the value of the inner product of a-b when |a|= 3,1 b|=2 and the angle formed by a and b is 150°.

- = -7 3
a-b=|al||b]|cos150° =3.2. —%]z—&/g

~3J3

Solve the following problems.
(1) Find the value of a-b when a = (-3, 7),6 =(4,2).

a-b=—-3.4+7-2=2

(2) Find the value of a-b when a = (6,—5),5 =(—4,3).
a-b=6-(—4)+(—5)-3=-39

—39
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Calculating angles formed by vectors/// |

TARGET To understand how to use the inner product of vectors to find the angle formed by vectors.

STUDY GUIDE

How to find the angle formed by vectors

When the angle formed by 2 vectors a and b is 0, the definition of the inner product leads us to the following formula.

a-b
cos@ = ————
allb

EXEREISE

@ Find the angle 6 (0°<0<180°) formed by @ and b when |E|= 3, b |= 4,35 — 643 .

ab 63 3
COSGZT:_:_
lallb] 34 2

Since 0°<0<180°, we get #=30°.

PRACTICE

Find the angle 8 (0°<60<180°) formed by a and b when |al= 4,1 bl= 5,5 b=—-10v2 .

ab i A2
lallb]  4°3 2
Since 0°<60<180°, we get 0=135°.

cosf =

Solve the following problems with regards to @ = (3,1),b =

- -

(1) Findthevalueof a-b.

a-b=+3.(— 3 =—23

(2) Find the angle 6 (0°<#<180°) formed by aandb.

lal= (W3 +1* =2,|bl= (=3 + (/3 )
cos @ = a-b 2_2\/32—1
lallb] 2-243 2

Since 0°<60<180°, we get 0=120°.

(-3,43).

23,

ao

b

~2/3

30°

135°

—2J/3

120°
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EXTRA Info.

On the scientific calculator, use the Vector function to do calculations related to the inner
products and angles formed by vectors.

@ Solve the following problems with regards to a =(—1,3) and b =(1,2).
(1) Find the value of a-b.

a-b=-1.143-2=5 5
(2) Find the angle 6 (0°<0<180°) formed by @ and b .
lal=J(—1? +32 =10, 1b1=V1* +2* =\5,a-b=5
a-b 5 1 "2
COSQ = — — = = — = —
lallbl V1045 N2 2
Since 0°<f<180°, we get H=45". 45°
Press @), select [Vector], press oD g0t
[nequality Complex  Base-N
[28 0:0
hdatrix Ratio
Register 5 :(—1, 3) [ "
-1
OD @G @@ [VctB:None [ s ]
VctC:None
VctD:None 3
H 7 — o]
Register b =(1, 2). VCtA:2 . :
@OWW®Wo @6 6 e : —
VctC:None
VctD:None 2
(1) Calculate the value of a-b.
Press M@, @), select [Vector], press @), select [Vector Calc], press @), select [Dot Product], press @8,
OIITIE
[ o]
Vector Calc +|MDot Product Vcth- VctA-VctB
Vcta Cross Product 3
VYctB Angle
VctC Unit Vector
(2) Setthe angle display to Degree.
Press @), select [Calc Settings], press @), select [Angle Unit), press @), select [Degree], press @,
Input/Output -
System Settings »| EIEATEENIGER: Bl [CRadian
Reset = | [Number Format = | [oGradian
Get Started »| Engineer Symbol »
Calculate the angle @ formed by @ and b.
Press @), select [Vector], press @), select [Vector Calc], press @), select [Angle], press @), QITIOIO)
OIVITIONE
[ o]
Dot Product Angle( Angle{¥YctA, YctB>
Cross Product 45
Unit Vector
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PRACTICE

Solve the following problems with regards to @ = (0,—5),b = (=3, —\/g).
(1) Find the value of a-b.

—

—

a-b=0-(—3)—5-(—3) =53

(2) Find the angle 8 (0°<0<180°) formed by @ and b .

lal= 0 +(=5) = 5,1bl= (—3)" +(—V3
a-b _ 53 1
lallb] 5-2J3 2
Since 0°<0<180°, we get 0=60°
Register a= (0,—5).

—2V3,a-b

cos B =

OISO T

Registergz(—?’,—\/g).
EORBBE® COO@O®R O 6@

—_ =

Calculate and verify the valueof a - b.

(1)

5v/3

5v/3

60°
o]
Yo tA= 0
[1]
-5
o]
Yo tB= 3
[m]
-1.732050808

@WOVH@®WW®WE@ WO O
CISIOI0IOIOLT

o] o)
VctA+VctB VctA+-VctB
8.660254038 8.660254038
Ans—5¥ {3} .

(2) Calculate the angle 0 formed by aandb.

@WXOVR®@B®OBB®O@B®OV®O @

o]
Angle{VYcthA, YctB?
60
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Find a vector b with a magnitude of 96 such that @ =(1, 1) forms an angle of 30°.

/ql:>b‘/1/\/C:[;[) 4______-_____________.----I----------.._»
- — e ______

Given b = (2,), then from | b |= 2V6 , we get :,y
b’=24=> 2 +y* =24 .. B

Also, the angle formed by @ = (1,1) and b = (, ) is 30°,

so that

a5 =lallblcoste = 1ot iy = 2206 L2
=y=6—z ..2

By substituting 2) into (1, we get
T*+(6— ) =24 = &’ — 6T+ 6 = 0, therefore = 3 + /3
From @, weget y = 6—(3+3)=3F3

31\/5 3:|:\f

Therefore (z,y)

b (3 & \/E 3F \/_ ) (double sign same order)

Register a = (1,1),
@6 @ 6 6
Register8=(3+\/§,3—\/§).
EHOWBBE AOHE@OO@RAO®R® O ® @
Register2=(3—\/§,3+\/§)-

Sl T EOICICISIO HOICICIOIO) T

Calculate the angle O formed by ; and B

ClN QI TICIIVICIOIOICI TV TIOL T

Calculate the angle O formed by ; and E

@RXOVR@B®OB®O®OO@B®OOVO®O

]

o]
VCt[E’:A. 732]
=T

1.267949182

e t'['::1= 2;‘?9]
e

4.732050808

o]
Angle{VctA. VctB?
30

o]
Angle{Vcth, VctC)
30
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Perpendicular vector conditions /
To understand perpendicular vector conditions.

STUDY GUIDE

Perpendicular vector conditions
Regarding 2 vectors @ = (a1,a2),b = (b1, b2) that are not 6,vvher1 the angle formed by 5 and 5 is 90°, then &' and 5

are said to be perpendicular, and are expressed as a | b.When a and b are perpendicular, the following holds.

(615 = a-h=0 = abtab=0]

If 5 and B are perpendicular, then the angle formed by 5 and 3 is 90°.

Therefore, because co890°=0,we get a-b =|a || b|cos90° =0.

So, the inner product from the components is expressed as @ - b = @ibi + a=b:, giving us @1b1+ a:b> =0 .

2AENCISE

@  Ofthe 3 vectors @ = (4,—3),b = (2,1),¢ = (3,4) , find the 2 vectors that are perpendicular to each other, and show it

by using the“L"symbol.

=2-3+1-4=10=0
c-a=3-4+4-(-3)=0

—

Therefore, we get E La.

b=4.2-3.1=5=0
¢

cla

PRACTICE

@ Ofthe 3 vectors @ = (1,4),b = (6,—2),¢c = (2,6), find the 2 vectors that are perpendicular to each other, and show it
by using the“L"symbol.

a-b=1-6+4.-(—2)=—2=0
c=6-2—2-6=0

I~ )

c-a=2-1+6-4=26=0

Therefore, we get E 1 E
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How to find perpendicular vectors
To understand how to find perpendicular vectors by using perpendicular vector conditions.

STUDY GUIDE

How to find perpendicular vectors

—

From the following conditions, we can find perpendicular vectors for 2 vectors @ = (@1,a2),b = (b1,b2) that are not 0.

(a1t = a-b=0 = ab+ab=0]

RERCIS|

1
bl
L

Find a value for such that the 2 vectors @ = (z +1,—3),b = (2,2 — 1) are perpendicular.
From a J_B,vveget a-b=ab+ab=0,
Therefore, we get (£ +1)-2—3-(z—1) = 0.

Solving this gives us =5.

Find a vector b that is perpendicular to @ = (3,—4) with a magnitude of 5.
Given b = (z,y).

-7 -7 3
From a L b,weget a-b = aibi+ a:b>= 0, and from 3o$*4~y:0,wegetyzzx (1)

And, from |5|=5,vveget |5|2=25,suchthat 4y =25 ..(i)

25
=25,Ex2=25, ' =16, = +4.

2

3
By assigning (i) to (ii), we get * + Zw

Assign this value to (i). When x=4 then y=3, and when x=—4 then y=—3.
Therefore, b = (4,3),(~4,~3)

Sl

= (4’ 3) ’ (_49 _3)
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PRACTICE

Find a value for z such that the 2 vectors @ = (—3,22 + 3),b = (:E, 1) are perpendicular.

Froma 1 b,wegeta-b=ab,+a.b,=0.
Therefore, weget —3.-x+ (2 +3)-1=0.
Solving this gives us x=3.

Find a vector l; that is perpendicular to 5 = (3,1) with a magnitude of \/E
Given b = (x,y).
Froma 1L b,wegeta-b=a,b,+a,b,=0,andfrom3-x+1.y =0, we get
y=-3x ...(i)
And, from | b |= J10, we get | b ’=10, such that 2> + ¢y’ =10 ...(ii)
By assigning (i) to (ii), we get ° + (—3x)* =10,102* =10, ° = 1, = *1.
Assign this value to (i). When =1 then y=—3, and when x=—1 then y=3.
Therefore, b = (1,—3),(—1,3) -
b= (19_3)7(_133)

Find a unit vector l; that is perpendicular to 5 = (1,1). Note that, a unit vector is a vector with a magnitude of 1.
Given b = (x,y).
Froma L b,wegeta-b=a,b,+a,b,=0,andfrom1.x+1-y =0, we get

y=—x ..(i) B
And, from |b|=1,weget |b[’=1,suchthat 2* + ¢’ =1 ...

~~

ii)

By assigning (i) to (ii), we get * + (—x)* = 1,22’ =1, 2= —,x =

J2

2 2
Assign this value to (i). When « = Y then y = — and when = -y then

/2

O

Therefore,

= (V2 V2| V2 V2
b‘[?‘?]’[ ?7]

b

(2 V2| V2
2 2
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e A
~___—Properties of inner products =~

TARGET To understand various calculation methods that use the properties of inner products.

==~y

The following properties hold for the inner product of 2 vectors a and b .This can be considered in the same way as

STUDY GUIDE

Properties of inner products

calculating the product of a literal expression.

Commutative law

.(kb) = k(a - b) Associative law

—

.b+ a-c Distributive law

=a
a
Magnitude of vectors

| a |2 +2a- b+ | b |> Magnitude of the sum of vectors

J

EXEREISE

@  When |Zi|= 2,|5|= 3,3-5 =1, find the following values.

1) (a+0b)(a+2b)
=la* +3a-b+2|b]’
=22 +3-1+2-3
=95

PRACTICE

(2) la—bl
la—bl’=lal’—2a-b+|b*
=2"—2.1+3
=11

From |a—5|20,vveget|a—5|=\/ﬁ.
25

Ji

@  When IZi =1, b |=2, |25 +b |= N3 , find the following values.

1) a-b

(2) (2a+b)-(a+2b)

12a+b|=2v3 (2a+b) - (a + 2b)
|2Ei+5|2:12 —2a-a+2a-2b+b-a+b-2b
4lal*+4a-b+|b[=12 =2]al’ +5a-b+2 b’
4.1+ 4a-b +4 =12 =2-1+5-1+2-4
a-b=1 =1

15
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Position vectors, and internal dividing points and external dividing points

~

\\l

/

\

TARGET To understand position vectors of internal dividing points and external dividing points.

STUDY GUIDE

Position vectors

—_—

When a point O is fixed on a plane, the position of a point P on the same plane can be expressed as a vector OP = p.

When doing this, we say p is the position vector of point P, which has the point O as a reference point. The position

vector of a point P is expressed as P(p ).

Position vectors of internal dividing points and external dividing points

For 2 points A(a)and B(b), where Pis a point internally dividing the line segment AB into m:n, and Q is the point

externally dividing the line segment AB into m:n, the respective position vectors p and ¢ are expressed as follows.

p
Internal dividing point

External dividing point (1m=n)
0

Position vectors of internal dividing points

. m  —
AP:AB=m:(m+n), such that AP = AB
m+n
— — m - —
Therefore, p —a = b—
P m +n( )
— m - m -
Thisgivesus p = |1— a b.
m+n m+n
B na +mb
m+n

Position vectors of external dividing points

When m>n
AQ:AB=m:(m—n), such that KCS = AB
m-—n

Therefore, Z] —a=" (5 - Zi)

m-—n

- m — m -
This gives us ¢ = [1 - a b.
m-—n m-—n
B —na +mb
m-—n

When m<n
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EAENCIOE

@  For2 points Ala)andB(b), express the respective position vectors a and b of the following points.

—

(1) Point P( p) internally dividing line segment AB by 3:2  (2) Point Q( & ) externally dividing line segment AB by 3:2

- na+mb - —na+mb

Assign the values m=3 and n=2t0 p = ———. Assign the values m=3 and n=2t0 ¢ = ———.
m+n m-n

- 2q+3) 2~ 3- - —2a+3b - -

p= —Za+2p g=——""=-2a+3b

3+2 5 5 9 — 3 - 3—2

—a+—_b -7
5 53 —2a + 3b

PRACTICE

For 2 points A(Zi ) and B(l; ), express the respective position vectors a and b of the following points.
(1) Point P( ]_5) internally dividing line segment AB by 5:2  (2) Point Q( 6 ) externally dividing line segment AB by 1:4

*_2a+5b_za+ig -
P="5e 7 7 9

For 3 points A(Zi ), B(g ), and C(E ), where a point P( E) internally divides line segment AB by 1:2, and a point Q( Z] )
externally divides a line segment AC by 2:1, solve the following problems.

(1) Use a, b,and ¢ toexpress the position vectors p and ¢ of points P and Q respectively.

2a+b _ 2- 17

p= =—a+—-b
p 1+2 3 3

- —a+2c — -
gq=——"—=—a+2c

2—1

-

(2) Use a, b,and ¢ to express the position vector 7 of the point R, which is externally dividing the line segment PQ

by 1:2.

=~ —2p+ - = (2= 17 o o T 27 -
T:M:2p—q:2—a+— —(—a+2c):1a+—b—2c
1—2 3 3 3 3

— — 2—» —
r:1a+—b—20
3 3
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EXTRA Info.

On the scientific calculator, use the Vector function to calculate the and y components
of the internal dividing point and external dividing point of the position vectors.
In this section, use the scientific calculator to calculate the £ and 4y components of the internal dividing point and external

dividing point to confirm that the formula holds from the positional relation on the coordinate plane.

EAERGISE

@  Given @ =(—6,8),b = (2,4), show the components of the following position vectors for the 2 points A(@ ) and B(D).

—

(1) Point P(P) internally dividing line segment AB by 1:3

. - na+mb
Assign the values m=1land n=3t0o p = ————

m+n
= 3a+b_3- b
= =—a+-=(-47
b 1+3 4 4 ( ) y
(_417) - A
~ QY)
(2) Point Q(4 ) externally dividing line segment AB by 1:3 3 A(a) ””””” 10
— — i .".. 777777777 . ’”8
= na+mb : Y DUPJ
Assign the values =1 and n=—3to @ = ;. 3 PO\ (j 7
m+n : NN e >
- 3a+b 3= b i P
=0Tl 20 (10,10
1= 5 73973 ( ) § L N
(—-10,10) -10 6-4 O 2~ x

Press @), select [Vector], press
Register & = (=6,8). e —

Yo bh=

O®®E ®E@ [VctB:None -

VctC:None
VctD:None 8

Re isterl;: 2,4). . .
9 (2,4) Vota:? vets=

@OWW®Wm @ 6@ 6 e [
VctC:None
VctD:None 4

Input the formula for the internal dividing point and external dividing point.

¢
OOOERORIDOOBUVOR®OEAO®EO®D®DD [

O]
EWI::tA+CV|::tB)+(C+

—

(1) Calculate the components of the point P(P).

Input the ratio values C=1 and D=3 - D
BOOBOO® O [ (==
E=0
=0
§=n -4
(2) Calculate the components of the point Q( 4 ).
Input the ratio values C=1 and D=-3 - Beil D
® @VOBROR® O® =7 1o
=0 =
z=0 -10
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PRACTICE

282

Sass)
—

(1) Point P( P) internally dividing line segment AB by 2:1

@  Given a = (12,3),b = (6,—9) , show the components of the following position vectors for the 2 points A(@ ) and B() ).

- - 7 Yy
Assign the values m=2and n=1to p = M. Y I - A(a)
m+n 68
a+2b 1~ 2 N 7
— a - - P
= = —aQa — b = 8, ) Y O N> -
P="51 —3%7 3 S (8,—5) =5 “YP(p)
(2) Point Q(‘;) externally dividing line segment AB by 2:1 - B(b)
Assign the values =2 and n=—1to a _ne+mb .
m+n
- o oh - _a¥o(a
q=:—+12b:—a+2b=(0,—21) Qlg)
B (01_21)
Register a = (127 3) . V“F II12]
DO ®E e e
3
Register b = (6,—9), i ; ;
© ©WOO® e | =
-9
Input the formula for the internal dividing point and external dividing point.
OOO@WOVHD®O@B®OOVBORO®ODB®DOO

(1) Calculate the components of the

O]
E?VCtA+CVCtB)+{C+

point P( Yy ). Efg vetanss.
OREBONE O@ [z  \H—r
2= 8
(2) Calculate the components of the
pOint Q( q )' an |j \-'ct,r—‘ms=m
® BO0EO0NE O S|
2= 1]
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Position vectors of the midpoint and center of gravity

TARGET To understand position vectors of the midpoint and center of gravity.

STUDY GUIDE

Position vectors of the midpoint

For 2 points A(a ) and B( b ), given the midpoint M of

li e AB i iti
theline s ent , we can express Its position vector
9 > | E

E as shown on the right. m

) ) o - nE—F mg ) ) - )
This can be derived by assigning =1 and n=1 to the formula p = T for finding an internal dividing point.

Position vectors of the center of gravity
For 3 points A( a ), B( b ), and C( ¢ ) at the vertices of
the triangle AABC, we can express the position vector

g of the center of gravity G as shown on the right.

In the diagram on the right, from AG:GM=2:1, we get

1- 22— 1- 21y 1~ 1- 12 1~
—at+—-m=—a+-|-bt-c|l=-a+t-b+—c
2+1 3 3 3 312 2 3 3 3

For 3 points A(a ), B(l; ), and C(E ), where a point P( 5) internally divides line segment AB by 1:2, and a point Q( (})

externally divides a line segment AC by 2:1, use @, b,and ¢ to express the position vector m of midpoint M of line

segment PQ.
~ 2a+4b 2~ 17~ —-a+2 — -
p= =—a+—-bg= =-a+2c
1+2 3 3 2—1
— p4q 1(2~ 17 - ) 1- 17 -
m=L"9_ |2 S —g+2|=——a+—b+c
2 213 3 6 6
—_— 1—) — —
m=——a+—-b+c
6 6
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Given AABC with sides AB, BC, and CA with respective midpoints of P, Q, and R, the center of gravity G: of
AABC and the center of gravity G2 of APQR are the same. This is proved in the following way. Fill in the blanks [ a ] to

[ e ] with the appropriate expression.
[Proof]

Given A(a),B(b),C(0),P(p),Q(q) R(r).

- - — -

By expressing p, ¢, and r respectively as 5, b, and ;:,vve get 52[ al, ¢=[b] and ;«:[ cl.

Here, the position vectors of the centers of gravity of AABC and APQR are g: and g2 respectively.

—

By expressing g1 as a.b,and c,we get ¢1=[d].

— N — 1

By expressing g2 as 5, b,and E,we get g2=[el=—([al+[b]+[c])=[d]

Therefore, because ; = ; , the center of gravity G1 of AABC and the center of gravity G2 of APQR are the same.

IR U O S s s S L R N _Ank
2 2 2 2 2 2 3 3
PRACTICE

For 3 points A(a ), B( b ),and C(E ), where the midpoint of line segment AB is P(B) and Q(Z]) externally divides

line segment BC by 3:2,use a, b,and ¢ to express the position vector m of midpoint M of line segment PQ.

—

- a-l—g 1= 17~ —254—32 7 -

D= =—a+-bg=—"""C=_2b+3c
2 2 2 3—2

m=PTd _ 2 g h—9b+3c|=-a—"b+oc
2 212 2 4 4 2

Given AABC with sides AB, BC, and CA, which are divided internally by 2:1 at P, Q, and R respectively, prove that

the center of gravity G1 of AABC and the center of gravity Gz of APQR are the same.
[Proof]

Given A(a),B(b),C(c),P(p),Q(q),R(r).
~ 1- 2>~ 1y 2-- 1- 2=
p=—a+—-bg=-b+—-c,r=—c+—-a

3 3 3 3 3 3

Here, the position vectors of the centers of gravity of AABC and

APQR are g1, g- respectively.

— a+b+c

"y

— +qg+r 11—~ 27 17 2~ 1~ 2-| a+b+c

92:%:— —a+—-b+-b+—-ct+—-ct+—-a|l=———"
3 313 3 3 3 3 3 3

Therefore, because g, = g., the center of gravity G, of AABC and
the center of gravity G, of APQR are the same.
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Conditions of figures /

TARGET To understand the conditions for 3 points to be on a straight line.

STUDY GUIDE

Parallel vector conditions

For 2 vectors, @ and b that are not 0, when a and b are parallel, then the following holds.

Whena = 0,b =0,

wegeta // b < a = kb, in which there exists the real number k.

Conditions for 3 points to be on a straight line
For 3 different points A, B, and C, when the 3 points A, B, and C are on a straight line, :d can be expressed as a real

multiple of AB.This condition is called a collinear condition.

( )
Given 3 points, A, B, and C, are on a straight line.

Weget— AC = kAB, in which there exists
 the real number k.

ENERGIS]

L

When @ = 25,@ = SB,O_R' = 4(3 — 35,then the 3 points P, Q, and R are on a straight line. This is proved in the
following way. Fill in the blanks [ a ] to [ e | with the appropriate term or expression. Provided that a = 6,5 = 6, a(@
[Proof]

PQ=0Q —[al=[b]
PR=[c]-[d]=[e]

Q

Therefore, because ﬁ =— ﬁé ,the 3 points P, Q, and R are on a straight line.

(a]...0P,[b]...3b—2a,[c]...OR,[d]...OP, [ ¢]...2a — 3b

For AOAB, when side OB has a midpoint P, and side OA is divided internally by 2:1 at point Q, and side AB is
divided externally by 1:2 at point R, then, that the 3 points P, Q, and R are on a straight line is proved in the following
way. Fill in the blanks [ a ] to [ e ] with the appropriate term or expression.

[Proof] 0
(E;Z%O_P; FQZ[&}, ﬁZ[b]
Therefore,vvegetITQ':OTQ'—FP:[C],E{ZE{.—@:[d]. Q P

This gives us,ﬁ =[e],sothe3 points P, @, and R are on a straight line. R £ B

2 — — 2 — 1— — 3 — —
[a]. 5 0A,[b]...20A— 0B, [c ... TOA—-OB,[d]...20A— 0B, [ c]...3PQ
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PRACTICE

Prove that when @ = 35,@ = —2?),& = 95 + 4?) , then the 3 points P, Q, and R are on a straight line. Provided
that Zz = 6,5 = 6,5%/\5
[Proof] R
PQ=0Q—0P=—ab—&z
PR = OR — OP = (9a + 4b) — 3a = 6a + 4b 0 >
Therefore, because PR = —2PQ, the 3 Q
points P, Q, and R are on a straight line.

For AOAB, when side OA is divided externally by 2:1 at point P, and side AB has a midpoint Q, and side OB is
divided internally by 2:1 at point R, prove that the 3 points P, Q, and R are on a straight line.

[Proof] 0
(W—JOAOQ——OA+16§6E——OB //AT>N<
Therefore, y Q b
Pszm4m:%6K+%&iaaK P%£>//f

3——» _
- 30A+1oB
2 2

PR=0R—0P=§0&4mA:—iE+§6§

N 4 —_—
This gives us, PR = 3 PQ, so the 3 points P, Q,and R areon a

straight line.
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Formula for the area of a triangle

TARGET To understand how to find the area of a triangle by using vectors.

STUDY GUIDE
Formula for vectors and the area of a triangle
Given the area of AOAB is S, and OA = (s, cm),OTé = (b1,b2) , we can derive the following formula. 0
e N 7
— 1 2 2 2
S =-+|0A|OB[* ~(0A-OB) 5
1
= — | G;1b2 — azbl |
2
. J
Given ZAOB=0.

1 . 1, — . . . . . ;
SZEOAOBsmG:E\OAIIOBISan <][sm29+(30829=1,81n9>0,sm0:\/1—00819]

e — 1 [ ==
=5|OAHOB|\/1—COSQ 25\/IOA|2|OB|2—|OA|2|OBI200329

| [ = 1 [ = o = T e
25\/|OA\2|OB\2—(|OA||OB|COSH)225\/IOA|2|OB|2—(OA-OB)2<] |0A||OB| cosf = OA -OB

§ =5 VIOAF|OBJ ~(OA- OB} = - la +aZ) (b7 +b) — (@b + )

1 1 1
= —\/(1121)22 - 2a1b1a2b2 + 61,22[)12 = —\/(a/1b2 - a2b1)2 = - | (hbz — Clzb1 |
2 2 2

EAEREIS]

1

For AOAB, when IO‘K |=5,] OB |= 2,0‘1&'-6% = 6, find the area S of AOAB.

L [ oonre ox omp L
SZE\/|OA\2|OB\2—(OA-OB)Z:Em:4

S=4
Given 3 points A(—1,1), B(1, —2), and C(3,2) are vertices, find the area S of AABC.
AB=(1+1-2-1)=(2-3),AC=(3+12-1) = (4,1)
1 1
S = 5 |a1b2—a/2b1|:5 |2~1—<_3)‘4|: 7
S=17
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PRACTICE

For AOAB, when |FA |=3,] OB |= 2,&7@ =2, find the area S'of AOAB.

L L OAIOR —(OA.OR 1
51 [0AFI0BF —(0A-0B) = 155 -7 23

Given 3 points A(5,3), B(2,4), and C(7, —1) are vertices, find the area S of AABC.

AB=(2—54—3)=(—3,1),AC = (T—5,—1—3) = (2,—4)

Sz%|a1b2—a,2b1|:§|(—3)-(—4)—1-2|:5

S=5
For AOAB, when |OA |= v/2,| OB |= v/6,] OA — OB |= 2, solve the following problems.
(1) Find the value of OA-OB.
|OA — OB |=2,|OA — OB = 4,| OA |* —20A - OB+ | OB [*= 4,
2—20A-OB +6 = 4,20A - OB = 4,0A - OB = 2
OA-OB =2

(2) Find the area S'of AOAB.

S=1J0A 0B ~(0A-0B) = Lae—2 =2

S =12
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Spatial vectors -

TARGET To understand how to express spatial vectors.

STUDY GUIDE

Spatial vector operations

Spatial vector operations are defined in the same was as planar vectors.

Solving spatial vectors
Given 4 points, O, A, B, and C that are not on the same plane, when OA = a,0B = b,0C = ¢, then all vectors p can

be expressed in 1 line using real numbers s, £, and .

—

p =sa+tb+uc

RERCIS|

nn
|11
L

@ Fora parallelepiped ABCD—EFGH, given KE = E,KB = B,KE = E,express
the following vectors by using (_1:, B,and 2
(1) BG

BG=AH=AD+DH=AD+AE =0+ ¢

(2) EC

EC=FEA+AB+BC=-c+a+b=a+b—c

SH
+
S
I
0!

PRACTICE

@  Fora parallelepiped ABCD—EFGH, given KE = E,KB = B,KE = E,express

-

the following vectors by using @, b, and c.

(1) HC

HC=EB=FEA+AB=—-c4+a=a—c

(2) HB

HB=HE+EA+AB=-b—c+a=a—-b—c

Q!
|

Sl
|

0l
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Spatial coordinates /

TARGET To understand how to express spatial coordinates.

STUDY GUIDE

Spatial coordinates

Z Z axis

As shown in the diagram on the right, 3 planes (xy plane, yz plane,
and zx plane) defined using 3 coordinate axes (x axis, i axis, and 2
axis) that are orthogonal to each other and share a fixed point O as an
origin are called coordinate planes. When coordinates @, b, and c are
on respective axes at points A, B, and C, such that A, B, and C are the

points where the 3 coordinate axes cross and are perpendicular planes

to each coordinate axis passing through a point P, then we say that a set
of 3 real numbers (q, b, and ¢) are the coordinates of the point P, and express it as P(a, b, ¢) . Furthermore, we say the
real numbers @, b, and care respectively the & coordinate, Y coordinate, and z coordinate, and that the space these

coordinates define is called a coordinate space.

Distance between 2 points in space
By using the following formula, we can find the distance between 2 points in relation to the coordinate origin O (0, 0, 0)
and 2 points A($1,y1,21),B($2,y2,22) .

(1) AB=(x, — &) +(y— u) + (2, — )
(2) OA =z’ +y’+2’°

RERCIS|

i
L1
1

@ Take 2 points A(1,3,2),B(2,1,—1) . Now, find the distance AB between the 2 points A and B.
AB= 217 +(1—-37 +(-1-2 =14

PRACTICE

@ Take 3 points A(—1,—1,1),B(2,—1,4),C(5,1,—2). Now, solve the following problems.
(1) Find the distance AB between the 2 points A and B.

AB=\/(2+1)2+(—1+1)2+(4—1)2 =32

AB =32

(2) Given vertices at 3 points A, B, and C, answer what kind of triangle AABC is.
BC=\(5—27 +(1+17+(—2—4) =7

CA=(—1—5)+(—1—1+1+27 =71
Therefore, it is an isosceles triangle for which BC=CA.
Isosceles triangle for which BC=CA
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Components of spatial vectors//

TARGET To understand the components of vectors in three-dimensional space.

STUDY GUIDE

Components of spatial vectors

As shown in the diagram on the right, for the spatial vector Zi ,when (a1,a2,as ) is the
coordinate of point A such that 5 = (TA , we say that the 3 real numbers @1, Q2,3
are respectively the & component, Yy component, and Zcomponent of E ,and the

component expression is @ = (@1,a2,as).

For 2 vectors Zi = (alﬂz,as),g = (b, b,b3) , we can say the following, which is the
same as in a plane.

( — - )
Equality a = b < a:="b,a,=0ba; =0b;

Magnitude | ;L = \/012 +a,’ + ay’

Adding a+b= (@1, az,as) + (b1, b2, b5) = (a1 + by, az + bs,as + bs)
Subtracting

a—b= (ai,az,as) — (b, b2, bs) = (a; — bi,az — b:,as — bs)

Real multiples  k(ai1,a:,a3) = (kai,kas,kas) (kis areal number)
\_ J

Components of spatial points and vectors
We can find the component expression of AB for the origin O and 2 points A(a1, a2, as),B(by, b2, bs) . Because
OA = (@1,a2,a3),0B = (b, by,bs) , we get AB = OB — OA = (b1, b, bs) — (a1, a2, as) = (b — a1, b — a,bs — as)

from which we derive the following formulas.

(1) E — (bl — al,bz — A2, b; — a3)
() |ABI= (b —a\) +(b: — a:)* + (bs — as)

EAEREISE

When @ = (2,1,—3),5 = (4,—2,1), solve the following problems.

(1) Express the components of 2 +b. (2) Find | a—b |
20 +b = 2(2,1,-3) + (4,-2,1) a—-b=(21-3)—(4-21)
=(4,2,—6) +(4,—2,1) =(2-41+2-3-1)
—(4442-2—6+1) — (—2,3,—4)
=(8,0,-5) la—bl=(—2F +3 + (4P
—_ —_ :\/2_9 —_ —_
2a+b = (8,0,—5) la—b|=+/29
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Given the 2 points A(5,—3,—4),B(2,—7,1), express the components of AB and find the magnitudes.
AB=(2—5-7+31+4) = (—3,—45)
[AB|= (=3F +(—4F +5 =52

AB = (—3,—4,5),| AB|=5v2

PRACTICE
When a = (—3,—572),5 = (—1,4,3), solve the following problems.
(1) Express the components of 30 —2b . (2) Find \25 +b |
3a—2b = 3(—3,—5, 2) — 2(—1, 4,3) 2a+b= 2(—3,—5,2) + (—1, 4,3)

(—9,—15, 6) + (2a_8a_6)
(—9+2,—15—8,6 —6)
(_77_23,0)

(_6, _10a 4) + (_15 4’ 3)
(—6—1,—10+4,4+3)
(_73_63 7)

|2a+b| —6)* + 17

3a — 2b = (—7,—23,0) j(;”z*(
134 B
120+ b |= 134

—

Given the 2 points A(1,6,—2),B(—3,5,2), express the components of AB and find the magnitudes.
AB = (—3 —1,5—6,2 +2) = (—4,—1,4)
|AB|= \J(—4)* + (—1)* + 4* = /33

AB = (—4,—1,4),| AB |= /33
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EXTRA Info.

On the scientific calculator, use the Vector function to calculate the magnitude and the
components of spatial vectors.

':' ® Given a = =(—5,2,1) and 52(—3,4,—2) solve the following questions.
(1) Calculate a a+2b.

—

2b = (-5.2,1) +2(~3,4,~2)
= (- 521) (—6,8,—4)
— (=5 —6,2+81—4)

= (—11,10,—3)

(—11,10,—3)

(2) Find [2a—b].

20— b =2(—52,1)— (—3,4,2)
= (—10,4,2) + (3,—4,2)
(—10+3,4—4,2+2)
(—17,0,4)

[2a —b|=+/(=7)* +0* + 4°

=65 65

Press @), select [Vector], press
Register a =(—5,2,1).
Press €, select [VctAl, press @), select [Dimensions], press @), select [3 Dimensions], press @), select [Confirm],

press @, © ® @ @ 6 D @ 6

2 Dimensions Vector Dimension?| [eté=
VYctB:None 3 Dimensions Dimensions :3 » [ 2]
vctC:None —
VctD:None 1
Registerg =(—3,4,—2). VetA:3 -_—
. -3
OVBBOBEB COBOBODEE® ]
VctD:None -2
I ; .
(1) Calculate the components of @ +2b . Vet A+2VetB e tanss
PEROBPOOBRVOB®@ [~ %]
-11
(2) Calculate and verify the value of [2a —b]|. Abg(EVcEt %E\'écztsﬂ7)7aa
@OVOVRBPO@AVRO@DBWOO® WO @ ’
o]
Abs{(2 VI:E‘I: ﬁb—s V2c2t557)7 e
WO@®OOO® |sng—v(Es> )
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PRACTICE

=X Given 52(2, —4,7) and I;Z(l, 5,—8), calculate 3@ +2b .

3a+2b=3(2,—4,7)+2(1,5,—8)
= (6,—12,21) + (2,10,—16)

=(6+2,—12+10,21 —16)
= (8?_2?5)
(89 _295)
Register ; - (2, —4, 7). vetas i
OBROR® QAODRD® ® | lmm
7
Register B = (1, 5,—8). e tB= m1
EOBABROR® VEOBROO@® |
-3
Calculate the components of 3; + 26 . Vet A+2VCLE wﬁg
@V BDO@WV©® [~
8

ea2 Given 2 points A(—4, 3, —5) and B(—9, —2, 1), express the components of AB and find its magnitude.
AB=(—9+4,—2—-3,1+5)=(—5,—5,6)
| AB|= \/(—5)" + (—5) + 6 = /86

AB = (—5,—5,6),| AB |= /86

A check
Register a= (—4,3,—5). et
OABROB® OO@OROE ®E® | ]
-5
Register B = (_9,_27 1) . e te m-s
OORROBA® OO@OCDEDEE | luml
1
Calculate and verify the value of | E | Abs (VCtB-VCtA)

I I I IS IC I IO IO 9. 273618495

L
Abs{VctB-VctA}

O@® ® Q)@ |ans—ycsgs’ 3018495

0
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Internal dividing points and external dividing p/oirl/t;

TARGET To understand position vectors of internal dividing points and external dividing points in three-dimensional space.

STUDY GUIDE

Position vectors of internal dividing points and external dividing points

To define an origin poirrt O in space for the position of an arbitrary point P is the same as in a plane, take a point O as the
reference for OP P, and define the position vector p for point P, and express i itasP (p)

The following holds both when in space and in a plane. For 2 points A( ) and B(b ), let P( p) be the point at which
the line segment AB is internally divided by m:n, and let Q( ¢ q ) be the point at which the line segment ABis extemally
divided by m:n, such that the midpoint of line segment AB is 1\/_['( m ). Furthermore, for 3 points A(a ), B( b ),and C(¢)
at the vertices of the triangle AABC, the center of gravity is G( g ).

( _— — — )
(1) AB=b—a . .
- , ~  na+mb
(2) Internal dividing point p = ———
m + n
- . - _na+mb
(3) External dividing point ¢q =
L — a+b .~ a+b+c
(4) Midpoint m = —— (5) Centerofgravity g = ———
\_ 2 3 J
Internal dividing point External dividing point Center of gravity
O
A C
B
EXERCISE
@ For the tetrahedron OABC on the right, the midpoints on sides AB and OC are P 0]
and Q respectively, side BC is drvrded mternally by 2 1 at point R and APQR hasa
centerofgravrtyG Given OA = a OB b OC = c express OG by using a, b Q
and c.
OP=2a+—b A C
22 e
. PR
0oQ=—c
2 B
oR -2t _1p, 2
241 3 3
— 11— 1= 11— - 1) 11} 1l 20 1= 55 T~
OGZLOP+10Q+10R=lla+ bl+—|=c|l+—|zb+—c|=—= TN S,
3 3 3 312 302 303 3 6 18 18
0OG=—a+—-b+—c
6 18 18
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PRACTICE

For the tetrahedron OABC on the right, side AB is divided internally by 3:1 at 0]
point P, the midpoint on side BC is Q, side OC is divided internally by 2:1 at point
R, and APQR has a center of gravity G. Given O_A = 5,(73' = 5,@ = E , express

the following vectors by using 5, B,and 2 R
(1) OP A c
—  a+3b 1- 37
OoP = =—a+-—b R @
3+1 4 4 B
—_— 1—» —
OP=—a+—b
(2) oc
— bte 17 1-
0Q = =—b+—c
Z 2 2
- 2C 2~
OR = =—cC
2+1 3
— 1= 11— 1 111~ 3~ 1117 1~ 112~
0G=—-0P+—-0Q+—-OR=—|-a+—-bl+|-b+—-c|+|-¢c
3 3 3 314 4 312 2 313
1~ 5 7 7 -
:Ea-FEb-i—EC - 1 - 5 = 7 =
0G=-—a+-—-b+-—c

=—a
12 12 18

Given the tetrahedron OABC with sides OA, AB, BC, and OC with respective midpoints of P, Q, R, and S, prove that
the center of gravity G: of AABS and the center of gravity G2 of APQR are the same.

[Proof]
Given OA = a,0B = b,0C = c.

_

— 1— 1 1—
0G, =—-0A+—-0B+—-0S
3 3 3

1- 12 1|1~ 1—- 12 1~
=—a+—-b+—-|-c|l=—a+-b+-—c
3 3 312 3 3 6
— 1 — 1— 11—
0G, = —0P+—0Q+ —OR
3 3 3
1({1~ 1({1—- 17 1(1> 1~ 1- 12 1-
=—|-a|+—-|-a+=-bl+-|=-b+—-c[=—a+-b+—cC
312 3 2 312 2 3 3 6

Therefore, because OG; = 0G,, the center of gravity G, of AABS
and the center of gravity G, of APQR are the same.
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Inner products of spatial vectors /

TARGET To understand the inner products of vectors in three-dimensional space.

STUDY GUIDE

Inner products of spatial vectors

B
The same as in a plane, when the angle @ formed by 2 spatial vectors (_1: and B that are
not 0 is (0°<6<180°), we can define the inner product of @ and b as |E| | 5| cosO.
When 5=6 or EZB,the inner product ofa and E is stipulated as a-B =0. Zi
- - . - > A

For 2 vectors @ = (@1, as,as),b = (b, bz, bs) thatare not 0 and given that @ and %
b form an angle B(0°<0<180°), then, the same as when in a plane, we can say the a
following.
4 o )

(1) Innerproduct a-b = a.b: + a:b: + a:b;

) a-b
(2) Cosineofangle cosf = ———=
lal]|b]
ab; + axb: + a3b3
2 2 2 2 2 2
\/a1 + a2 + as \/bl + b’ + bs
(3) Perpendicular conditions
alb < a-b=0 <= ab+ab:+ab;=0
\_ J
EXERCISE
Find the angle 8(0°<#<180°) formed by a= (0,—1, 1),5 =(1,1,-2).
lal= 0" + (12 +12 =2 [b|= J* +1* + ~J6
a-b=0-1— 11+1(2) -3
cost = ab 3 ——ﬁ
lallb] V26 2
Since 0°<#<180°, we get #=150°. 150°
Given @ = (x,y,—3) is perpendicular to both b= (1,1,1) and c= (2,—1,1), find the value of zand ¥.

From a L b and (_J:J-E,vveget Zi-l?=o,5~2=o.
ab=z-1+y1-31=z+y—3=0 ..(i)
ac=12+y-(-1)-3-1=25—y—3=0 . (i)
Solving for (i) and (ii) gives us =2 and y=1. =2, Yy—=1
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PRACTICE

Find the angle 8(0°<60<180°) formed by a= (-1, 2,—1),5 =(-1,—-1.2).

lal= (=1 + 2 + (=1 =V6,|bl= (-1 + (-1 +2* =6
a-b=-1-(—-1)+2-(—-1)—1-2=-3
s — b —3 1

all5] Ve-v& 2

Since 0°<60<180°, we get 0=120°.

120°
Given @ = (x,v,2) is perpendicular to both b= (7,—1,6) and c= (=1,1,—3), find the value of zand ¥.
Froma 1L b,a L c,wegeta-b=0,a-c=0.
a-b=x-7+y-(—1)+2-6=Tr—y+12=0 ...(i)
a-c=x-(—1)+y-1+2-(—3)=—x+y—6=0 ...(ii)
Solving for (i) and (ii) gives us z=—1 and y=5.
r—=——1, y=>

Find the inner product of the regular tetrahedron OABC with each side of length 3, as shown in the diagram on the

right. O
(1) OA-OB
The angle formed by OA, OB is 60°. C
— = — . 19 A
OA-OB =|OA||OB| cos60° =3-3-— = —
2 2 B
OA-0OB =—
(2) OB-BC
The angle formed by OB, BC is 120°.
— — 1 9
OB'BC=|OB||BC|COSI2OO=33'[—5]:—5 [ 9
OB:-BC=——
2
(3) OB-AB
The angle formed by OB, AB is 60°.
— — 19
OB-AB =|0B||AB| cos60° =3-3-—= — —_— — 9
2 2 OB.AB:E
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EXTRA Info.

On the scientific calculator, use the Vector function to do calculations related to the inner

products and angles formed by spatial vectors.

EXEREISE
oo Find the angle 8 (0°<A<180°) formed by a= (1, —\/5,—1),5 =(=1,0,1).

|5\= \/12 +(—\5)2 + (=17 = 2,|5|: JE1)P 400 +12 = J2

a-b=1-(-1)—2-0-1-1=—-2

o

Since 0°<f<180°, we get #=135°.

Press @), select [Vector], press
Register a= (1, —\/5,—1).
@QWB®OR® O@BO@RO®O® 6 e

Register b= (=1,0,1) .
@OB®R®O@R® OO0 6D 6@

Set the angle display to Degree.

E®WOW® ®

Calculate the angle 8 formed by Zi and 5 .

@ROVOVB@XO®OO@®OO®O @

135°

Yo th=

o]

o tB=

]

CRadian
—Gradian

o]
Angle{VYcthA, YctB)
135
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o
280

PRACTICE

@ Given points A (2\/5, 0,2) and B (\/5,2\/5, 1) are in a coordinate space with an origin of O. Now, prove that triangle

OAB is an equilateral triangle.
(Proof) -
From OA = (24/3,0,2),0B = (+/3,24/3,1),
such that |OA |=|OB|=4,0A-0B =8,
OA-OB s 1

weget COSZAOB = % = =,

|OA||OB| 42
since 0°<ZAOB<180°, we get ZAOB=60°.
Therefore, 0OA=O0B, and since the angle between them is 60°,
we find that the triangle OAB is an equilateral triangle.

Register OA - (2 3?07 2)- VCtﬁ?T.d:M
EAROR® Q@PDO@O@®QD @ ® | [mml
2
Register 0—1.3 = (\/532 371) . —

OURROBA® GOOOROEGCD@®D@® | Wl

Calculate the value of | OA |. Abs (Vo tA)

@OVOB®E@®O O 6 !

Calculate the value of | OB |. Abs (Vo tA)

@OVOVHB®@®OO®WO E |absvets

Calculate the angle 6 formed by (T& and (T]i . Angle(VctA, vetd)

@WXOVVR@B®OBB®O@B®OO®O @

We can also calculate the value of | AB | to show that | OA |=|OB |=| AB |=4.

o]
Abs(VctB-VctA>

@OVORX®@B®OVOVB®O@®OV®O @
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Outer products of vectors /

TARGET To understand the outer products of vectors.

STUDY GUIDE

Components of outer products of vectors
A vector that is perpendicular to 2 vectors @ = (@1, Gy, a3),b = (b;,b,,05) , which are not
0, in three-dimensional space and whose components can be found by the following

formula is called the outer product of @ and b and is expressed as a x b . axb

b

a x b = (a,b; — a;b,,a;b, — a,b;,a,b, — a,b,) a "
0/1 bl (1/1 \\ bl (1,1 B ' bl
¢} /1b2 (¢} ) . b, a,-” b,
as - - b3 Qs b b3 Qs b3
Properties of outer products of vectors
Direction of outer products
For 5 and 5 , there are 2 kinds of cross products Ei xg and I; X Zi ,which have an inverse <2
vector relation, from which we can derive the following expression. I Z;

— — — —_ B — >

axb=—(bxa) a
We can find the direction of each outer product by using the right-hand screw rule (¥). bxa
* For 5 X Z; , when facing from Zi to 5 , the direction in which the screw advances when

Y

the screw is turned is the direction of the outer product.
For 5 X (_i , when facing from I; to Zi , the direction in which the screw advances when the screw is turned is the
direction of the outer product.
Regarding a= (ahag,a;;),g = (b, b,,b,),
axb= (a,b; — ashy,asb, — abs,a,b, — ab)) = {—(b,a, — bsa,),—(bsa, — byay),—(ba, —ba,)}
= —(b,a; — bya,,b,a, — bay,ba, —ba,) = —(l; X Zi)

Magnitude of outer products
Given @ is the angle formed by @ = (a1, a,a3),b = (b;,b,,b5) , then the magnitude |5>< Bl of the outer product of a
and 5 is equal to the area of the parallelogram formed by 5 and B,Which we

can find as follows.

laxbl=|al||b]|sind

|a>< 5 |2: (a2b3 - a3b2)2 + (a3b1 - a1b3)2 + (a1b2 - a2b1)2 = (042 +a’ + asz)(b12 +b° + 632) - (albl +a,b, + a3b3)2

=lal’|bl* —(a-b) =lal*lb* 1—cos*0) =lal*|b]* sin’ O =|axbl=lal|b| sind
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EXTRA Info.

On the scientific calculator, use the Vector function to do calculations related to the outer
products of vectors.

EAERGISE
—

= @® When a =(0,—11) and b = (1,—2,1), solve the following problems.

(1) Find the value of axb.

0 1 0. 1 o\: 1
-1 -1 Y =2 —1.7 A
1

1

o
Sa355
&

axb=(-1-141-21-1-0-1,-0-2+1-1) = (L1,1)

(1,1,1)
Press @, select [Vector], press
Register a= (0,—1,1). I
OABOBR® OB®ODEDEE® | |umm
1
Register b= (1,-2,1), —
OOABROB® DHOQEDEE® | |ummi]
1

Calculate the value of 5 X l; .
Press M@, @), select [Vector], press @), select [Vector Calc), press @), select [Cross Product), press @),
VO 6

o
Dot Product VctaAxVctB e bans=
1
Unit Vector 1

Register E = EXB.
Press €, select [Store], press @), select [VetC], press @), @

o
Vcth padS
Define Vector VctB [ 1]

1
|'Ul::tD 1

- = = o

Confirm that the values of ¢-a,c-b are 0 (vertical).

EROVOVOROB®B®®E®O®E® VetC-votA 0
ERVOOVRORRB®O@B®OO@®E@ |VCtC-VctB 0
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(2) Find the value of bx a .

1

bxa=(-21+1-11.0-1.1,-1-1+2.0) = (~1,—1,~1)

Calculate the value of bx a .

® @®VORRARVB®E@®O®E®

Register d = bxa.

Press € @), select [VetD], press @), @

Confirm that the values of d - 5,3 b are0 (vertical).

\ ] \\\\\:: O
a— —2.7 A
1

(—-1,—1,—1)

o]
VctBXVcthA

o]
Yot Ans=

-1

VctA
VctB
VetC

@WOVVOVL®E®®WMWE® WO e
@WOVVVE®®W®WE® WO O ® e

Confirm that ¢ + d is a null vector (magnitudes are equal).

® @WOVOOVIPEB®VOVOO®®

(3) Find the area of the parallelogram formed by aandb.

laxbl=+y1 +12 +1° =3

(Asanahewmﬂvesduﬂom|b><a|:lJQ—1f-+(—1f—+(—1f =

| check

Set the angle display to Degree.

Calculate the angle € formed by aandb.

YotD=

1

0]
VetD-VethA
VctD-VCctB

o]
VctC+VectD

o]
Yot Ans=

u]

J3 s also possible.)

@WO®® ®

@WRVOVBERORXOO@B®OV®O @

CmcubteandveHWthevmuecﬁ|a||5|Sh130°.

J3

CRadian
oGradian

0]
Angle{VYctA, YctB>
30

@OV O@VVVBAR@B®VOROGDRAOO® OGO ®

30
?)Abs{VctB
1.732050808

O]
ysin{30>
1.732050808
Ans—{3) :
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PRACTICE

@® When a =(—2,-21) and b = (3,1,—3), solve the following problems.
(1) Find the value of @ x b . (2) Find the value of bx a .

—

axb=(2-3-1.-1,1-3—2.3,—2-1+2-3) bxa=(1-1-3-2,3-2—3-1,-3-2+1-2)

= (5’_394) = (_57 35_4)

(5,—3,4) (—5,3,—4)

Register a= (—2,—2,1), et

EAROR® OQ@COQE@DRE | lum
- 1

Register b = (3,1,—3), e

OOBABROB® O@DDOC @ |
- -3

Calculate the valueof a x b. VCtAXVCLB p—

@O OE®®® O E [
5

Register c = a x b. VetA ees ™

Ol 69 petd [T
o VetD 5

Confirm that the values of c - a,c - b are 0 (vertical).

PBROQVROARR®O@B®O@E  |vetc-vora .
@RAVOVRB®AB®@B®OO®E@ | V" o

Calculate the valueof b x a .

@RVOR@®®O @ ®O©® E

Vctﬁ&VctA W?ﬁ;%
_ -5
Register d = b Xa. Veth v.:wiE
OBOOO® @ [ =
o et | -5
Confirm that the values of d - a,d - b are 0 (vertical).
@WOVOOVOK@ KW@ WO e  |votD-veta
VctD-VctB

BBVLVVBEVBVEV®VOB &

Confirm that ¢ + d is a null vector (magnitudes are equal).

CAUOIVIGICICIEI T T

o]
VctC+VetD

Vot Ans=
=
u]
o

0
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(3) Find the area of the parallelogram formed by aandb.

laxbl= 5" +(=3) +4* = V50 = 52

(Asan alternatlve solutlon, |bxal= \/(—5)2 +32+(—4) =50 = 5v2 is

also possible.) 5\/5
Calculate the angle @ formed by @ and b. Angle(VctA, VotB)

CIN IV ICICIVITIOIOICICIVIVICIOL 147. 2861034
Calculate and verify the value of |a||b| sin Ans.
@OVOVVR@HOHO@OVOOVRB®@BO O WO
MEO® MOO®O®

o)
147.2661034| [>sin{Ans?
Abs{VctA)Abs(VctB 7.071067812
ysin{Ans) Ans—-5v¥ {2’
7.071067812 0

(4) Find a vector ; that is perpendicular to both Ei and 5 with a magnitude of 30.

u— —_ —_ u—

From a x b = (5,—3,4),bx a = (—5,3,—4),| a x b |= 5v2, we get

p=+ 1Pl Gub)= (5,—3,4) = +3/2(5,—3, 4)

5f

+32(5,—3,4)

Calculate the value of | 3 2¢ |
CEOICIOIOICITIGIVICITI)
Press @ @ M M @ 08, @), select [Vector], press @, select [VctAns], press @, () &

3¢{2)V|::tc Vctﬂ& Abs(VctAns)
[-12.72] 30
16.97
21.21320344

Confirm that the values of 3\/52 . 8, 3 22 . 5 are 0 (vertical).

@ROOVVVPOPPR@B®O®E  |ctins-veta
@ROOOOORE@®®®@®O Q@@ [ctans-vetd

Calculate the value of | 3v/2d |

PEOOEWVOVOV®E
CIVIGIVI I ICITIVICIVIGIVIIO) T

o] o]
IV{2ivctD ] Abs{VctaAns)
[12.72?] 30

-16.97

-21.21320344
Confirm that the values of 3+/2d - a, 32d-b are0 (vertical).

OROVOVOOVREOB®R®B®EO@® D @®E  |vctAns-vota
@ROOOOORE@®®®@®O Q@@ [ctans-vetd
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OTHER METHODS

Calculate a vector with the same direction as ¢ and a magnitude of 30.

® QOEW®VOLOV®
@WOVOVO®O®

Verify the components.

]
30Unitv{VctC>

D]
Yot Ans=

12,72
16.97

21.21320344

@.@@@@@@C.@@@@@Q@

1J{3J(2)}Vctnns

=

Calculate a vector with the same direction as d and a magnitude of 30.

® QLEWWVOLOV®
@WOOVO®O E

Verify the components.

o]
30Unitv{VctD>

D]
Yot Ans=

[12.?2?]
-16.97

-21.21320344

OISJOISICJOIOIOICITIVVIOIVIVITIT

14(3((2)}Vctnns

Yot O=
-‘]
]
-4
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