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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
Table  Eguation

(X 28101
Inequality ~ Complex

Better Mathematics Learning
with Scientific Calculator




Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

How to search for a unit and section

(1) Search for units of data in all unit editions
¢ The data in all unit editions has a unit table of contents.
¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.
e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index
n Algebrai P! i and Linear

n Quadratic Functions

n Trigonometry

n Trigonometric Functions

BF" ial and L ithmic F

u Equations of Lines and Circles

n Formulas and Proofs

[EJ Advanced Expressions and F
3 complex Numbers
10 I
Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalitie:
1| Addition and subtraction of expressions 1
2 | Expanding expt 1) 3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12
7 | Factorization (3) 15
8 | Factorization (4) 18
9 | Expanding and factorizing cubic polynomials 21
10 | Real numbers 24
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Caleulating expressions that include root signs (2) 35
14 | Caleulating expressions that include root signs (3) 40
15 | Linear lities (1) 43
16 | Linear inequalities (2) 45
17 | Simultaneous inequalities 50

Table of contents of section



Sequences /)

TARGET To understand how to express a sequence and its general term.

STUDY GUIDE

General terms of sequences

Numbers arranged in a row according to a rule are called a sequence, and each individual number is called a term.

A sequence with a finite number of terms is called a finite sequence, and a sequence with an infinite number of terms is
called an infinite sequence.

We say that a finite sequence has a number of terms and there is a first term and a last term.

Sequences are generally expressed as follows using letters with indices.

The sequence above can also be expressed as {@n } .

When the nth term in the sequence {an} is expressed in an expression as 1, we say it is the general term of the
sequence {an}.

Given the sequence {an} of 2,4, 6,8, and 10 has 5 terms: a:=2(first term), a2=4, as=6, a.=8, as=10(last term)

From ai=21, @x=2-2, as=23, a+=2-4, and as=2-5, we can estimate that the general term is @n =2n.

ENCIS

lan
il
L

coe Find the first to 4th terms of the sequence {@n} whose general term is expressed by the following expression.

o

(1) an=3n+2
When the first term is n=1, we get m=3-1+2=5
When the 2nd term is n=2, we get @;=3-2+2=8
When the 3rd term n=3, we get as=3:3+2=11

When the 4th term is n=4, we get a,=3-4+2=14
a, = 5,0;2 - 8,&3 - ].1,0;4 =14

On the scientific calculator, use the Table function to confirm each term of the sequence. -
+ = L =
Press @), select [Table], press @), then clear the previous data by pressing (O Cagate S St
Spreadsheet Equation

Press €9, select [Define f(x)/g(x)], press @), select [Define f()], press f (;;E')m=3z+2
After inputting f(2)=3x+2, press €

(xd

ERROR
ERROR
ERROR
ERROR

Press €9, select [Table Range], press
After inputting [Start:1, End:4, Step:1], select [Execute],

press @

10. Sequences 1
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(2) an, =n’>—4n
When the first term is n=1, we get ;m=1?—4-1=—3
When the 2nd term is n=2, we get @z=22—4-2=—4
When the 3rd term is n=3, we get as=3>—4-3=—3

When the 4th term is n=4, we get au=4>—4-4=0

a, = _3,012 == _4,013 == _3,014 =0

Press @), select [Table], press @, then clear the previous data by pressing (D
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press

After inputting f(z)=2* — 4z, press €@

Press €, select [Table Range], press
After inputting [Start:1, End:4, Step:1], select [Execute],

press €

I Estimate the general terms of the sequences {a@n} below.

(1) —5,—10,—15,—20,
m==51, &=—52, =—53, mu=—54,

Therefore, we can estimate the general term to be an =—5n.

On the scientific calculator, use the Statistics function to confirm the

general term of the sequence.

Press @), select [Statistics], press @), select [2-Variable], press

Press €9, select [Edit], press @), select [Delete All], press

Input 1, 2,3, and 4 in the x column, and —5, =10, —15,and —20 in the y

column, respectively.

DBEQHOWOO®VE COMODOMODOWO0O®E®

Select [Reg Results], press @), select [y=a+bx], press

We can confirm that y=—5x.

Press @ ® @, scan the QR code to display a graph.

o lo|alo v

T H
flx)=x’-ax
Vo [ D]

Table Range | | 7| R
Start:1 2 z -4| ERROR
End :4 S B 2474

e ol
Calculate Distribution
X¥=0
Spreadsheet  Table  Equation
o)
* W
1 1 -5
2 2 -10
3 ] -15
4 2 | —
-20
o)

U

y=at+bx+cx® b=-3

y=a+b-+1ln{x>
y=a+e"{bx)

Scatter Plot

x AlA4

v BLB4
-10

-20 Linear Regression
a-xth
x AlAad
¥ BLBA

Freg. 1

10. Sequences
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(2) 1, 4/ 9,16, -

Therefore, we can estimate the general term to be n =n?.

Press @), select [Statistics], press @), select [2-Variable], press

Press €9, select [Edit], press @), select [Delete All], press

Input 1, 2,3, and 4 in the x column, and 1, 4, 9, and 16 in the y column, respectively.

D@DV OOOO®O®DO®E®

Select [Reg Results], press @), select [y=a+bx+cx?,
press
We can confirm that y=a2.

Press @ ® @), scan the QR code to display a graph.

— 2
an="mn
= b
1 1 1
2 2 4
3 3 El
4 4 | I
16
o
y=a+bx y=a+b><+5><2
=
y=a+bx+cx= b=

y=a+b+1ln{x)

y=a+e" {(bx)

PR S ESE R BN

Scatter Plot

x Al:A4
v BLB4 ple

Quadratic Regression
y=a-xZ+boxte

x Al
y. Bl:B4

Freg 1

10. Sequences 3
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PRACTICE

Find the first to 4th terms of the sequence {@n} whose general term is expressed by the following expression.

(1) an=5n-3
When the first term is =1, we get a,=5-1—3=2

When the 2nd term is =2, we get a,=5-2—3=7
When the 3rd term is 1—=3, we get a;=5-3—3=12
When the 4th term is 1—4, we get a,=5-4—3=17

a, =2,a,="7a;=12,a, = 17

Press ©, select [Table], press @, then 3
clear the previous data by pressing (O
Press ¢, select [Define f(x)/g(x)],

T bl R 1 - f<x>2 EI;;SR
press 08, select [Define f(x)], press able E,EI'"SE e T
After inputting f(x)=5x—3, press End _:2 SR L
Press ¢, select [Table Range], press
After inputting [Start:1, End:4, Step:1],
select [Execute], press €

(2) a,=(-1D"n

When the first term is n=1, weget @, = (—1)' - 1 = —1
When the 2nd term is =2, we get a, = (—1)* -2 =
When the 3rd termis =3, we get a; = (—1)’ -3 = —3
When the 4th term is n=4, we get a, = (—1)' -4 =

a;l - —1,0,2 - 2,013 - —3,CL4 - 4:

o O

Press ©), select [Table], press @, then e iy
clear the previous data by pressing (D
Press ¢, select [Define f(x)/g(x)], -
press @8, select [Define f(x)], press Table Ranse | 7] T e
After inputting f(x)=(—1)"x, press End__:4 A | Efr

Press ¢, select [Table Range], press
After inputting [Start:1, End:4, Step:1],
select [Execute], press €9

10. Sequences 4
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Estimate the general terms of the sequences {a@n} below.

(1)

a,=2-1+1, a,=2-2+1, a;=2-3+1, a,=2-4+1,
Therefore, we can estimate the general term to be a,,=2n+1.

Press ©), select [Statistics], press @K,
select [2-Variable], press

Press ¢, select [Edit], press @),
select [Delete All], press

After inputting 1, 2, 3, and 4 in the

x columnand 3,5,7,and 9in they
column, respectively, press €
Select [Reg Results], press @),
select [y=a-+bx], press

We can confirm that y=2x+1.

Press © ® (¥, scan the QR code to display a graph.

a, = 21,0,2 — 22,0,3 — 23,(1/4 — 24

Therefore, we can estimate the general term to be a,, = 2".

Press ©, select [Statistics], press @),
select [2-Variable], press

Press ¢, select [Edit], press @K,
select [Delete All], press

After inputting 1, 2, 3, and 4 in the x
column, and 2, 4, 8, and 16 in the y
column, respectively, press €
Select [Reg Results], press @),
select [y=a'b"x|, press

We can confirm that y = 2”.

Press ©® @® @), scan the QR code
to display a graph.

a, =2n+1
= o
: x : v 5 y=a+b><_1
2 2 o E;2
E El 7 =1
a o | —
Scatter Plot
!
1 r Reg|
| b
| i
B1:B4
; .
‘ 2
| 1
| 1
| 1
‘ 0
|
__ on
a, =2
]
ks ks
1 1 2
2 z 4
3 3 g
4| 4 | I
16
o
y=a+bx+cx?2 y=ab

y=atb+1ln{x>
y=a+e " {bx)

Scatter Plot

LRI =2

oo
R

10. Sequences 5



Arithmetic progression i

TARGET To understand how to express an arithmetic progression and its general term.

STUDY GUIDE

Arithmetic progression

General terms of arithmetic progressions

In a sequence in which subsequent terms are the sum of a constant number and each term, the difference between
adjacent terms is constant. In this way, a sequence formed by starting at an initial term a:=a and adding a constant
number d to subsequent terms is called an arithmetic progression, and d s called the common difference. We can
express the general term of an arithmetic progression {@n} with an initial term @ and a common difference d as the

following linear expression for 1.

[an:a—k(n—l)dj @, @ o, @, .., Qpa ., Qn
+d +d +d

(n—1) elements
25,8 11, Gn, -
B~ M=5—2=3, A3~ 2=8—5=3, A~ @=11—8=3, -+
Since the difference between adjacent terms is constant, the sequence {ax } is an arithmetic progression with an initial

term of 2 and a common difference of 3.

Arithmetic mean
When a, b, and ¢ form an arithmetic progression in this order, the following properties hold. And, this b s called the

arithmetic mean.

a-+c
2b=a+c = b=——

Since the difference between aand b, and band ¢ is constant (common difference), then from b—a=c—b, we get

a+c
20=a+c b= -

10. Sequences 6



XERCIS

I
[
il

@ Solve the following problemes.
(1) Findthe general term Qn of the arithmetic progression 5,9,13, 17, .
Since each term is the preceding term plus 4, the common difference is 4.

The first term is 5, so the general term is Gn =5-+(n—1)-4=4n+1

Press @), select [Statistics], press @), select [2-Variable], press
Press €9, select [Edit], press @), select [Delete All], press

Input 1,2, 3, and 4 in the x column, and 5, 9, 13, and 17 in the y column, respectively.

OBHQOWOO®OOVE O®OO®OINDD®®

Select [Reg Results], press @), select [y=a+bx], press
We can confirm that y=4x+1.

Press @ ® @, scan the QR code to display a graph. ’ . scatter Plot

w Alad ris
¥  BlB4

17 Linear Regression -14
y=a-x+h

x Alad

v BlBd

Freg: 1

b=

Mse =

a, =4n +1
o
* b
1 1 5
z z ]
3 3 13
4 4 | -
17
o]
y=a+hi
a=1
b=4
r=1

10. Sequences
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(2) For the arithmetic progression {ax }, find the first term and common difference when a;=15 and a;=27. Also, find

the general term ay, .

Given the first term is @ and the common difference is d and the general term is a, =a+(n—1)d.

Since the 3rd term is 15, a+(3—1)d=15and a+2d=15 ...(i)
Since the 7th term is 27, a+(7—1)d=27 and a+6d=27 ...(ii)
From (i) and (ii), we get d=3 and a=9

Therefore, a, =9+(n—1)-3=3n+6

First term 9, common difference 3,and a,, = 31 + 6

Press @), select [Statistics], press @), select [2-Variable], press
Press €9, select [Edit], press @), select [Delete All], press

Input 3 and 7 in the x column, and 15 and 27 in the y column, respectively. o} §
PBOBOE VOBV | ] mm
27
Select [Reg Results], press @), select [y=a+bx], press b
We can confirm that y=3x+6. ,E-;%

Press @ ® @, scan the QR code to display a graph. A B

Scatter Plot

x  ALAZ

¥ BLB2

Linear Regression
¥=arx+*b
x ALAZ
¥ BLBZ
Frea: 1

(3) When 3, 7, and 8 form an arithmetic progression in this order, find the value of .

Since 3, 7, and 8 form an arithmetic progression in this order, we get =

3+8 11

2 2

10. Sequences 8



PRACTICE

=) @ Solve the following problems.

(1) Findthe general term @n of the arithmetic progression 23,21,19,17,-+-+- . Also, at what term does the first negative
appear?
Since each term is the preceding term plus —2, the common difference is —2.

The first term is 23, so the general termis a,, =23+(n—1)-(—2)=—2n+25
Furthermore, the first negative value of 71is the smallest natural number 7 that
satisfies a,, =—2n+25<0.

25
From —2n+25<0, we get n> o so the smallest natural number 71 that satisfies
this is 13.

Therefore, it is the 13th term.

a,, =—2n+25, 13th term
Press ©), select [Statistics], press @K, L L.
select [2-Variable], press -
Press ¢, select [Edit], press @),
select [Delete All], press —— e
After inputting 1, 2, 3, and 4 in the x ] _l |
column,and 23,21,19,and 17inthey | ..
column, respectively, press € ‘}
Select [Reg Results], press @), - GERERANAE
select [y=a+bx], press L :
We can confirm that y=—2x+25.
Press © ® @, scan the QR code to display a graph.

25
b=-2
r=-1

£ by —

17

10. Sequences 9



(2) For the arithmetic progression {ax }, find the first term and common difference when a.= % and as= % .Also,
find the general term a, .
Given the first term is a and the common difference is d and the general term is
a,=a+(n—1)d.

11 11 11
Since the 4th term is ~ rwe geta+(4—1)d = ?,a-l— 3d = = ..(i)

21 21 21
Since the 8th term is ~ rwe geta+(8—1)d = ?,LH— 7d = s ...(ii)

1 7
From (i) and (ii), we get d = 5 a= 0

Therefore, @, = —+(n—1).— = *n + —
ererore, n_]_O 2—2 5

7

1
i — i — a, = _—Nn+—
First term T common difference o and 5 .

Press (©), select [Statistics], press ©K), K o

select [2-Variable], press :
Press ¢, select [Edit], press @K,
select [Delete All], press !

oo K
o

—o
[y %)

2145

After inputting 4 and 8 in the x B
11 21 i o
column, and = and r inthey f S it

column, respectively, press € | -
Select [Reg Results], press @), | .
select [y=a+bx], press ‘

1 1
We can confirm that y = 0.5 + 0.2 = 5 T+ 5"

Press © ® (X, scan the QR code to display a graph.

(3) When x, 22+3, and 8 form an arithmetic progression in this order, find the value of .
Since I, 2x+3, and 8 form an arithmetic progression in this order, we get

r+8 2
2¢+3 = — 2(22+3)=x+8, and =7

10. Sequences 10



7 - = |
>

Sums of arithmetic progressions (1)
To understand how to find the sums of arithmetic progressions.

STUDY GUIDE

Sums of arithmetic progressions
Given the sum Sy of the first term to the nith term of the arithmetic progression {@n }, which has a first term @, a common

difference d, n number of terms, and a last term [, we can express Sy by the following quadratic equation for 7.

S, = %n(a-l—l) - %n{za-l—(n—l)d}

Sn=a+(at+d)+(at+2d)+ - +(=2d)+(I-d)+1 ...(i)
By arranging the terms of (i) in reverse, we get Sy =H(l—d)+(l—2d)+----- +(at+2d)+(a+d)+a .. (i)
From (i)+(ii), we get

S, = a + (a+td) + (a+2d) + ... + (I-2d) + (I-d) + [
+) S, = 1 + (I-d) + (-2 + ... + (a+2d) + (a+d) + a
29, = (a+tl) + (at) + (at+t) + ... + (a+t) + (at) + (at)

1
Therefore, from 2.Sn =n(a+1), we can derive Sy, = En(a +1).

1
By substituting [ = a + (n —1)d into this, we can derive Sy, = 5n{2a +(n—-1d}.

The sum of the first term to the last term of an arithmetic progression with a first term of 3, common difference of 2,

1
and with 15 termsis S5 = 5~15~{2-3 +(15—-1)-2} =255

10.Sequences 11



(1) Find the sum Sy of the first term to the 7th term of the arithmetic progression 7,10,13,16, ="+
The sum Sy of the first term to the nth term of an arithmetic progression with a first term of 7 and a common

1 1 3 11
difference of 3is Sn = 5n{2-7+(n—1)~3} = 5n(3n+11) = 5”2 +?n

On the scientific calculator, use the Statistics function to confirm the sum of the first term to the nth term of the
arithmetic progression.

Press @), select [Statistics], press @), select [2-Variable], press

Press €9, select [Edit], press @), select [Delete All], press

Input 1, 2, and 3 in column x, and the sum of the progression 7, 7+10, and 17+13 in column y, respectively.

m m
@ @ @ @ @ @ @ @ 1 * 1 Y T 1 * 1 Y T
1 " I —

QEOODOO®OD®DOE ®E |_i a
7+10 30
Select [Reg Results], press @), select [y=a+bx+cx?, press —
¥=3+0H+CE

> 3, 1 iS5
We can confirm that y = 1.52" + 5.5 = 51’ + ?IL‘ e=1.5

(2) Find the sum Sis of an arithmetic progression with a first term of —3, a last term of 69, and with 13 terms. Also, find

the common difference.

The sum Sis of the first term to the 13th term of an arithmetic progression with a first term of —3 and a last term of 69,
1
and with 13 terms is Sis = 5 13(=3 +69) = 429

Substitute a=—3, =69, and n=13 into [ = a + (n — 1)d to get 69=—3+(13—1)d, for d=6

S1:=429, common difference of 6

Press @), select [Calculate], press 1 o B
—*%X13¢(—3+69>

0JC1BIOINOIOIOICIOICIOIOION TR E

429
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(3) Find the sum of the first term to the 6th term of an arithmetic progression with a first term of 7 and a common

difference of —3. Also, find the sum of the 7th term to the 15th term of the arithmetic progression.

The sum Sn of the first term to the nth term of an arithmetic progression with a first term of 7 and a common

1 1
difference of —3is Sp = En{Z T+n-1-(-3)}= ETL(_% +17)

The sum of the first term to the 6th term is Ss =

o | =

The sum of the 7th to the 15th terms is found by (sum of the first to 15th terms)—(sum of the first to 6th terms).

.6.(_3.

6+17)=-3

1
The sum of the first term to the 15th termis Sis = 7 15-(=3-154+17) = —210

Therefore, Sis— Ss=—210+3=—207

The sum of the first to the 6th termis...—3,
the sum of the 7th to the 15th term is...—207

On the scientific calculator, use the FUNCTION function to register the expression to find the product of arithmetic

progressions in £(x).

Press ©), select [Calculate], press
1
Input ()= Ex(—Bx +17).

Press (), select [Define f(z)], press
OICIBISIGICICIOIGIOIOINIONT

Calculate the sum of the first term to the 6th term.

Press (@), select [f(z)], press @), © O @

Calculate the sum of the 7th term to the 15th term.

D®OOOOO®OO®

fix)
gix)

Define f{x»
Define g{x’

VO I

Fly=tx(-32+17)

2

Define f (x>
Define g{x’

Jor Y
f (6>
glx)

P!
f(19)-F(B>

-207
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PRACTICE

=) @ Solve the following problems.

(1) Find the sum Sy of the first term to the nth term of the arithmetic progression 4,11, 18, 25,++++-
The sum S, of the first term to the nth term of an arithmetic progression with a
first term of 4 and a common difference of 7 is

1 1 7 1
Sn =5n{2-4+(n—1)-7}:5n(7n+1)=En2+§n

S, =—n"+-—n
2 2

Press (©), select [Statistics], press @),

o o]
select [2-Variable], press | 7 =atbic
. 3 — e
Press ¢, select [Edit], press @), i a5

select [Delete All], press
After inputting 1, 2, and 3 in column x, and the sum of the progression 4, 4+11, and
15+18 in column y, respectively, press €

Select [Reg Results], press @), select [y=a+bx+cx?, press

7 1
We can confirm that y = 3.52* + 0.5x = sz + 5T

(2) Find the sum Si7 of an arithmetic progression with a first term of 35, a last term of 3, and with 17 terms. Also, find the
common difference.

The sum S;; of the first term to the 17th term of an arithmetic progression with a

. . . 1
first term of 35 and a last term of 3, and with 17 termsis S,; = 5 17-(35+3) = 323

Substitute a=35, [=3, and n=17into | = a + (n —1)d to get 3=35+(17—1) d, for
d=—2
S..=323, common difference of —2

Press ©, select [Calculate], press .

DOERORDDODO®E O 6 [2X7E5+

323
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(3) Find the sum of the first term to the 7th term of an arithmetic progression with a first term of 1 and a common

difference of 4. Also, find the sum of the 8th term to the 19th term of the arithmetic progression.
The sum S, of the first term to the 11th term of an arithmetic progression with a
first term of 1 and a common difference of 4 is

S, =%n{2-1+(n—1)-4}=n(2n—1)

The sum of the first term to the 7th termis S;:=7-(2:7—1)=91

The sum of the 8th to the 19th terms is found by

(sum of the first to 19th terms) — (sum of the first to 7th terms).
The sum of the first term to the 19th term is .S;,=19-(2:19—1)="703
Therefore, Siy— S =703—91=612

The sum of the first to the 7th term is...91,
the sum of the 8th to the 19th term is...612

Register the expression f(x). f T (2215
BIVIVIIGICIBIOICIOIOND
The sum of the first term to the 7Tth term PPEA :
@O e
91
The sum of the 8th term to the 19th term £¢195—F (75
HWOOOOH®D O
612
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Sums of arithmetic progressions (2)
To understand how to find the sums of sequences of various natural numbers.

STUDY GUIDE

Sums of sequences of various natural numbers
Sum of natural numbers from 1 to 1

We can find the sum of natural numbers from 1 to 72 by using the following formula.

1
14+2+3 4 +n:En(n—|—1)

Since the sequence of natural numbers, whichis 1,2, 3,...... , M, is an arithmetic progression with a first term of 1, a
common difference of 1, and 7 terms with a last term of m, we can find its sum by using the formula for the sum of

arithmetic progressions as follows.

1 1
L+243 -+ +n=_nl+n)=_nn+1)

Sum of the sequence of multiples of 2

We can find the sum of the sequence of multiples of 2 by using the following formula.

2+4+6+-- +2n =n(n +1)

Since the sequence of multiples of 2, which is 2,4, 6,...... ,2Mn, is an arithmetic progression with a first term of 2, a
common difference of 2, and n terms with a last term of 2n, we can find its sum by using the formula for the sum of

arithmetic progressions as follows.

1
2+ 446+ +2n=5n(2+2n)=n(n+1)
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(1) Multiples of 3
Of the natural numbers from 1 to 100, the multiples of 3 form the sequence 3, 6,9, 12,...... 96,99
By rewriting thisas 3-1, 3-2,3:3,34,...... ,3:32, 3-33, it becomes an arithmetic progression with a first term of 3, a

common difference of 3, a last term of 99, and 33 terms.

1
Therefore, its sum is 5 33-(3+99) = 1683
1683

(2) Numbers that leave a remainder of 1 when divided by 3
Of the natural numbers from 1 to 100, the numbers that leave a remainder of 1 when divided by 3 form the sequence
3:0+1,31+1,3-2+1, ... ,3-33+1
This sequence becomes an arithmetic progression with a first term of 1, a common difference of 3, and a last term of

100, and the 1 number of terms is 33+1=34, to give us n=34.

1
Therefore, its sum is 5 34-(14+100) = 1717
1717

(3) Numbers not divisible by 3
Let the

(Sum of numbers not divisible by 3)=(Sum of natural numbers from 1 to 100)—(Sum of multiples of 3 from 1 to 100).
1
(Sum of natural numbers from 1 to 100)=1+2+3+--+- +99+100=5 100 (1 +100) = 5050

From (1), we know the sum of the multiples of 3 from 1 to 100 is 1683

Therefore, we find the sum is 5050—1683=3367
3367

On the scientific calculator, use the VARIABLE function to, after registering the formula, input the values for A (number
of terms), B (first term), and C (last term) to find the value.
Press @), select [Calculate], press

1
Input the formula EA(BJrC) for the sum of an arithmetic progression.

VoF O

%A{EHC}
ODEQO®OO®O®®OO®
(1) Inthe VARIABLE screen, input [A=33, B=3, C=99], and then calculate.
k=33 B=3 1 TH *
- - ~A(B+C)
DPOBOI@OOO® O® = F2 2
. ™ 1683
(2) In the same way, input [A=34, B=1, C=100], and then calculate.
Jor O Yy
B Lace+c)
ng
" 1717
B 7o [ A
) %A{EHC}
ng
" 5050
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000
Sgas
8888
5582

PRACTICE

@ Find the following sums of the natural numbers from 1 to 200.

(1) Multiples of 4
Of the natural numbers from 1 to 200, the multiples of 4 form the sequence 4, 8, 12,
16,...... , 196, 200
By rewriting this as 4-1, 4-2, 4-3, 4-4,...... ,4-49, 4-50, it becomes an arithmetic
progression with a first term of 4, a common difference of 4, a last term of 200, and
50 terms.

. .1
Therefore, its sum is 5 50- (4 + 200) = 5100
5100

(2) Numbers that leave a remainder of 3 when divided by 4
Of the natural numbers from 1 to 200, the numbers that leave a remainder of 3

when divided by 4 form the sequence 4:0+3, 4-1+3, 4-2+3, ...... ,4:49+3

This sequence becomes an arithmetic progression with a first term of 3, a common
difference of 4, and a last term of 199, and the 72 number of terms is 49+1=50, to
give us 12=50.

. .1
Therefore, its sum is 5 50- (3 +199) = 5050
5050

(3) Numbers not divisible by 4

Let the (Sum of numbers not divisible by 4)
=(Sum of natural numbers from 1 to 200) — (Sum of multiples of 4 from 1 to 200).

1
(Sum of natural numbers from 1 to 200)=1+2+3+++-"+199+200= 5 200 - (14 200) = 20100

From (1), we know the sum of the multiples of 4 from 1 to 200 is 5100
Therefore, we find the sum is 20100—5100=15000

15000
S hec )
DERODDO®E®®E O FAHT
g it o0 IV ‘
BPOBOOBO008 O : B
z=0 5100
) = o0 IV ‘
BPOBCOBODOO® O . 3
z=0 5050
) _ ot IV ‘
BPEEBCIeO000® O = . B
z=0 20100

10. Sequences 18



Geometric progressions

TARGET To understand how to express a geometric progression and its general term.

STUDY GUIDE

Geometric progressions

General terms of geometric progressions

Consider a sequence in which subsequent terms are the product of a constant number and each term. When we start
at a first term of ai=a, then the sequence we get by multiplying each element by a constant number 7is called a
geometric progression. In this case, 7is called the common ratio. We can express the general term of a geometric

progression 1an } with an initial term @ and a common ratio 7 as follows.

n—1 (05} ’ a: ’ as ’ e . Qp an )
o = N N | A
(n—1) elements
1,3,927, Gy, e
a1 1 ’ Qs 3 5 s 9 ,

Since the ratio between adjacent terms is constant, the sequence {ax } is a geometric progression with an initial term

of 1 and a common ratio of 3.

Geometric mean
When @, b, and ¢ form a geometric progression in this order, the following properties hold. And, this bis called the

geometric mean.

b* = ac (However, a=0, b=0, and c=0)

Given a common ratio 7, then from b = ar,c = ar’® we get b> = a’*r*,ac = a’r*,s0 b> = ac
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XERCIS

I
[
il

@ Solve the following problemes.

(1) Findthe general term Qn of the geometric progression 3, 6, 12, 24,

Since each term is the preceding term multiplied by 2, the common ratio is 2.

Since the first term is 3, the general term is @y = 3-2""

Press @), select [Statistics], press @), select [2-Variable], press
Press €9, select [Edit], press @), select [Delete All], press

Input 1,2, 3, and 4 in the x column, and 3, 6, 12, and 24 in the y column, respectively.

Select [Reg Results], press @), select [y=a-b"x], press

We can confirm that y = 1.5-2°

Press @ ® @, scan the QR code to display a graph.

39— g.gn,
2

12
24

OOV O®E®OO®O®®E®

Scatter Plot

x Alad
v BLB4

abExponential Regression
y=a-

x Alad

¥ BlB4

Fre: 1

1
b= 2
1
1

J— n—1
a, =32
|
* b
1 1 3
2 2 3
3 3 12
4 4 | E—T
24
o]
w=a-b"%
a=1.5
b=2
=1
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(2) For the geometric progression {an }, in which the common ratio is positive, find the first term and the common ratio

when a:=6 and a«=54. Also, find the general term a, .

Given the first term is @ and the common ratio is and the general termis a, = ar"".
Since the 2nd term is 6, we get ar’™ =6,ar =6 ...(i)

Since the 4th term is 54, we get ar*™" = 54,ar® =54 .. (i)
From (i) and (ii), we get =9 and >0, so =3

In this case, a=2

Therefore, g, =2-3"!

First term 2, common ratio 3,and a,, = 2-3""!

Press @), select [Statistics], press @), select [2-Variable], press
Press €9, select [Edit], press @), select [Delete All], press

Input 2 and 4 in the x column, and 6 and 54 in the y column, respectively.

QOO OBEOO®®

Select [Reg Results], press @), select [y=a-b"x], press
. 2
We can confirm that ¢y = 0.6- 3" = 3 3" =2-3"".

Scatter Plot

Press @ ® @, scan the QR code to display a graph. \ \ 5 ALz

. BLB2

abExponential Regression
y=a-b*
v AlA2
y. BLB2
Freg: 1
= 0.6666666667
b = 3

MSe =

54

¥=3-b"%
&=, BEREERERET
b=$
r:

(3) When 3, 7, and 12 form a geometric progression in this order, find the value of .
Since 3, x, and 12 form a geometric progression in this order, we get 2°=3-12=36

Therefore, x=%6
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PRACTICE

@  Solve the following problems.

(1) Findthe general term @n of the geometric progression 16, 8,4, 2,

1
Since each term is the preceding term multiplied by Y the commonratiois —.

Since the first term is 16, the general termis a,, = 16- [

1

2

-

1
2

Press ©), select [Statistics], press @K,
select [2-Variable], press

Bl by —

C]
¥=3-b"x

Press ¢, select [Edit], press @X),
select [Delete All], press

After inputting 1, 2, 3, and 4 in the x
column, and 16, 8, 4, and 2 in the y
column, respectively, press
Select [Reg Results], press @),
select [y=a‘b"x], press

We can confirm that

el
y=32-05" =32-|=|- |-

2] 12
r—1
1
:16.[_] .
2

Press © (® @), scan the QR code to display a graph.
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(2) For the geometric progression {an }, find the first term and common ratio when as=20 and as=160. Also, find the
general term @y, .

Given the first term is @ and the common ratio is 77and the general termis
a, =ar™"',
Since the 3rd term is 20, we get ar’™' = 20,ar* =20 ...(i)
Since the 6th term is 160, we get ar’ ' =160,ar’ =160 ...(ii)
From (i) and (ii), we get 7* = 8,7 = 2
In this case, a=5
Therefore, Gn =5-2"""
First term 5, commonratio2,and a, = 5-2""'

Press (©, select [Statistics], press @), @ o
1
select [2-Variable], press :

=

1]

[=1]

o

oo

LU=
= Ak
on

160

Press ¢, select [Edit], press @K,
select [Delete All], press |
After inputting 3 and 6 in the x -
column, and 20 and 160 in the y
column, respectively, press € -
Select [Reg Results], press @), b
select [y=a'b"x|, press

We can confirm that
5
Yy=25-2"= 5-2”3 =5.2%71,

Press © ® (¥, scan the QR code to display a graph.

(3) When 25, 7, and 1 form a geometric progression in this order, find the value of .

Since 25, I, and 1 form a geometric progression in this order, we get
x’=25-1=25
Therefore, T=25

+5
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Sums of geometric progressions (1) <~
To understand how to find the sum of geometric progressions.

STUDY GUIDE

Sums of geometric progressions
Given Sy is the sum of the first term to the nth term of a geometric progression 1a@n } with a first term of @ and a

common ratio of 7, then we can express S as follows.

4 )
al—7r") a(r"—1
(i) Whenr=1, S, = ( )= ( )
1—7r r—1
\(ii) When =1, S,, = na )
Sn=a+ar+ar’+-+ar"? +ar"" (i)

Multiply both sides of (i) by 7to get 7Sy = ar +ar® +ar® +------ +ar" +ar™ . .(ii)

From (i)—(ii), we get

S, = a + ar + ar’ + ... + oar™? + ar™
—) S = ar + ar’® + .. + ar"’ + ar"' + ar”
S’IL_TSn = a o arn
all—1r")

Therefore, from (1—7)Sn = a(l — "), when =1, we can derive Sp = =

By multiplying the numerator and denominator of the right-hand side of this formula by —1, we can derive

n
a(r” —1
s, ==
r—1
n n
a(r’ —1 a(l—r
We simply use them appropriately, so that when 7>1, then Sn = % ,and when <1, then Sn = %

Also, when =1, we can derive S, =a+a+a+:-- +a=na.

The sum of the first term to the last term of a geometric progression with a first term of 3, common ratio of 2, and

32° —1
with 6 terms, is S = % =189

EXERCISE

P Find the sum of the first term to the 4th term of a geometric progression with a first term of 5 and a common difference

8888

of —4.

—255
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On the scientific calculator, use the VARIABLE function to, after registering the formula, input the values for A (first
term), B (common ratio), and C (number of terms) to find the value.
Press @), select [Calculate], press

C

Input the f |
nput the formula 3

for the sum of a geometric progression.

Jor I
C1ogt)
POOOODOODOOD®DODE [ 18—

In the VARIABLE screen, input [A=5, B=—4, C=4], and then calculate.

=

7o I
a(1-B-)
1-B

w T m
nononon
o e ]

-255

= Solve the following problems with regards to the geometric progression 4, 12, 36, 108,...... .

(1) Find the sum Sy of the first term to the nth term.

The sum Sy of the first term to the mth term of a geometric progression with a first term of 4 and a common ratio of 3,
4(3" —1)

is Sp =—==2(3"—1
n - ( )
Sn =2(3"—1)
(2) Find the sum of the first term to the 8th term.
The sum of the first term to the 8th termis Ss = 2(3° —1) = 13120
13120

(3) Find the sum of the 6th term to the 10th term.
(Sum of the 6th to the 10th terms)=(Sum of the first to the 10th terms)—(Sum of the first to the 5th terms)=S1— 5.

Therefore, we find a sum of

Sw—9=2B8"-1)—-23-1=2-3"-2-3=2-3-(3° —1) =2-243-242 = 117612
117612

On the scientific calculator, use the FUNCTION function to register the expression to find the product of geometric
progressions in f(x).
4(3% —1)

i i 4(3*-1)
GOO®OOI@E®OODO®ROO® [f¥="3-9

Input f(z)=

(2) Calculate the sum of the first term to the 8th term.

T &
(8>
BITIOIOIT
13120
(3) Calculate the sum of the 6th term to the 10th term. -
f{103—F (5>
HWOOOOGWE® O @

117612
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Find the common ratio of a geometric progression with a first term of 2 and a sum of the first term to the 3rd term of 62.

Let 7 be the common ratio.

When 7=1, the sum of the first term to the 3rd term is 3-2=6, which is inappropriate.

21—1r°
When 7=1, the sum of the first term to the 3rd term is 62, so % =62
_ 20—r)Q+7r+1?) ) y
We can solve this for =6220+r+r’)=621r>+r—30=0,(r—5)(r+6)=0,r=5-6

1—7r

5, —6

On the scientific calculator, use the Equation function to find the common ratio of the geometric progression where a=2

and S5=62.
Press @), select [Equation], press @), select [Solver], press
Input th it 20-2) _ g,
n e equality —— = 62.
put the equality —— o
201—2Y) o,

QOOOYW@REROEOOXWO®OOO® | 1-x

To find a positive solution, input the initial value (*) z=2.

Vo [ 7o I
Enter Initial 2(1—=2) _
® @ @ [Value "1z 52
x =2 | 5
oExecute L—R= 1]
To find a negative solution, input the initial value x=—2.
Vo [ Vor I
Enter Initial 201—x) _
®O0@®® Value 1w o2
x= -B
oExecute L—R= 0

*Initial value: The value input when you start a calculation. Input a value that seems close to the solution to the problem.
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PRACTICE

Find the sum of the first term to the 6th term of a geometric progression with a first term of 3 and a common difference

of 5.
3(5° —1)
Se = F_1 11718 11718
Press ©), select [Calculate], press -
A(B"-1)

®OO®EO@®OOOOE®EOO[ BT

OE@OOBROE® @@E— alg-)
=0 11718

Solve the following problems with regards to the geometric progression 7, 14, 28, 56,...... .

=2 e m
LTI (N T 1]
oo oo

(1) Findthe sum Sy of the first term to the nth term.
The sum S, of the first term to the 11th term of a geometric progression with a
7(2" —1)

=7(2" —1
- ( )

S, =17(2" —1)

first term of 7 and a common ratio of 2, is S,, =

(2) Find the sum of the first term to the 11th term.
The sum of the first term to the 11th termis S;, = 7(2" —1) = 14329

14329

(3) Find the sum of the 9th term to the 16th term.
(Sum of the 9th to the 16th term)

=(Sum of the first to the 16th term)— (Sum of the first to the 8th term)=.5,,—.S;.
Therefore, we find a sum of
Si—8, =72 —1)—17(2* —1)=7-2%—7-2°=7-2°-(2° —1) = 7- 256 - 255

= 456960
456960
N
POOBDOO@O®OODOO®DO M@ [f="57"
) FCT) *
@ ® O Q 6
14329
) £C18)—F(B)
BIIIO0ICIOICICITICIOIT
456960
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g Find the common ratio of a geometric progression with a first term of 4 and a sum of the first term to the 3rd term of 28.
Let 7"be the common ratio.
When 7=1, the sum of the first term to the 3rd term is 3-4=12, which is
inappropriate.
: : 41—r1°)
When 721, the sum of the first term to the 3rd term is 28, so T =28
We can solve this for

11—7r)Q+7r+17r
1—r)+r+ L:%Au+r+rﬂ=2&W+T—6=m“”ﬂxr+$:m

1—7
r=2-3
2, —3
| check Y
Press ©), select [Equation], press @, select [Solver], press -
a(1-x°) _
IGO0 CICISIOISOIOISIOICIGIOIOICINIOIT ] It
T © . T o ;
@@@ 52}5; Initial q(‘?_—: )=2El
x =2 | =
DExecute f— = %
AL AL
POO®® lalse | 4=
x=-2 | Ee. -
oExecute f—R= E
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Sums of geometric progressions (2)

TARGET To understand how to calculate compound interest.

STUDY GUIDE

Calculating compound interest

The system of depositing money in a bank to accrue interest over fixed periods of time, and then adding that to the

principal so the total can be used to calculate the interest for the next period, is called a compound interest system.

i

e We deposited $10 at the beginning of the year to earn compound interest every year at a 5% annual interest rate.

Given we do not withdraw any interest, find the total of the principal and interest after 10 years.

After 1 year: (Principal) X (1+percentage of interest)=10(1+0.05)($)...Principal after 1 year

After 2 years: 10(140.05) % (140.05)=10(140.05)%($)

After 3 years: 10(140.05)2x (1+0.05)=10(1+0.05)3($),......
After 10 years: 10(1+0.05)1($)

Therefore, 10(14-0.05)1°2216.29($)

7o
10%1.05"

16. 28834627

From this, we can express the total of the principal and interest on a principal A (currency unit) held for 1 years at an

annual compound interest of (%) as follows.

(s
All+—

100

RERCIS

lan
iyl
L

= Solve the following problems.

(1) Ifyou deposit $100 at an annual 10% compound interest, what will the total $ amount of the principal and interest

be after 8 years? Round off your answer to the 2nd decimal place.
8

10
A=100, 7=10, and 7=8, 50 100[1 it 100-1.1% ~ 214.36 ($)

[ vor o &
100%1. 1°

214.358881

$214.36
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(2) Ifyou deposit $50 at an annual 8% compound interest, after how many years will the total amount of the principal

and interest exceed $1007?

T
8
The total amount after x years for a $50 principal at an annual interest of 8% will be 50[1 + ﬁ] ($)

T

8
Find the lowest natural number z that satisfies 50[1 + ﬁ >100 such that it will exceed $100.

On the scientific calculator, use the Table function to calculate the total amount of the principal and interest after &

years.

Press @), select [Table], press @®, then clear the previous data by pressing @)

Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press
Vo I

After inputting f(x)=50><1.08x,press @) f{x»=50%1.08" s(f)m=1|:||:|
In the same way, input g(2)=100.
Press €, select [Table Range], press . .
After inputting [Start:1, End:16, Step:1], Tgl:éﬁt??nse 7 : ;gggéé g(fg)g
select [Execute], press @ 1ol 13734 | 100 10
From the table, we can
confirm that the first time it f(x) =50 x 1.08"
exceeds 100 is when 2=10. g(x) =100
Therefore, the answer is after
10 years.

[¢o.01 ,10000)

s
After 10 years
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(3) What is the minimum annual interest rate at which the sum of the principal and the interest will exceed $150 if $100

is deposited for 10 years at compound interest. Round off your answer to the 2nd decimal place.

10
r
The total amount after 10 years for a $100 principal at an annual interest of 7% will be 100[1 + m] (%)

10
r
Find the 7 that satisfies 100[1 + m] =150 such that this becomes $150.

10
On the scientific calculator, use the Equation function to calculate the value of xthat satisfies 100 [1 + ﬁ] =150.

Press @), select [Equation], press @, select [Solver], press
DOOOOPOEDOOOO@OOO®ODG O ®

To find a positive solution, input the initial value 2=1. e
Enter Initial

Value

o8s x=1__ |

DExecute L—

Therefore, from £=4.137...,

10
X
we get 4.14% f(x)=100(1+m)

g(x) =150

lc4.14,150.00)

4.14%
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{—
000
Sgas
8888
5582

PRACTICE

@ Solve the following problems.

(1) Ifyou deposit $80 at an annual 7% compound interest, what will the total $ amount of the principal and interest be

after 12 years? Round off your answer to the 2nd decimal place.
12

™
80x1.07'

7
A=80, 7=17,and n=12, so 80|1+ ol = 80-1.07" ~ 180.18 ($)

180. 1753271

$180.18

(2) Ifyou deposit $100 at an annual 6% compound interest, after how many years will the total amount of the principal
and interest exceed $160?

The total amount after r years for a $100 principal at an annual interest of 6% will
($)

6
be 100|1+ —
100

T

6
Find the lowest natural number z that satisfies 100|1 + ﬁ >160 such that it will
exceed $160.

On the scientific calculator, use the Table function to calculate the total amount of

the principal and interest after T years.
Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press ¢, select [Define f()/g(x)], press @, select [Define f(x)], press

. o — T =] o
After inputting f()=100 X 1.06", PGP — 2160
press €0

In the same way, input g()=160.

Press (), select [Table Range], press Tgffﬁt'fﬁ'"ge 6 v"mg 141 g‘j‘ég‘
After inputting [Start:1, End:16, Step:1], -EEB_ 1285160 g
select [Execute], press €9
From the table, the first time it exceeds 160 is when =9.
Therefore, the answer is after 9 years.

After 9 years
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(3) What is the minimum annual interest rate at which the sum of the principal and the interest will exceed $160 if $70 is
deposited for 9 years at compound interest. Round off your answer to the 2nd decimal place.

The total amount after 9 years for a $70 principal at an annual interest of 7% will be
9

14+ ($)

100

70

9

r
Find the 7 that satisfies 70{1 + 100 =160 such that this becomes $160.

On the scientific calculator, use the Equation function to calculate the value of
9

that satisfies 70 = 160.

T
1+-—
100

Press (©), select [Equation], press @), select [Solver], press
QOOODOEDOOOO@OOB®ODO®O®® 7”[1”%]9:15”

A T 5
Enter Initial x _
@ @ @ |[value 70( 1+%5] =160
= 9.620385991
cExecute L—R= 0

Therefore, from £=9.620..., we get 9.62%

9.62%
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ADVANCED

e

STUDY GUIDE e ———

Total of principal and interest of fixed-term savings

The total amount of principal and interest accrued by the end of 1 years of saving $A at the beginning of each yearin a

compound interest account earning 7% annual interest can be expressed as follows.

4 N\
n
r T
1+ {1+ —1
100 100
r
100
\_ J
r

The total amount after 1 year will be A[l + ﬁ] ($)

rY T
The total amount after 2 years is A[l + 100 +A|1+ 100 ($) because the total amount increased after 1 year by
7% more savings of $A

rY rY r

is A|1+— 1+— 1+— i

The total amount after 3 years is A[ 100] +A[ 100 +A[ 100] ($) because the total amount increased

after 2 years by % more savings of $A

n n-1 2
r r r r
s A1+ — Tt —| 4o 14— 14—
The total amount after n years is A[ 100] +A[ 100] + +A[ 100] —I—A[ 100] ($) because

the total amount increased after (n—1) years by 7% more savings of $A

Therefore, the total amount at the end of the year in m years is the sum of the first term to the 7ith term of a geometric

,
1+—].

r
) . ) 1+ )
progression with a first term of A[ —100] and common ratio of 100

Therefore, from the formula for the sum of a geometric progression, we get

n n
A+ — i+ 2| -1 A | QLA |
100 100 100 100
r - 7 |
1+m -1 100
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i
:

o
B
:

090

| —

090

XERCIS|

|
a1
L

What is the total $ amount of principal and interest accrued by the end of 10 years of saving $30 at the beginning of

each year in a compound interest account earning 5% annual interest? Round off your answer to the 2nd decimal place.
By using A=30, =5, and 1=10 in the formula, then

R P
100 100

30- 5
100

E
~396.20($)

=3

o] A
10 _|
30x1:05%(¢1.05>">

0.05
396. 2036149

$396.20

Given you want to save the same amount of money at the beginning of each year in a compound interest account

earning 3% annual interest to save a total of principal and interest that exceeds $5000 at the end of the year in 12

years. What is the minimum $ amount you should save every year? Answer in whole numbers.

By saving $A every year, then by the end of the 12 years, the total principal and interest will be

il

3
100

r=ao] Y =TT -
1.03x(¢1.03"°-1) 5000
0.03 Ans

14.61773045

342.0489586

We have enough if it exceeds $5000, so the answer is A>342.04....

Therefore, we should save more than $343 each time.

PRACTICE

$343 or more

What is the total $ amount of principal and interest accrued by the end of 9 years of saving $50 at the beginning of

each year in a compound interest account earning 6% annual interest? Round off your answer to the 2nd decimal place.
By using A=50, =6, and 12=9 in the formula, then

el

6 9
+] —1

100

50 -

100

~609.04($)

o [ ( lg
1.06x(¢1.08)%-
a0x 0.0 ©
509. 0397471
$609.04

Given you want to save the same amount of money at the beginning of each year in a compound interest account

earning 4% annual interest to save a total of principal and interest that exceeds $8000 at the end of the yearin 10

years. What is the minimum $ amount you should save every year? Answer in whole numbers.

By saving $A every year, then by the end of the 10 years, the total principal and

interest will be

4

10
4
1+ — N1+ —1
100 100

4
100

L) T —TT T
1.04x(¢1.04>""=1) 8000

0.04 Ans

12. 48635141 540.5995718

We have enough if it exceeds $8000, so the answer is A=640.69....
Therefore, we should save $641 or more each time.

$641 or more
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Summation symbol >

TARGET To understand the meaning of the > symbol for sums of sequences.

STUDY GUIDE

> symbol for sums of sequences
Summation symbol 22
We use the symbol 2 (sigma) to express the sum of a sequence. For the sequence {@n }, we can express the sum of the

first term to the mth term as shown below.

n
E ak:a1+a2+a3+ """ —|'Cl,n
k=1
n
The symbol Z ak expresses the sum of adding all the values of @n , in which kis convertedto 1,2, 3,......, n.
k=1
5
(1) dlak=a+a+as+ai+as
k=1
|
(2) S kD= 1-1)+2-2-1)+ 231+ +(2n—1)
k=1
n—1
(3) ak =0+ a>+as+--- +ano+ ana

el
,ﬂ.

Sums of various sequences
The sums of the various sequences are all expressed using >, as follows.

( )

o
I

NcC (cisaconstant)

M I

k:%Mn+D

T
—

(iii) Zn:kz = %n(n +1)(2n +1)

k=1
(iv) kik3= %n(n—l—l)
n, ., all—7r") _ a(r"—1)
(v) ;ar  1=-r  r—-1 (r=1)
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(i) Sum of the sequence an =c¢ c=c+c+c+- +c=nc

=

B
Il

1

n 1
(ii) Sum of the sequence @n =mn (sum of natural numbers) Zk =1+2+3+ +n= En(n +1)
k=1

(iii) Sum of the sequence @n = M’ (sum of the squares of natural numbers)

(iv) Sum of the sequence an = M’ (sum of the cubes of natural numbers)
2
n,o, . ) . . 1
YoE =142 43+’ = {En(n +1)}
k=1

(v) Sum of the geometric progression with first term @ and a common ratio of 7 (r=1)

_ al—7r") a(r" —1)

1—-r r—1

n

. 1
On the scientific calculator, use the Spreadsheet function to derive the formula (iii) Zkz = En(n +1)(2n +1) from
k=1

the data. (Theoretical derivation is omitted)
Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press ), move to [B1]

After inputting [B1:17], press @

o]
Fill Formula

: Form =B1+A2%2
Press €9, select [Fill Formulal, press Ronge :B2:84

=B3+A4-

After inputting [Form=B1+A2?, press &
After inputting [Range:B2:B4], press @, select [Confirm], press
Press ® @), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at ClassPad.net.

Tap the coordinates sheet, tap column A and column B, tap [Statistics], tap [Regression], and then tap
[Cubic Regression]. , .
A B Cubic Regression

y=a-x3+b-x2+c-x+d
1

% Column A
2

y: Column B
3

Freq: 1

4

0.3333333333

o || =

0.5

0.1666666667

1 . 1 . 1 1
The displayed formula ¥ = ngJ + 5:132 + EfU = EJU(Z' +1)(22 +1) is derived from the functional relation (the

relation in which one amount is the function of the other amount) of column A and B from the data.
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In the same way, on the scientific calculator, use the Spreadsheet function to derive the formula (iv)

L

ikf‘ :{—n n+1)} .
k=1 2

(Only the results of entering data up to the 5th row of columns A and B, and then selecting Quartic Regression, are

described here.)

A B Quartic Regression -
v=a-xt+b-x3+c-x2+d-x+e 20 /
! ! ! x:  Column A
2 2 ? y:  Column B - 200
T e 1 /
55 225 a - 02 5o
6 b = 0.5
c = 025 /
d- o0 - 100
e= 0 /
=1 - 50
MSe = : /
1 '.‘3 4
2
Therefore, y = l:L’4 +lx3 +lac2 = 1112(1172 +2r+1) = lﬂr:(x +1)
' 4 2 4 4 2
Properties of >_
The following properties hold for sequences consisting of the sum of terms in the sequences {an} and {bn}, and for
sequences in which each term is multiplied by a constant.
4 N\
n n n
(i) 2 (@ +be) =3 ar+) b
k=1 k=1 k=1
n n n
Gi) Y (ax—br)=> ar—>) b
k=1 k=1 k=1
n n
(iii) E cai =c E ‘ar (cisa constant)
k=1 k=1
L J
n
(1) > (ak +bk) = (a1 +b)+(az +b2) + -+ (an +bn) = (@1 + a2+ -+ an) + (b1 +bo+ -+ bn)
b=t n n
=>ak+Y bk
k=1 k=1
(ii) This can be explained in the same way as (i).
n n
(iii) Y cakr = (car+caz+-- +can)=clar+as+- +an) = ¢y ak
k=1 k=1
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15 15 15 1
3+8+13+18+ +73=> (6k—2)=5 k-> 2=5-—-15-(15+1)—15-2=570
k=1 k=1 k=1

Press @), select [Calculate], press
Press @), select [Func Analysis], press @, select [Summation(X)], press

2

15

> (5k —2),570

k=1
Use the scientific calculator to calculate the sum of the sequence expressed by the symbol 2_.
T
Derivative(d/dx) >
Probability »| [Integration{JS) o]
Numeric Calc >
Angle/Coord/Sexar| |[Logarithm{logab)

In the displayed screen, you can find the sum of the sequences by inputting general terms 52—2 and 2=1, and the

number of terms 15.

(2) 4+7+10+13+

OISICIBIVIOIN 0O

+(3n+1)

This is the sum of k=1 to k=n where ar = 3k +1.

44+7+10+13 +

+@Bn+1)=> (

n

k=1

Confirm that the sums up to the 4th term are consistent.

@WVV® WAOVOOBORROB

n

3k+1)=3§;k+21:3én(n+1)+n-1=

k=1

CICIOIIOISICIOIIOIVIONT)

NgE

ol
Il

5 Vo' o &
1(52:—2)

—

=

570

3n° +5n
2

3n’ +5m
(3k +1), SN o1

1

7F 0

I
4 2
3 (3x+1) —3X4°+5x4
=1 2
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OTHER METHODS

On the scientific calculator, use the VARIABLE function to confirm the sums up to term A are consistent.

A 3A'+5A
| 3r+1)———.
nput ;( ) 5 m
Vo e
@BOO® PODVODODVDROR® £ (354138258
=1
SlelelololvleleloleIole) i
In the VARIABLE screen, input [A=20], and then calculate. - _
g B=0 A _3A°+54
DO0® O[3 "> & (1) ==
=0 =0
2=0 0
Given A=20, you can confirm that the sums up to the 20th term are consistent.
Also, by changing the input value of A, you can confirm the value of A is derived arbitrarily.
(3) 143+9+27+----+729
This is the sum of k=1 to k=7 where a =1-3"".
7 37 —
14+3+9+27 4 4+720=5"1.3""1 ==—==1093
k=1 3— 7
Y 37,1093
9
k=1
o ry
> (1x3*1)
@WOVO® OXO@OODOVLO® O ® |-
1093
(4) 1-242:3+3-4+4:5++n(n+1)
This is the sum of k=1 to k=n where ar = k(k +1).
1:2+2:3+3-4+4-5+ +nn+1)=> kk+1)=>k+ k:En(n+l)(2n+l)+5n(n+l)
k=1 k=1 k=1
~nn+1)(n+2)
3
o nn+1)(n+2
S k(e + 1), D+ 2)
k=1
Confirm that the sums up to the 4th term are consistent.
CITIVIVICGICIGICIOIOIVIOINIOIGICIGE S (,‘(,‘H,,_Lgxﬁ
=
CICIOIIOINIOIVIOIT 0
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PRACTICE

@ Use > to express the sum of the following sequences and calculate their sums.

(1) 5+9+13+17+:---+81

{—

This is the sum of k=1 to k=20 where ar = 4k +1.

20

+81=Z(4k+1)=4§:k+

54+9+134+174------
k=1 k=1
= 860

@OOVO® DOROLVOOOOE®

(2) 249+16+23+-- +(nth term)

20

1
2:1:4-—-20~(20+1)+20-1
k=1 2

20

> (4k +1),860
k=1

20
2 (4x+1>
=1

860

The arithmetic progression has a first term of 2 and a common difference of 7, so

the general termis a,, =2+(n—1)-7=7Tn—>5
This is the sum of k=1 to k=nowhere ar =7k —5.

n

T+ —5) =3 (Tk—5)=13"k—3 5

24+9+16+23+-----
k=1 k=1 k::12
=7-ln(n+1)—n 5:7n —

2 2

Z(7k_5)’7n —3n
k=1

PBOO® DOOOVDODBR |t 7y-s) Txtisixa
CBOPRO@OOROVE® .

10. Sequences 41




(3) 3+6-+124+24+- +768

This is the sum of k=1 to k=9 where ar = 3-2*,

i 3(2° —1
3+6+12+244-+768=> 3.2 = s = 1533

9
Y 3-2",1533

=

PRVO® PREOPOOVOAO® FH >

1533
(4) 2-3+3:4+4-5+56+ - +(nth term)
General term a,,={2+(n—1)-1}{3+(n—1)-1}=(n+1)(n+2)
This is the sum of k=1 to k=nawhere ar = (k+1)(k +2).
2:3+3:-44+4-5+5-6+----- +(n+1)(n+2)
=S (k+1)(k+2) = Zkz +3Zk+22
k=1 =1
=< (n+1)(2n+1)+3-%n(n+1)+2n - nln +int 1)
i ket 1)k +2) n(n’ + 6n +11)
k=1
CICIOIOIT) —s —
C@EOOO®®ROVOOOREE |5+ e+ —"r
CICICISICICISICIOINIOICIOIOIOIVIOLE 0
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Progression of differences /

TARGET To understand the progression of differences.

STUDY GUIDE

Progression of differences

Progression of differences

We can derive the relational expression bn = @n+1 — @n from between the {an} and {bn} sequences. In this case, we
call it a progression of differences of the sequence {bn} and the sequence {an}.

fan} + 1, 2 ., 4 ., 7T ., 11 ., .
{bn} : 1 , 2 , 3 , 4 ,

as= i+ (bi+ bt bs+ b)) =1+(14+2+3+4)=

Sums and general terms of progression of differences

If finding the general term of a sequence {an } is difficult, then we can examine the progression of differences {bn}
of the sequence {an}, where {bn} may be a sequence whose sum can be found, such as an arithmetic progression
or geometric progression. In this case, by finding the sum of the first term to the (n—1) term of the progression of
differences {bn}, we can find the general term of the sequence {an}.

When m>2 and the difference sequence of the sequence {an} is {bn}, then the following relation holds.

n — +nz_1bk
k=1

{lan} ' @ as s I . Qe an
{bn} : bl , bz , b3 , vee , bnﬂ

(n—1) elements

How to find the general term @n of a progression of differences

b
b:

?/?/?/

%\;\:
5\

b + b+ b+ .+ b

an (05}
n-1

From this, @n = a1+ (b1 + bz + bs + -+ + bn1) —a1+Zbk n=2)
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XERCIS

I
[
il

@ Find the general terms an of the sequences {an} below.

(1) 1,3,6,10,15, -
Given a progression of differences {bn}, then {bn} is2,3,4,5,- sobn=2+(n-1)-1=n+1

Given n=2
n—1 n—1 n—1 n—1 1 nin + 1
an=ai+y b :1+Z(l<:+1):1+Zk+21:1+5(n—1)n+n—1:%
k=1 k=1 k=1 k=1

-2
When n=1, this becomes 7 =1, which is consistent with a&1=1, so it also holds when n=1.

nn +1
Therefore, an = %
n(n+1)
a, =
2
OTHER METHODS

n—1 n—1 nn+1
an=a+Y bp=1+> (k+1)=14+2+3+4++n)=1+2+3+4+ +n=%

k=1 k=1

This method can also be used.

Press @), select [Spreadsheet), press @), then clear the previous data by pressing (D
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @, move to [B1].
After inputting [B1:1, B2:3, B3:6, and B4:10] respectively, press @9

Press ® @), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at ClassPad.net.
Tap the coordinates sheet, tap column A and column B, tap [Statistics], tap [Regression], and then tap

[Quadratic Regression].

1
We can confirm the functional relation ¥ = 0.52% + 0.5x = Ex(x +1) of columns A and B from the data.

Quadratic Regression
=a-xZ4boxte
xl Column A
y Column B

Freg: 1

0.5
b= 0.5
0
2 = 1
MSe = 0

hide

NP
o w0 -
o

10.Sequences 44



(2) 2,3,5,9,17,
Given a progression of differences {bn}, then {bn} is1,2,4,8,**:,50 by = 1-2"""

Given n>2

n—1 n-1

B 2”*1_1
an=a+Y bp=2+> 12" =045
k=1 k=1

=2""+1

When n=1, this becomes 2° +1 = 2, which is consistent with a:=2, so it also holds when n=1.

Therefore, an =2" " +1
a, =2""+1

On the scientific calculator, use the Table function to confirm each term of the sequence.

Press @), select [Table], press @®), then clear the previous data by pressing (D

Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press r (x;a)m—zﬁ .
After inputting f(2)=2"" +1, press @
m
Press €, select [Table Range], press Table Range ] i foo_| st
Start:1 2 z 3| ERROR
After inputting [Start:1, End:4, Step:1], End :4 3 3 3| EEm
1

select [Execute], press @
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PRACTICE

o

(1) 1,5,11,19,29, -

@ Find the general terms an of the sequences {an } below.

Given a progression of differences {0}, then {b.} is 4, 6, 8,10,******, so
b,=4+(n—-1):-2=2(n+1)
Given =2

n—1 n—1
an=a,+Y be=1+) 2k+1)=1+2
k=1 k=1

nik+nil]

k=1 k=1

]‘ 2
=1+2 E(n—l)n—l—n—l =n"+n-—1

When n=1, this becomes 1> +1 —1 = 1, which is consistent with a,=1, so it also
holds when nn=1.

Therefore, @, =n°+n—1

OTHER METHODS

n—1

In this case, Z bi is the sum of the first term to the (2—1) term of an arithmetic
k=1

progression with a first term of 4 and a common difference of 2, so

a,=n"+n-—1

n—1 1
anzal—l—Zbk:1—|—E(n—1){2-4—|—(n—1—1)~2}:n2—|—n—1
k=1

Press ©), select [Spreadsheet], press @, then clear the m —
previous data by pressing (D -
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, 19

press @, move to [B1].
After inputting [B1:1, B2:5, B3:11, and B4:19] respectively, press €9

Press ® (), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at
ClassPad.net.

Tap the coordinates sheet, tap column A and column B, tap [Statistics], tap
[Regression], and then tap [Quadratic Regression].

We can confirm the functional T

relation y = £’ +  — 1 of
columns A and B from the data. ca
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(2) 1,2,5, 14,41,

Given a progression of differences {b.}, then {b..} is 1, 3,9, 27,---
Given 1>2
S S~ gk 3"T—1_ 1 1
Qn=a,+> bp=1+Y 1-3"" =14° - = —.gm1 4 =
k=1 k=1 3—1 2 2

,so0b,=1-3""1

1 B 1
When n=1, this becomes 5 3+ 5= 1, which is consistent with a,=1, so it also

holds when n=1.

1 1
Therefore, a,, = 5 3"t 4+ 5

1

1

a,=—-3""4+—

2

2

Press (©), select [Table], press @), then clear the
previous data by pressing (D

=]

fix)=

1
2

x-1 l
x3 +2

Press ¢, select [Define f(x)/g(x)],
Table Rangze

press 08, select [Define f(x)], press ey
1 End :4

x

£k

fimd
1

z
=1
14

153

ERROR
ERROR
ERROR
ERROR

After inputting f( a:)z% X 377 + Py
press €

Press (), select [Table Range], press

After inputting [Start:1, End:4, Step:1], select [Execute], press €
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Sums and general terms of sequences”

TARGET To understand the relation between general terms and the sums of sequences.

STUDY GUIDE

Sums and general terms of sequences
For some sequences, the general term is unknowable, but instead we can find the sum of the terms up to the nth term. In
this case, we can find the general term from the difference between the sum up to the 7ith term and the sum up to

the (n—1)th term.

How to find the general term of a sequence whose sum is known
Given Sn is the sum of the first term to the nth term of the sequence {an }, then when n=2, we can find the difference
between Sy and Sn-1 from Sn =@+ a+as+-++--+ an, as shown below.
Sh = m + @&+ e+ ... + an1+ an
- ) Sy =@+ @+ oa + ... + an

Sn—Sn1 = n
This shows that the general term an of the sequence {@n} is obtained by the difference Sn —Sn-1 between the sum
Sn-1 up to the nth term and the sum S» up to the (n—1)th.
Note that in this case, when n=1, the left side of the expression above becomes S1— S, and it does not hold. That is to
say, n>2 is a condition for deriving the above expression. When n=1, then we derive Si=a.

From the above, we get the following relation between the general term and the sum of a sequence.

(i) When n=1, then a, = 5,

(ii) When 1=2,thena, =S, —5,_,
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Eoe @ Find the general term @n of the sequence {an} whose sum Sy of the first term to the nth term is given by the

following expression.

(1) Su=3n"+4n
When n=2, an = Sn —Sn1 =30 +4n—{3(n -1’ +4n -1} =6n+1 . (i)
When n=1,then i = 81 = 3-1° +4-1=7,and by substituting this into (i) for n=1, it is equivalent to 6-:1+1=7, so
(i) also holds when n=1.

Therefore, an =6n+1

a, =6n+1

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @, move to [B1].

Press €9, select [Fill Formula), press Fil 1'3' Formula
After inputting [Form=3A1* + 4 A 1], press & Eg;ge =g?1 ;1—4#\1
After inputting [Range:B1:B4], press @,
select [Confirm], press @), move to [C1] Fil 1Iil Formula

i . Form =B2-B1
After inputting [C1:7], press @9 Range :C2:C4

Press €9, select [Fill Formula), press
After inputting [Form=B2—B1], press ©®
After inputting [Range:C2:C4], press @, select [Confirm], press

Press ® @), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at ClassPad.net.

Tap the coordinates sheet, tap column A and column C, tap [Statistics], tap [Regression], and then tap
[Linear Regression].

We can confirm the functional relation y=6x+1 of columns A and C from the data.

Linear Regression

y=a-x+h
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(2) Sn=3"-1
When n=2, an = Sn —Sn1 =3" —1-(3""' =) =3-1)3"" =2-3"" (i)
When n=1,then a1 = 81 = 3" —1 =2, and by substituting this into (i) for n=1, it is equivalent to 2- 3" =2, so (i)
also holds when n=1.

Therefore, an = 2- 3"
a/n = 2 ° 3?7,—1

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @, move to [B1].
Press €9, select [Fill Formula), press

o]
Fill Formula

After inputting [Form= 3" — 1], press @ Eg;ge =g; SS;)_1

After inputting [Range:B1:B4], press @,

select [Confirm], press @), move to [C1]

After inputting [C1:2], press @9

Press €9, select [Fill Formula), press

After inputting [Form=B2—B1], press &

After inputting [Range:C2:C4], press @, select [Confirm], press
Press ® @), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at ClassPad.net.
Tap the coordinates sheet, tap column A and column C, tap [Statistics], tap [Regression], and then tap

[abExponential Regression].

2
We can confirm the functional relation 1 = 3 3" =2-3"" of columns A and C from the data.

abExponential Regression
y=a-b
Xl Column A
y: Column C
Freq: 1
0.6666666667
b= 3

more

NN
N e
8
%
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PRACTICE

o

following expression.

(1) Sy, =4n®>-5n

=) @ Find the general term an of the sequence {an} whose sum Sy of the first term to the nth term is given by the

When 122, @, =S, —Sn1 =4n°’ —5m—{4n—1>—-5n—1)}=8n—9 ...(i
When n=1, then a; = S, = 4:1* —5-1 = —1, and by substituting this into (i) for
n=1, itis equivalent to 8:1—9=—1, so (i) also holds when n=1.
Therefore, a, = 8n —9

a, =8n—9
Press (©), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @), move to [B1].
Press ¢, select [Fill Formula], press

. ° — 2_ 0] o]
After inputting [Form=4A1* —5A1], Fill Formula : —
orm = - Z &
press € Range :B1:B4 4
=4A1%-5A

After inputting [Range:B1:B4], press €©,

o o]
select [Confirm], press @, moveto [C1] [Fill Formula i—; 1
. . el 21 15
After inputting [C1:—1], press @ e g

Press ¢, select [Fill Formula], press

After inputting [Form=B2—B1], press €

After inputting [Range:C2:C4], press €9, select [Confirm], press

Press ® @), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at
ClassPad.net.

Tap the coordinates sheet, tap column A and column C, tap [Statistics], tap
[Regression], and then tap [Linear Regression].

We can confirm the functional relation y=8—9 of columns A and C from the data.

Linear Regression
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(2) Sw=n’

When n22,a, =S, —S,.=n’—(n—1°>=3n>—-3n+1 ...(i
When n=1, then @, = S, = 1* =1, and by substituting this into (i) for n=1, itis
equivalentto 3-1* —3-1+1 =1, so (i) also holds when n=1.
Therefore, a, = 3n* —3n+1

a, =3n*—3n+1
Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @), move to [B1].
Press ¢, select [Fill Formula], press
After inputting [Form=A 1% ], press @ [ - —
After inputting [Range:B1:B4], press @, [Form 81742 E

select [Confirm), press @), move to [C1] S

hwl’\J-'

After inputting [C1:1], press @ é é 1
Press ¢, select [Fill Formula], press il =133‘E -y

After inputting [Form=B2—B1], press €

After inputting [Range:C2:C4], press €9, select [Confirm], press

Press ® &), scan the QR code to display the data.

In addition, you can use the following procedure to change the settings at
ClassPad.net.

Tap the coordinates sheet, tap column A and column C, tap [Statistics], tap
[Regression], and then tap [Quadratic Regression].

We can confirm the functional relation y = 3z’ — 32 + 1 of columns A and C from
the data.
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Sums of various sequences (1) /

TARGET To understand how to find the sum of sequences expressed as fractions.

STUDY GUIDE

Sums of sequences expressed as fractions
Partial fraction decomposition
The sum of a sequence in which each term is expressed as a fraction may be found by transforming each term into the

difference of the fraction by using the following formula.

1 1 11
(k+a)(k+b) b—alk+a k+0b

(where, a=b)

Note that partial fraction decomposition is the inverse calculation of reduction to a common denominator.

1 1 1 1 ] 1 1

k+3)(k+4) 4-3|k+t3 k+td] k+3 k+4

Rationalization of denominators of irrational numbers
The sum of a sequence that contains a root sign in the denominator of each term may be found by rationalizing the

denominator as shown below.

1 _Vk+c—Vk+d
Jk+c+k+d c—d

(where, c=d)

1 JE+2—-k+1 JE+2-k+1
X. = = =vk+2 -k
Je+24+Vk+1 (Jk+2+4Vk+1DWEk+2 —Jk+1) 2-1 i o
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= @ Find the sums of the sequences below.

1 1 1 1
(1) _ .. +
1 2:3 34 n(n+1)
1 1 1
The kth term in this sequence can be expressed as ok +1) = A

Therefore, we find a sum of

S-AE-

— N _ — A A — L A = A .. _|_
Zkk+1 Z[k k+1 [1 Xl\ "
U
S n+l n+1 n
n+1
On the scientific calculator, use the VARIABLE function to confirm the sums up to term A are consistent.
Press @), select [Calculate], press
A
oo Y R
Jor o 'y
CICIVIVICENOICIGIOIGICIOIOIVIOINIOIOINIGIC) %[x(a;l+1) ] Af1
x=1
OOOE®O®O®
In the VARIABLE screen, input [A=50], and then calculate.
. o Jor o 'y
a 1 A
DOO0® O® [ D20 = (zermy ) ~we
=0 =0
-0 ’ 0
We can confirm this holds when A=50. (We can confirm any value by changing the input value of A.)
LR SR SR 1
J3+42 2443 542 Jn+2+dn+1
The kth term in this sequence can be
1 VEk+2—+k+1 \/k-i- \/k-i-
expressed as =vk+2-VJk+1

\/k+2+\/k+1 Wk+2+Vk+1DWE+2 —JVE+1) 2-

Therefore, we ﬁnd a sum of

k+2 +JkT Z\/ﬁ VE+D
(VBB (=) (e +(Wn+2 - k)
DA Jnvz-z

PBRUO® VEEPEAROAEE®DOOADORRR g[@%]:(;
COEPOP®DOO®DOV I
7o I ry
= - %[#]-(1;
DEO® O [ i 2 | w2 +qmr T
- - 0

We can confirm this holds when A=80. (We can confirm any value by changing the input value of A.)
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PRACTICE

@  Find the sums of the sequences below.

(1) L+L+L+......+;
2:3 34 4-5 (n+1)(n+2)
1 1

1
The kth term in this sequence can be expressed as k+1(k+2) “k+1 k+2°

Therefore, we find a sum of
n 1 n

k+1 k+2 kl

T2 n+2 %n+m

1 1
E+1 k+2

k=1
1

n+L n+2

1
2

_n
2(n +2)

7 H

PBOO® DECO®B®DOO®D®OOVO®( 1 7
PORRROPOORO®ODRV

@@ 0 6 @@E g 2 (< ) 3%
B 0

We can confirm this holds when A=70. (We can confirm any value by changing the

A

@ T om
oo oo
i [¥=

3

input value of A.)
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1 1 1 1

S S N R O i i1t
The kth term in this sequence can be expressed as

1 B V2k +1— 2k —1
Pk+1+\k—1 (k+1+2k—1) \/2k:+1—\/2k—1

_2k1—v2k—n \/2k+1—\/2k—1
1—(—1)
Therefore, we find a sum of

n 1 n
Z\/2k+1+J2k—1 ; (V2k+1—+2k—1) _EZ (V2k+1—+2k—1)
=5{(ﬁ—) %—ﬁ)ﬂﬁ—%” ------ +(2n+1— V2n—1)}
- %(\/2n—l—1—1)

N||—l

%@hn+1—n

PBOO® —
)

NEEEEDDODEROODODADDRRQ [FTmraT)
0HEROOERD®DDDEODO

230008 o8

T

[WH?]

=

@ PT®
oooo
WM

0

We can confirm this holds when A=100. (We can confirm any value by changing

the input value of A.)
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Sums of various sequences (2) -~

TARGET To understand how to find the sum of sequence as (arithmetic progression) X (geometric progression).

STUDY GUIDE

Sum of a sequence as (arithmetic progression) X (geometric progression)
Considerhow tofind S, =1-1+2-2+3-2" +4-2° - +(n—1)-2"7+n-2"".
This sequence multiplies the following 2 sequences in the form of (arithmetic progression) X (geometric progressions).
Arithmetic progression = 1, 2 , 3 , 4 , ...... , n—1, n
Geometric progressions : 1, 2, 2 , 2° , ... , on2 ) ontt
The sum of these sequences can be found by calculating .S, — 7S, where ris the common ratio of the geometric
sequence.
S, =11+2-2+3-22+4-2° 4 +(n—1)-2"7%+ n-2"!
- ) 25, = 124222 43-2% 4-oee +(n—2)-2"%+(n—-1)-2""+n-2"

=S,= 1+ 2+ 224+ 224+t 2"+ 2" —n-2"

By using the formula of the sum of geometric sequences on this, we get
n

. 27 -1
_Sn:(1+2+22 493 s _|_2n—2_|_2n—1)_n_2n _ - —n~2"=(1—n)-2"—1

Therefore, we canfind S, = (n—1)-2" +1.

On the scientific calculator, use the VARIABLE function to confirm the sums up to term A are consistent.

7F 0 Iy

PBOOE PROODODODODDAR® & (zxar)—( Aty
COOPOODORIODDDODDO i

Jor I Y

2]
2 (ax2*" ) =( ca=1) o

DO00® O

@ T m
LT | R T 1}

o e e e }

(B
E
ks
z

non u
f e e e }

0

We can confirm this holds when A=100. (We can confirm any value by changing the input value of A.)

OTHER METHODS

Press @), select [Table], press @), then clear the previous data by pressing ®
Press €, select [Define f()/g(x)], press @), select [Define ()], press

€T
After inputting f(2)=S " (z x 2°1) , press @ Gzl )
; f(z}=§%(zxz“) g(x)=(x—1)%x2"+1
=

In the same way, input g(2)=(z — 1) x 2% +1.
Press €9, select [Table Range], press
After inputting [Start:1, End:12, Step:1], select [Execute], press @

¥of [ o vor [ Jor o
x fixd 9z x fiad xd x fean (xd
Table Range i f f S\mmEms| | 1z9| 123 o|mmmE| d057| 4Dar
Start:1 2 z 5 5 E 3 21 Fz21 10 10 9217 9217
E d . 1 2 3 3 17 17 7 T TES TES 11 11| 20481 | 20421
n = 4 L 49 49 1 a g 17932 17932 5 12 12| 45057 45057
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EXERCISE
® FindS.=114+3-3+5-3+7-3" +--- +@2n—3)-3"?*+@2n-1)-3"".
= S,=1-1+3-3+5-33 473"+ +©2n—-3)-3"?*+@2n-1-3"" ..(i)
35, = 1-3+3-3°+5-3 +--- +@2n—5)-3"*+@2n—-3)-3""' +(2n—1)-3"

(1)

From (i)—(ii), we get =25, =1-14+2-34+2-3> +2-3° 4 ------ 4+2-3"24+2.3"" —(2n—1)-3"

=1+2B+3+3 ++3"2+3") —(2n—1)-3"
33" — 1)

=142 —@2n-1-3"=-2{(n-1-3"+1}

Therefore, S, =(n—1)-3" +1

S,=(n—-1)-3"+1

CITIVIVITENOIBIGISIOIOIISISIOISIOIVIOICIOIOISINIO
SIOIOICICISIOIOIOISIOIOIOICIONO)

Vor B I

2]
E (2x-1r%3*") = ( ¢»

- b-d %?(22—1))(3”'1):( =
@O00® O® [ oy k2
0 0 o
We can confirm this holds when A=100. (We can confirm any value by changing the input value of A.)
PRACTICE
® Fnd S, =15+2-54+3-5"+4-5"+---- +(n—-1)-5""+n-5".
S,=1:5+2-5"+3-5"+4-5" 4. +(n—1)-5""+ n-5" ...(i)
55, = 1-5°+2:5° +3-5" 4+ +(n—2)-5""+(n—1)-5" +n-5"" ..(ii)
From (i) —(ii), we get
—4S5,=1-54+1:5"4+1:5"+1-5" .- +1-5""4+1:5" —n-5""
_ 55" —1) Cpgn _(4n—1)-5"" +5
5—1 4
an—1)-5""+5
Therefore, S, = ( ) -
16 (4n—1)-5"" +5

S, =

16

Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press (), select [Define f(x)/g()], press @), select [Define f(x)], press

After inputting f(a:)zz (z%x5%), press €

=1
) (42 — 1) X 5% +5
16 )
Press (), select [Table Range], press

After inputting [Start:1, End:4, Step:1], select [Execute], press €

In the same way, input g(x)=

=] o

o [
=3 _(4x-1)%5""+5| [Table Ransge
f<x>-x§1(xx5x) g(x)= ahle Re

16 End :4

o fima
o

55
420

xd
]

55
430

2
3

1
2
3
4 4

2920 29z0
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Grouping sequences
To understand grouped sequences.

STUDY GUIDE

Grouping sequences

A sequence that is split into groups according to some rule is called a grouped sequence.

1

—

2,3 |

—

4,56 |

———

Istgroup 2ndgroup 3rdgroup

The grouped sequence above can be summarized as follows.

Group 1stgroup | 2nd group | 3rd group | ...... (n—1)th group | nth group
Sequences 1 2,3 4,56 | ... (ii)
First term 1 2 4 | .. (i)
Number of elements| 1 element |2 elements|3 elements| ...... (n—1) elements|n elements

1
(i) Until the last number in the (n—1)th group, there are 1+2+3+------+(n—1)= 5 n(n —1) (elements) terms.

1
The first number in the mth group is the { En(n -1) +1}th term.

The kth term in this sequence is ak =k, so a1 . .,
2

1
zan(n—l)Jrl

1
(ii) The mth group is an arithmetic progression with a first term of { En(n —1) -1-1}, a common difference of 1, and

there are n terms, so the numbers arranged in the nth group are
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XERCIS

I
[
il

@ Given natural numbers are arranged in ascending order and divided so that the 7th group contains n elements. In this
case, solve the following problems.

112,314,5,617,8,9,10]|......

(1) Find the first number and the last number in the 12th group.
Until the last number in the 11th group, thereare 1+2+3 4+ +11= % 11-(11+1) = 66 (elements) terms.
The first number in the 12th group is 67 terms from the beginning. Since the general term of this sequence is @k, such
that ak =k, we get as=67
Since the last number of the 12th groupis 1+2+ 3 + -+« +12= % 12-(12 + 1) = 78 (terms) from the beginning,

we get as=78

First number...67, last number...78

(2) Find the first number in the mth group and the sum of the numbers in the nth group.

1
The last number in the (n—1)th group is 1+2+3-+----- +(n—1)= En(n —1).
, , (1 -
Therefore, the first number in the nth group is {En(n —1) +1} terms from the beginning.

Since the general term of this sequence is @k, such that ak =k, we get At oo
2

1
=5n(n—1)+1

1
The numbers arranged in the 7ith group are an arithmetic progression with a first term of { B nn—1) +1}, a common

difference of 1, and there are n terms, so the sum of those numbers is

1 1 1
5 X (number of terms) x {2 X (first term)+(n—1) X (common difference) } = 5 n =5 n(n®+1)

2{%n(n1)+1}+(nl)~1

1 1
Firstnumber... Py n(n—1)+1, sum... Py n(n’+1)
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PRACTICE

@ Given odd numbers are arranged in ascending order and divided so that the 7th group contains (2n—1) numbers. In
this case, solve the following problems.
113,5,719,11,13,15,17[19,21,23,25,27,29,31 | ......
(1) Find the first number and the last number in the 15th group.
Until the last number in the 14th group, there are

1
1+3+54-- +(2-14—1):5-14'{1+(2-14—1)}=196(elements)terms.

The first number in the 15th group is 197 terms from the beginning.
Since the general term of this sequence is a«, such that ar =2k—1, we get
Q197=2-197—1=393
The last number in the 15th group is
1+3+5+----- +(2-15—1)= %-15-{1+(2-15—1)} = 225 (terms) from the
beginning
Therefore, A,;;=2-225—1=449
First number...393, last number...449

(2) Find the first number in the mth group and the sum of the numbers in the nth group.
The last number in the (n—1)th group is

=(n—1)

Therefore, the first number in the nth group is { (n — 1)’ + 1 } terms from the
beginning.

Since the general term of this sequence is a«, such that ar =2k—1, we get
iy =2{(n—1+1}—-1=2n*—4n +3

The numbers arranged in the 7ith group are an arithmetic progression with a first

term of (2n? — 4n + 3 ), a common difference of 2, and there are (212—1) terms, so
the sum of those numbers is

1
5 X (number of terms) X [2 X (first term)+{ (number of terms)—1} X (common difference)]

%-(2n—1)[2(2n2 —an+3)+{en—1)—1}-2]
=2n—-1)(2n*—2n+1)

First number...2n° —4n + 3, sum...(2n —1)(2n° —2n +1)
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Recurrence formula (1) | /

TARGET To understand recurrence formulas for arithmetic progressions, geometric progressions, and
progressions of differences.

STUDY GUIDE

Recurrence formula

Recurrence formulas for arithmetic progressions and geometric progressions

Given we can derive that @n+1 = 2@n + 1 is between the 2 terms @n and Gn+1 that are adjacent to {an}, then by
stating that ai=1, we can determine that @=2a+1=2-1+1=3, i3=2@:+1=2-3+1=7, ;=2 a3 +1=2-7+1=15,"-- for
each element in the sequence.

Equations that show us a rule that determines the 1 way to get the next term from the previous term in this way are called
recurrence formulas.

Given a first term of @i, a common difference of d, or a common ratio of 7, we can express the general term and

recurrence formula of arithmetic progressions and geometric progressions as follows.

4 N\
Recurrence formula General term
Arithmetic
progression Aniy = Gn +d an, = a, +(n—1)d
Geometric o o n—1
progression On+1 = T0n Gn = T
\_ J

How to find the general term of a progression of differences
When a recurrence formula is stated as @n+1 =an +ﬂn) (formula expressing 1), then we can use a progression of
differences in the following procedure to find the general term.

(1) Transformitto @n+1 —an =f(n), and consider fin) to be the progression of differences {bn} of the sequence {an}.

n-1
(2) Find an fromthe equation @n = a1+ Y bk (n=2) for finding the general term of the sequence {an} from the
k=1
progression of differences {bn} .

(3) Confirm whether the formula found in (2) also holds when n=1, and then find the general term.
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Find the 2nd to 5th terms given the first term and recurrence formula are as follows.

(1) w=2 an1=4an+5
w=4a+5=4-2+5=13, G3=4ax+5=4-13+5=57, ax=4 as+5=4-57+5=233, as=4 a4+5=4-233+5=937

a,=13, a;=57, a,=233, a;=937

(2) @m=5, Gn1=20an —3
WL=2m—3=2-5—3=7, i3=20:—3=2-7T—3=11, &,=2a3—3=2-11—3=19, ¢s=2a.—3=2-19—3=35

a,=17, a;=11, a,=19, a;=35

(3) a=1, Gn1=an>*+1

=0 +1=1>+1=2, @:= a:*+1=2>+1=5, ;= as>+1=5>+1=26, = a*+1=26>+1=677

af2:2l 04525, a/4:26, CL5=677

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D
(1) Afterinputting [A1:2], press €9
Press €9, select [Fill Formula), press
After inputting [Form=4A1+5], press @9
After inputting [Range:A2:A5], press ®, select [Confirm), press

o)
Fill Formula
Form =4A1+5
Range :A2:A5

. m
(2) When the sheet is displayed, move to [B1]. Fill Formula

Form =2B1-3
Range :B2:B5

After inputting [B1:5), press @
Press €9, select [Fill Formula), press
After inputting [Form=2B1—3], press €9

After inputting [Range:B2:B5), press @), select [Confirm], press

(3) When the sheet is displayed, move to [C1]. Fill Formula

Form =C12+1
Range :C2:C5

After inputting [C1:1], press @9
Press €9, select [Fill Formula), press
After inputting [Form=C1%+1], press ®®

After inputting [Range:C2:C5), press @, select [Confirm], press
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Find the general term the sequence {an} given the first term and recurrence formula are as follows.

(1) =7 ani=an—3

The sequence {@n} is an arithmetic progression with a first term of 7 and a common difference of —3,

so an =7+(n—1)-(—3)=—3n+10

(2) @m=5, Gn1=20an

a, =—3n+10

The sequence {an} is a geometric progression with a first term of 5 and a common ratio of 2, s0 @n = 5-2"""

(3) @m=3, Gni1=0an+2n

an == 5.277,—1

From @n+1 — @n =2, then for the progression of differences {bn} of the sequence {an}, we get b, =2n.

n-1 1

n-1
Given =2, then @n = a1+ Y bk :3+22k:3+23(n—1)n:n2 -n+3
— =

k=1 1

This also holds when n=1and 1> =1+ 3 = 3.

Therefore, the general term is Gn = n* —n + 3

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D

After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @, move to [B1].

a,=n>—n-+3

(1) After inputting [B1:7], press ©®

Press €9, select [Fill Formula), press

After inputting [Form=B1—3], press &

After inputting [Range:B2:B4], press ), select [Confirm], press

(2) When the sheet is displayed, move to [C1]. L

After inputting [C1:5], press €9

Press €, select [Fill Formula), press
After inputting [Form=2C1], press ®®
After inputting [Range:C2:C4], press @, select [Confirm], press

(3) When the sheet is displayed, move to [D1]. )

After inputting [D1:3], press ©®

Press €, select [Fill Formula), press
After inputting [Form=D1+2A1], press ©®
After inputting [Range:D2:D4], press @), select [Confirm], press

D)
Fill Formula
Form =B1-3
Range :BZ2:B4
-ﬁ-d
=B1-3
1 7 J
z E] Form =2C1
S , Range :C2:C4
o)
1 T J
2 i
] 1 20
E -Z] 40
=2C1
B | 3
o Fill Formula
f——i—ommms| [Form =D1+2A1
a4 -2 40| | REHSE :DZ:Dﬂ
o)
R — — —]
2 i 10 5
] 1 20 ]
E o 400 | 151
=D1+24A1

Press ® @), scan the QR code to display the data. (Continued on the next page.)
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(1) Tap column A and column B, tap [Statistics], [Regression], and [Linear Regression] in this order.

We can confirm the functional relation y=—32+10 of columns A and B.

A B Linear Regression

y=a-x+b \

oo

1 it 7
x:  Column A
2 2 4
y: Column B L
3 3 1
Frea: 1
4 4 -2
5 a= 3 L4
b= 10
= 1
5
Y ) )
MSe = 0

(2) Tap column A and column C, tap [Statistics], [Regression], and [abExponential Regression] in this order.

5
We can confirm the functional relation y = 3 2% =5-2"" of columns A and C.

A B c abExponential Regression T 7
y=a-bX
ik 1 7 5
x: Column A - 40
2 2 4 10
v:  Column C
3 3 1 20 - 35
Frea: 1
4 4 -2 40
5 a - 25 2 /
b = 2 Lo
T = 1
2= 1 20
MSe = 5e-29
Eis
hide
- 10
x

(3) Tap column A and column D, tap [Statistics], [Regression], and [Quadratic Regression] in this order.

We can confirm the functional relation ¥ = > — 2 + 3 of columns A and D.

A B @ D
¥
; /
1 1 7 5 3 |
2 2 4 10 5 g |
3 3 1 20 9 | /
4 4 2 40 15 1 |
=

Quadratic Regression pm F10 -

y=a-x2+b-x+c /
x:  Column A [ |
y:  Column D |

Frea: 1

6 o w
[
Lo
.\

Y
1
—

MSe = 0

10. Sequences 65



PRACTICE

Find the 2nd to 5th terms given the first term and recurrence formula are as follows.
(1) a=—4, anri=—2an+1
a=—2a,+1=—2-(—4)+1=9, gy=—2a,+1=—2-9+1=—17,
a,=—20;+1=—2-(—17)+1=35, a;=—2a,+1=—2-35+1=—69
a,=9, a;=—17, a,=35, a;——69

(2) w=3, an+1=2an —1
a,=20a,—1=2-3—1=5, a;=2a,—1=2-5—1=9,
a,=20a;—1=2-9—1=17, a;=2a,—1=2-17—1=33
a,=5, a;=9, a,=17, a,=33

Press ©), select [Spreadsheet], press @8, then clear the previous data by pressing (O

(1) Afterinputting [A1:—4], press €9 Fill Formula
Press (=), select [Fill Formula], press R
After inputting [Form=—2A1+1], press &
After inputting [Range:A2:A5)], press €9,
select [Confirm], press

(2) When the sheet is displayed, Fi1T Formula
move to [B1]. Ronge 102185
After inputting [B1:3], press @
Press ¢, select [Fill Formula], press
After inputting [Form=2B1—1], press
After inputting [Range:B2:B5], press €9,
select [Confirm)], press

B “J

=241+
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Find the general term the sequence {@n} given the first term and recurrence formula are as follows.

(1) =4, Qn+1=0an +7

The sequence {a.} is an arithmetic progression with a first term of 4 and a
common difference of 7, so a,, =4+(n—1)-7=Tn—3

1
(2) a=2 ann = Ean
The sequence {a.} isa geometric progression with a first term of 2 and a common

n—1

(3) a=-5, ani=an +4n

From G, — G, = 47, then for the progression of differences {b.} of the

sequence {an}, we get b, = 4n .

Given 1122, then
n—1 n—1 1

an=a:+Y by=—5+) 4k = —5+4-S(n—1n=2n'—2m -5
k=1 k=1

This also holds when n=1and 2-1> —2-1—5 = —5.
Therefore, the general termis @, = 2n° —2n —5
a, =2n°*—2n—5
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Press (©), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @), move to [B1].

(1) After inputting [B1:4], press
Press ¢, select [Fill Formula], press
After inputting [Form=B1+7], press

After inputting [Range:B2:B4], press €9,

select [Confirm), press

(2) When the sheet is displayed,
move to [C1].
After inputting [C1:2], press €©
Press ¢, select [Fill Formula], press

1
After inputting [Form= 5 C1], press €9

After inputting [Range:C2:C4], press @,

select [Confirm], press

(3) When the sheet is displayed,
move to [D1].
After inputting [D1:—5], press ©
Press ¢, select [Fill Formula], press

After inputting [Form=D1+4A1], press
After inputting [Range:D2:D4], press @9,

select [Confirm), press

1)
Fill Formula
Form =B1+7
Range :B2:B4

Fill Formula
Form =1.2C1
Range :C2:C4

hL\Jr\J—‘E

o)
Fill Formula
Form =D1+4A1
Range :D2:D4

th-E
pal= | H
ifoa{~| =
[|R=] i
1o | &
DWenro
+
h [m]
LM
el — U

Press ® (X), scan the QR code to display the data. (Continued on the next page.)
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(1) Tap column A and column B, tap [Statistics], [Regression], and
[Linear Regression] in this order.
We can confirm the functional relation y=7x—3 of columns A and B.

A B Linear Regression
y=a-x+b
1 1 4
x: Column A
2 2 11
y:  Column B
18 .
Frea: 1
4 4 25
5 a 7
b= -8
ol 1
2 1
MSe = 0

(2) Tap column A and column C, tap [Statistics], [Regression], and

[abExponential Regression] in this order.

i r—1
1
We can confirm the functional relation ¥y = 4 - E =2 5 of columns A and C.
A B c abExponential Regression
v=a-bX

’1 l x:  Column A
f ’ " l, y:  Column C
!
5 a = 4

b = 0.5

r= -

rr = 1

MSe = 1.25e-29

hide

(3) Tap column A and column D, tap [Statistics], [Regression], and
[Quadratic Regression] in this order.
We can confirm the functional relation ¥y = 2x* — 2 — 5 of columns A and D.

A B c D Quadratic Regression

y=a-x2+b-x+c

1 1 4 2 5 :
| x:  Column A
2 2 11 1 -1
| y:  ColumnD
18 0.5 7
| Frea: 1

4 4 25 0.25 19 |

I3}
[ ']
&

10. Sequences 69



Recurrence formula (2) /

TARGET To understand how to find the general term of a recurrence formula in the @n+1 = pan + q format.

STUDY GUIDE

Recurrence formulain @+ = Pa, + q format
Consider how to find the general term given that the recurrence formula of the sequence {an} is expressed as
an+1=pan +q (pand gare constants, and p=1 and ¢=0) ...(i).

If (i) can be transformed to @n+1 —c=p(an —c) ...(ii), then we can consider the sequence { @n — ¢} to be a geometric
progression with a first term of ai— ¢ and a common ratio of p, from which we can find the general term an .

Assume we can convert the recurrence formula @n+1 =pan +¢q ...(i) to aGnn —c=p(an —c) ...(ii).

By transforming to (ii), we get @n+1 =pan —pctc .. (iii)

By comparing (iii) and (i), we get ¢g=—pc+c. That is to say, we get c=pc+q ...(iv).

This formula (iv) is the same as formula (i) but with the @n+1 and a@n replaced by ¢, and we call this formula (iv) a
characteristic equation.

We can use this formula to solve recurrence equations in the format of @n+1 =pan +¢, as shown below.

)

((1) Find the solution c of c=pc+ g for the characteristic
equation of @n1=pa.,+q.

(2) Find the general term of { a,, — ¢}, and find the
general termof { a,, }.

RERCIS|

lan
iyl
L

=) @  Find the general terms @n of the sequences {an} below.
(1) =1, an+1=3an +2
Solve c=3c¢+2toget c=—1
Therefore, we can transform Gn+1 =3 an +2t0 Gn+1 +1=3(an +1).
This shows that the sequence { an +1} is a geometric progression with a first term of ai+1=2 and a common ratio of 3.

Therefore, from an +1=2-3"", weget an =2-3"" -1
a,=2-3""'-1

(2) m=3, Gn1=—4an +1

1
Solve c=—4c¢+1to get c= 5

1 1
Therefore, we can transform @n+1 =—4an +1to An+1 — 5 =—4|an— g] .
: L . o 1 14
This shows that the sequence an — 5 is a geometric progression with a first term of ai1— 5 = 5 and a common
ratio of —4.
1 14 Nt 14 no 1
Therefore, from an — Fir (=)™ weget an = = (=)™ + 5 14

1
an, = ° (_4)’";—1 + E

5
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Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @), move to [B1].
(1) Afterinputting [B1:1], press @9

Press €9, select [Fill Formula), press

After inputting [Form=3B1+2], press €9

After inputting [Range:B2:B4], press @), select [Confirm], press @, move to [C1].

C]
—— Fill Formula
Form =3B1+2
Range :B2:B4

R L L e

Press €9, select [Fill Formula), press
After inputting [Form=2x 3*"Y —1] press @

After inputting [Range:C1:C4], press @), select [Confirm], press @, move to [D1].

o} o)
Fill Formula -_“-E-J
Form =2%x3"{(A1-1) 5

Range :C1:C4

on|—

b Lo
L) =l

1 #=]eara|=

.-
23~ (A1=1)—1

We can confirm that the first term to the 4th term of the recurrence formulas in B1 to B4 and the first term to the 4th

term of the general terms in C1 to C4 are the same.

(2) Afterinputting [D1:3], press @
Press €9, select [Fill Formula), press
After inputting [Form=—4D1+1], press @
After inputting [Range:D2:D4], press @, select [Confirm], press @), move to [E1].

C] C] T
S - | B i] P L 1] [T
T—— BT T e
3 17 17 3 17 17 45 17 17 A5] |
4 =] ]| | El =] 53] -1739] =k =i -179] |
=—4D1+1
Press €9, select [Fill Formula), press
. ) 14 (A1-1) 1
After inputting [Form= s X (—4) + 5 ], press @
After inputting [Range:E1:E4], press @, select [Confirm), press
0 m
Fill Formula I -
Form =14.15%(-4>" s -1?ﬂ—11
Range :E1:E4 =55
=1415X{—-4Y" {A1-1)

We can confirm that the first term to the 4th term of the recurrence formulas in D1 to D4 and the first term to the 4th

term of the general terms in E1 to E4 are the same.
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l
0% o
coao
Ee
S588

3 1
(2) a=—, Gn+1=— Qn +—
2 2 2

PRACTICE

@ Find the general terms an of the sequences {an} below.

(1) w=1, an1=2an+1

Solve c=2c+1toget c=—1
Therefore, we can transform @, =2a, +1to a,,+1=2(a, +1).
This shows that the sequence { a,, +1} is a geometric progression with a first term
of a,+1=2 and a common ratio of 2.
Therefore, from a, +1=2-2"", weget a, =2" —1
a, =2"—1

1
1 1
Solve CZE c-l—; to get c—=1

1 1 1
Therefore, we can transform a1 = Py a,+ 5 to an —1= 5 (a,—1).

This shows that the sequence { a,, —1} is a geometric progression with a first term

1 1
of a1—1=5 and a common ratio of E

n

+1

n—1

, We eta, —
2 |2 get @n

1 (1
Therefore, from a, —1= —- [_
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Press (©), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @), move to [B1].
(1) After inputting [B1:1], press

Press ¢, select [Fill Formula], press

After inputting [Form=2B1-+1], press €

After inputting [Range:B2:B4], press @, select [Confirm], press @), move to [C1].

[
— Fill Formula
Form =2B1+1
Range :B2:B4

R ) (e

Press ¢, select [Fill Formula], press
After inputting [Form=2"“" —1], press

After inputting [Range:C1:C4], press €9, select [Confirm], press @, move to [D1].

o] o) J
Fill Formula
Form =2"(A1)-1
Range :C1:C4

]i

[, | (]

Il
n
b
~
I
ry
L]
|

PO [P
)=

We can confirm that the first term to the 4th

term of the recurrence formulas in B1 to B4 and the first term to the 4th term of
the general terms in C1 to C4 are the same.
. . 3
(2) Afterinputting [DBE]' press €
Press ¢, select [Fill Formula], press
1 1
After inputting [Form = 5 D1+ 5 ], press @

After inputting [Range:D2:D4], press ), select [Confirm], press @, move to [E1].

o} )
—E—E E Fill Formula

Form =122D1+142
i 1 |Range :D2:D4

o
||~
!!

1
<]
N
]

| D=

1

(4]

=
| D[

Press ¢, select [Fill Formula], press

(A1)

After inputting [Form= [E +1], press @

After inputting [Range:E1:E4], press €, select [Confirm], press

o} o)
Fill Formula

Form ={112)"{(A1)
Range :E1:E4

1.25 1.25
1.125[ 1.125
1 062510625

1

]

7

15
1123 " AT+

1 Bfrafea|~]

We can confirm that the first term to the 4th term of the recurrence formulas in

D1 to D4 and the first term to the 4th term of the general terms in E1 to E4 are the
same.
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=

Various recurrence formulas (1) -~

TARGET To understand about shapes and recurrence formulas.

STUDY GUIDE

Shapes and recurrence formulas
We can use recurrence formulas to solve problems related to shapes, such as finding the number of domains created
by drawing m number of straight lines on a plane, or finding the length of the sides of a square made by connecting the
midpoints of the sides of a square.
Assume there are n.number of straight lines drawn on a plane, no 2 of which are parallel, and no 3 of which cross at
1 point.
Consider how these n straight lines divide the plane into @» domains.
(i) Drawing 1 lineon a (i) Adding 1 lineto (i) (iii) Adding 1 line to (ii) (iv) Adding 1 line to (iii)
plane divides it into 2 adds 2 new domains. adds 3 new domains. adds 4 new domains.

domains.

@ @

® |
;=2 = m+2=2+2=4 3= Ap+3=4+3=7 =z tH4=7+4=11
When the (n+1)th line lis added, the line [ crosses each of the existing 7 lines at 1 point, forming an . number of new

intersections. Therefore, by drawing a line [ the domains increase by (n+1).Thatis to say, we can see that the number
of domains @n+1 partitioned by (n+41) lines is (n+1) more than the number of domains @n partitioned by 7 lines.

Therefore, we get @n+1 = an +m +1.
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EAENCIOE

Eoe @ Assume there are n number of straight lines drawn on a plane, no 2 of which are parallel, and no 3 of which cross at 1

point. Answer the following problems given how these 7 straight lines divide the plane into @» domains.
(1) Find @, a2, as and au.

Drawing 1 line on a plane divides it into 2 domains, a:=2

Adding 1 more line produces an increase of 2 new domains, so G:=a+2=2+2=4

Adding 1 line to this produces an increase of 3 new domains, so @s= @z +3=4+3=7

Adding 1 more line produces an increase of 4 new domains, so au=az+4=7+4=11

a, =2,a,=4,a;="7a,=11

(2) Find the relation derived from @n+1 and Gn .
From the results of az=m+2, as=ax+3 and a.=as+4, we get An+1 =an +n+1

Qny1 =0an+1n+1

(3) Find an.
From (2) the progression of differences {bn} of the sequence {an}, we get by =n +1.

Given n>2

n—1 n-—1

1 1 1
an=a+Y br=2+> (k+)=2+—(n—-n+n-1)=—n*+-n+1
k=1 k=1 2 2 2
When n=1, this becomes 5 <17+ 5 -14+1=2,whichis consistent with &1=2, so it also holds when n=1.

1 . 1
Therefore, an = 3 n® + 5 n+1

1, 1
ap,==-n*+—-—n+1
2 2

Press @), select [Statistics], press @), select [2-Variable], press
Press €9, select [Edit], press @), select [Delete All], press

Input 1,2, 3, and 4 in the x column, and 2, 4, 7,and 11 in the y column, respectively.

o
VEOBROBOBVE @OBOBDOO®|Y i !
e 11
Select [Reg Results], press @), select [y=a+bx-+cx?, press SR—
1 1 s
We can confirm that ¥ = 0.52° + 0.52 +1 = Exz NPCARE e=0.5
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PRACTICE

@ Assume there are n number of straight lines drawn on a plane, no 2 of which are parallel, and no 3 of which cross at 1

point. Answer the following problems given an is the number of intersections possible from these 1 straight lines.

(1) Find a1, @z, as, and au.

a, a,

e

If we draw 1 straight line on a plane, there can be no intersections, so a,=0

Adding 1 line produces 1 intersection, so a,—a,+1=0+1=1

Adding 1 more line to this produces an increase of 2 intersections, so

;= A, +2=1+2=3

Adding yet 1 more line produces an increase of 3 intersections, so

a,=a;+3=3+3=6

a, =0,a, =1a; =3,a, =6

(2) Find an.

From the results of a,—a,+1, a;—a,+2, and a,—a;+3, weget ns = an + 1.,

Let the progression of differences be {b..}, such that b, = n

Given n>2
o 1 1, 1

1 1
When 711=1, this becomes 5 ‘12 — E -1 = 0, which is consistent with a,=0, so it also

holds when n=1.

1 1
Therefore, a,, = E'n? ——n

2 1 )

Press (©), select [Statistics], press @), select [2-Variable], press

Press ¢, select [Edit], press @K, select [Delete All], press
After inputting 1, 2, 3, and 4 in the x column, and 0, 1, 3, and 6 in the y column,

respectively, press € L
Select [Reg Results], press @), select [y=a+bx+cx?], press I
1 1
We can confirm that y = 0.5 — 0.5 = —x° — —. m
2 2 y= a+b><+5><2
b=-0.5
c=0.5
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Various recurrence formulas (2)

TARGET To understand about probability and recurrence formulas.

STUDY GUIDE

Probability and recurrence formulas

In some cases, we can use recurrence formulas to consider problems related to probability.

XERCIS

nn
|11
L

= @ Given 1 dieis rolled 7 times, then the probability that a 5 appears an odd number of times is Pn . In this case, solve the

following problems.

(1) Find P
) 1
Since pu is the probability that a 5 appears 1 time after 1 roll, we get p1= r
1
D=
(2) Use pn toexpress Pn+i.
When a die is rolled (n+41) times, a 5 appears an odd number of times in the following 2 cases.
(i) After nrolls, a 5 appearing an odd number of times is (probability pn ), and on the (n+1)th time something
other than a 5 appears.
(ii) After nrolls, a 5 appearing an even number of times is (probability (1— pn )), and on the (n41)th time a 5
appears.
Th f — .E_A'_(l_ )l—z _1_1
erefore, Pn+1 = Pn 6 Pn 6 3 Pn 6
Pnw = : Pn+ !
n+tl1 — T~ Mn -
3 6
(3) Find pn.
2 1 2 1 1
Solve the characteristic equation of ¢ = —c+ = for Ppnsi = —Pn+—,toget ¢ = —
3 6 3 6 2
rereore g — 2ot conbo vanstormed o pr— - 2[4
erefore, Pn+ 3 Pn g Can be transformed to P+t 5 3 Pn 5
1 1 1
This shows that the sequence [pn - 5] is a geometric progression with a first term of p1 — Py = ~3 and a common
tio of —.
ratio o 3
11 ()" 1(2)"" 1
Therefore, pn ——=——+|— and pn=——-|— +—
2 313 313 2
n—1
S 1 1
n=——"¢ —
3 |3 2
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Press @), select [Spreadsheet), press @), then clear the previous data by pressing (D
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @, move to [B1].

1
After inputting [Bl:g], press ©®
Press €9, select [Fill Formula), press
2 1
After inputting [Form=— B1+ S ], press @

3
After inputting [Range:B2:B4], press @), select [Confirm], press @, move to [C1].

o]
Fill Formula
Form =2.3B1+146
Range :BZ2:B4

Press €9, select [Fill Formula), press

(A1-1)
2
After inputting [Form= — 3% [g] + 5 ], press @9

After inputting [Range:C1:C4], press @, select [Confirm], press

o]
Fill Formula
Form =—143x{2133
Range :C1:C4

We can confirm that the first term to the 4th term of the recurrence formulas in B1 to B4 and the first term to the 4th

term of the general terms in C1 to C4 are the same.

PRACTICE

= @ Given 1 die s rolled 7 times, then the probability that a multiple of 3 appears an odd number of times is Pn. In this

case, solve the following problems.

(1) Find pu.
Since P is the probability that a multiple of 3 appears 1 time after 1 roll, we get
2 1
=%~ 73 1
b=
3

(2) Use pn to express Pnii.
When a die is rolled (12+1) times, a multiple of 3 appears an odd number of times
in the following 2 cases.
(i) After nrolls, a multiple of 3 appearing an odd number of times is
(probability Px ), and on the (72+1)th time something other than a multiple of 3
appears.
(ii) After nrolls, a multiple of 3 appearing an even number of times is

(probability (1— P )), and on the (12+1)th time a multiple of 3 appears.

Theref = i+(1— )3—1 +1
erefore, Pn+1 = Pn 6 Pn 6 —3pn 3

1 1

n+1 — n+_
DPn+ 3]9 3
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(3) Find pn.

1 1 1 1 1
Solve the characteristic equation of ¢ = 3 c+ 3 for Pn+1 = Epn + 37 to get c=5
1 1 1 1
Therefore, Pn+1 = gpn + 3 can be transformed to Pn+1 — 2 = 3 Pn — 5|

1
This shows that the sequence {pn — E} is a geometric progression with a first

1 1 1
termofpl—Ez—E andacommonratioofg.
therefore . — Lo L1 o 1 (1] 1

erefore, Pn 9 6 |3 r Pn 6 |3 9

_ 1),
Pr="%"13 2

Press ©), select [Spreadsheet], press @), then clear the previous data by pressing (O

After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @), move to [B1].
1
After inputting [Bl:g], press €9
Press ¢, select [Fill Formula], press
i . 1 1
After inputting [Form=—B1+—], press &

3 3
After inputting [Range:B2:B4], press €, select [Confirm], press @, move to [C1].

o} o)
C J Fill Formula C -]-J
Form =1a23B1+143
Range :B2:B4 |
=143B1+143

Press ¢, select [Fill Formula], press
(A1-1)
1

1
— + — |, press
p 2]|C> &

After inputting [Range:C1:C4], press &, select [Confirm], press

o o]
Fill Formula Wi
Form =—146X{1133 0.4044]0.444)

Range :C1:C4 D:agaeln:ag‘gal

==1a6X{143) " (A1-1

After inputting [Form=— o X

O [ =

We can confirm that the first term to the 4th term of the recurrence formulas in
B1 to B4 and the first term to the 4th term of the general terms in C1 to C4 are the

same.
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Various recurrence formulas (3) -

TARGET To understand about recurrence formulas between 3 adjacent terms.

STUDY GUIDE

Recurrence formula between 3 adjacent terms

Recurrence formula between 3 adjacent terms

The recurrence formula determined by the relation of 3 adjacent terms @n , Gn+1,and Gn+2, is called a

recurrence formula between 3 adjacent terms.

We can find the 3rd and subsequent terms of a sequence {an }, which is determined by =1, =1, and
Qn+2 = An+1 + An , as follows.
By using a recurrence formula, when n=1, then as= a2+ wm=1+1=2, when n=2, then a«=as+ a:=2+1=3, when
n=3, then as=a.+ az=3+2=5, when n=4, then a= as+ a,=5+3=8, when n=>5, then ar=as+ az=8+5=13, "

Press @), select [Spreadsheet), press @®), then clear the previous data by pressing (D

After inputting [A1:1 and A2:1] respectively, press €@

Press €29, select [Fill Formulal, press Fill Formula
Form =A2+A1
After inputting [Form=A2+A1], press @ Range :A3:A17

After inputting [Range:A3:A17], press @, select [Confirm), press
o]

=A1+A2

The sequence shown in column Ais1,1,2,3,5,8,13,21,34,55,......
The rule is that the preceding 2 terms are added to get the next term.
This sequence is called the Fibonacci sequence, and it often occurs in the natural world and the STEAM fields of

science, engineering, and art.

An+1 (_(subsequent term)
an (preceding term)

Furthermore, a characteristic that appears in this sequence is that as 7z increases,

approaches the fixed value (1.618+---+ ), which is called the golden ratio.

_ T
Move to [B1], press €9, select [Fill Formulal, press Fill Formula
A9 Form =A24A1
' ) _A2 Range :B1:B16
After inputting [Form Al ], press @

After inputting [Range:B1:B16], press €9,

select [Confirm)], press

=A171A16
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How to find the general term of recurrence formula between 3 adjacent terms

The general term of a sequence determined by @i, @z, @n+2 +P @n+1 +qan =0 can be found as follows.

Consider the characteristic equation z? + pr +q =0 with @n+2, An+1,and An Of @n+2 +PaAn+1 +qan =0 for 7,
and 1 respectively.

Given the 2 solutions of this quadratic equation are & and B(a=3), and since a+G=—p and a,3=g¢, then
@n+2+Pan +qan =0 gives us Gn+2 —(a+ ) an+ +a B an =0, which can be transformed in the following 2 ways.
An+2 —Q An+1 —Banﬂ +ﬂ'Oé an =0 — Qn+2—QAn+1 :ﬁ( n —an ) ...(1)

An+2 —Banﬂ —QAn+1 +Oé'6(ln =0 — Qn+2 —ﬂ(znﬂ =alann —ﬁan ) .. .(i)

From (i), the sequence { Gn+1 —xan } is a geometric progression with a first term of @z—aa: and a common ratio of (3,
SO Gn+1 — Qln = (a2 —aar) " -+ (iii)

From (ii), the sequence { an+1 —Ban } is a geometric progression with a first term of a—3a: and a common ratio of ¢,
S0 Gn+1 — Ban = (a2 — fa)a”™ ™" - (iv)

From (iii) —(iv), we get (8 — a)an = (a2 — aa) " " — (a2 — Ba)a™ .

{((12 - aal)ﬂ"’l - (CL2 - ﬁ(l1)a”71}.

1
From aiﬂ, we can find an = m
EXEREISE

B Find @s, a, @s and as for the sequence {an} determined by the following recurrence formulas.
~ (1) @=1, &=2 Gn2—4an1+3an =0

The given recurrence formula is transformed to Gn+2 =4 Gn+1 —3 Gn .
=4 0—3m=42—31=5, m=4a:—30:=4-5—3-2=14, ;=4 m—3a:=4-14—3-5=41, as=4 =3 a.=4-41—3-14=122
a;=5, a,—=14, a;=41, a;—=122

(2) m=1, =4, Gn+>+3an1+20n =0
The given recurrence formula is transformed to Gn+2 =—3 Gn+1 —2an .
B=—30—20=—34—21=—14, u=—3@:—20=—3-(—14)—2-4=34, x=—3@m—2a:=—3-34—2-(—14)=—74,
a=—3a—2am=—3(—74)—2-34=154
a;=——14, a,=34, a;=—74, as—154

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D
(1) Afterinputting [A1:1 and A2:2] respectively, press €9

Press €9, select [Fill Formula), press

After inputting [Form=4A2—3A1], press &

After inputting [Range:A3:A6), press @, select [Confirm], press @), move to [B1].

o]
Fill Formula
Form =4A2-3A1
Range :A3:AB

(2) After inputting [B1:1 and B2:4] respectively, press €®
Press €9, select [Fill Formula), press
After inputting [Form=—3B2—2B1], press €
After inputting [Range:B3:B6), press @), select [Confirm], press

o]
Fill Formula
Form =—-3B2-2B1
Range :B3:BB

=-3B5-2B4

We can confirm the 3rd term to the 6th term of (1) in A3 to A6 and the 3rd term to the 6th term of (2) in B3 to B6.
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Qn+2—20n+1 =3(An1 —2an ) ...

common ratio of 3,50 Gn+1 — 2an = —1-3""

common ratio of 2,50 Gn+1 — 3an = —3-2"*
From (iii)—(iv), we get an

Therefore, an = —3"" +3-2""

(i)

n+2 =3 an+1 =2(An+1 —3an ) ...(i1)

1.30°1

After inputting [B1:2 and B2:3] respectively, press €
Press €9, select [Fill Formulal, press

After inputting [Form=5B2—6B1], press €
After inputting [Range:B3:B8], press @, select [Confirm], press @), move to [C1].

Press €9, select [Fill Formulal, press
After inputting [Form=—3“"" 4+ 3x 241 press @
After inputting [Range:C1:C8], press @, select [Confirm], press

P Find the general term an of the sequence determined by a1=2, @&2=3 and Gn+2 =5 Gn+1 46 an =0.
By solving the characteristic equation of z*> — 5z + 6 = 0, we get (2—2)(2—3)=0, =2, 3

Therefore, Gn+2 —5 Gn+1 +6 Gn =0 can be transformed in the following 2 ways.

From (i), the sequence { Gn+1 —2 an } is a geometric progression with a first term of Gz—2@m=3—-2-2=—1and a
From (ii), the sequence { @n+1 —3 an } is a geometric progression with a first term of @—3a=3—3-2=—3 and a

(32,

a, =-—3""+3-2""

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, A4:4, A5:5, A6:6, AT:7, and A8:8] respectively, press @, move to [B1].

o]
Fill Formula
Form =5B2-6B1
Range :B3:B8

o]
Fill Formula
Form =-3"{(A1-1)+
Range :C1:C8

the general terms in C1 to C8 are the same.

-SEEFIIE!E!
-147 -147

We can confirm the first term to the 8th term of the recurrence formulas in B1 to B8 and the first term to the 8th term of

AS—1)+3X%X27 (A
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i

PRACTICE

; Find s, au, as and as for the sequence {an} determined by the following recurrence formulas.

(1) m=2, a:=3, Gn+2+ Ani1 —6an =0

The given recurrence formula is transformed to a,,.. =— an1 +6a,.
a;=— a,+6a,=—3+6-2=9, a,=— a;+6 a,——9+6-3=9, a;=— a,+6 a;=—9+6-9=45,
as=— a;+6 a,=—45+6-9=9

a;=9, a,=9, a;—=45, a;—9

(2) a=1, @x=2, Gn+2 —2 An+1 —8 An =0

The given recurrence formula is transformed to a,,.». =20, +8a,.
a;=2a,+8a,=2-2+8-1=12, a,—2 a;+8 a,=2-12+8-2=40,
a;=2a,+8a;=2-40+8-12=176, as—2a;+8a,—2-176+8-40=672

a;—=12, a,=40, a,=176, a;—672

Press ©), select [Spreadsheet], press @), then clear the previous data by pressing (O

(1) After inputting [A1:2 and A2:3] respectively, press €
Press ¢, select [Fill Formula], press
After inputting [Form=—A2+6A1] press €9
After inputting [Range:A3:A6], press ©9, select [Confirm], press @), move to [B1].

o} )
Fill Formula - Y
Form =—A2+BA1 =
Range :A3:AB &

=—A2+EA"

(2) After inputting [B1:1 and B2:2] respectively, press
Press ¢, select [Fill Formula], press
After inputting [Form=2B2+8B1], press
After inputting [Range:B3:B6], press @, select [Confirm], press

o o}

Fill Formula ., . m—

Form =2B2+8B1 1

Range :B3:BE e
=2B5+8B4

We can confirm the 3rd term to the 6th term of (1) in A3 to A6 and the 3rd term to the
6th term of (2) in B3 to B6.
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beel Find the general term an of the sequence determined by ai=1, @2=6, Gn+2 —7 Gn+1 +12 an =0.

o

By solving the characteristic equation of > — 7 + 12 = 0, we get (—3)(x—4)=0
and =3, 4

Therefore, a,» —7an+1 +12a, =0 can be transformed in the following 2 ways.

Anir —3An1=4(Any —3a,) ...(i)

Anis —4Any1=3(An—4ay,) ...(ii)

From (i), the sequence { a1 —3a, } is a geometric progression with a first term of
a,—3a,=6—3-1=3 and a common ratio of 4,50 @n.1 — 3a, = 3-4"7" ---(iii)

From (ii), the sequence { @, —4a, } is a geometric progression with a first term of
a,—4a,=6—4-1=2 and a common ratio of 3,50 @, — 4a, =2-3"" -+(iv)

From (iii) —(iv), we get a,, = 3-4"" —2-3""!

a,=3-4""—-2-3""

Press ©), select [Spreadsheet], press @), then clear the previous data by pressing (O

After inputting [A1:1, A2:2, A3:3, A4:4, A5:5, A6:6, AT:7, and A8:8] respectively,
press &), move to [B1].

After inputting [B1:1 and B2:6] respectively, press €9

Press (), select [Fill Formula], press

After inputting [Form=7B2—12B1], press ©

After inputting [Range:B3:B8], press €, select [Confirm], press @, move to [C1].

o o)

Fill Formula ; ; e

Form =7B2-12B1 z E

Range :B3:B8 iﬁ
=7B2—12B1

Press (), select [Fill Formula], press
After inputting [Form=3 X 44" — 2 x 341V], press €
After inputting [Range:C1:C8], press @, select [Confirm), press

T : - ]
Fill Formula -11_-3- W
Form =3x4"¢(A1-1) E TS| Psok

E
. . 0| =0 10830 1020
Range :C1:C8 138 138 G 44772 44778

=3X4" (A1-1)-2%3" ¢ =3%4" (AS-1)-2X3" ¢

=-1| |

A |||

We can confirm that the first term to the 8th term of the recurrence formulas in B1 to
B8 and the first term to the 8th term of the general terms in C1 to C8 are the same.
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Mathematical induction (1)

TARGET To understand proofs using mathematical induction.

STUDY GUIDE

Mathematical induction
Mathematical induction is a method to prove that a proposition P(m) that includes a natural number 1 holds for all

natural numbers 7. With mathematical induction, we can do proofs in 2 steps.

((i) Show that P(1) is true for n=1.
(ii) Assume that P(k) is true for n=k
=Show that P(k+1) is true for n=k+1.
From (i) and (ii), it is true for all natural numbers.)

\ This is true for all natural numbers.

Since P(k) is true, then P(k+1) is true.

P(F) is true for n=~k.

Since P(2) is true, then P(3) is true.

Since P(1) is true, then P(2) is true.

P(1) is true for n=1.

The "falling dominoes" shown above are a good way to visualize mathematical induction.

10. Sequences 85



EXEREISE
Let 1 be a natural number. Use mathematical induction to prove 1+ 3 +5 —+------ +@2n—-1)=n".

[Proof]

Given 14345+ +@2n—-1)=n" -(A).

(i) When n=1
The (left side) of (A)=1 and the (right side) of (A)=12=1, so (A) is true.

(ii) When n=Fk
Assume that (A) is true.
Specifically, 1 +3+5+----- +(2k —1) =k’ istrue.
When n=Fk+1
(Leftside)=143+5++ 2k -1+ {2k +1) -1} =k* + {2k +1) -1} = k* + 2k +1 = (k +1)?
Therefore, (A) is also true when n=k+1.

From (i) and (ii) above, (A) is true for all natural numbers.

Let m be a natural number. Use mathematical induction to prove the inequality 2" > n is true.
[Proof]
Given 2" >n -(A).
(i) When n=1
The (left side) of (A)=2'=2, and the (right side) of (A)=1, so (A) is true.
(ii) When n=Fk
Assume that (A) is true.
Specifically, 2F > k is true.
When n=k+1, then we simply show that 28" > k +1 is true.
(left side)—(right side)=2F" —(k+1) =228 —(k+1)>2-k—(k+1) =k —10
Therefore, the (left side)—(right side)>0, so (A) is also true when n=Fk+1.

From (i) and (ii) above, (A) is true for all natural numbers.
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PRACTICE

Let 1 be a natural number. Use mathematical induction to prove 2+4 +6 + -+ +2n=n(n-+1).

[Proof]
Given2+4+6+------ +2n=n(n+1) ---(A).
(i) When n=1
The (left side) of (A)=2 and the (right side) of (A)=1-(1+1)=2, so
(A) is true.
(ii) When n=k
Assume that (A) is true.
Specifically, 2+4+6+------ + 2k = k(k + 1) is true.
When n=k+1
(Leftside)=2+4+6+-- +2k+2(k+1)=k(k+1)+2(k+1)
=(k+1)(k+2)=(k+1D){(k+1)+1}
Therefore, (A) is also true when n=k+1.
From (i) and (ii) above, (A) is true for all natural numbers.

Let 1 be a natural number. Use mathematical induction to prove the inequality 3" > n 41 is true.

[Proof]
Given 3" >n+1 ---(A).
(i) When n=1
The (left side) of (A)=3'=3 and the (right side) of (A)=1+1=2, so
(A) is true.
(ii) When n=k
Assume that (A) is true.
Specifically, 3* > k + 1 is true.
When n=k+1, then we simply show that 3*"! > (k + 1) + 1 is true.
(left side) — (right side)
=3 —{(k+1)+1}
=3-3"—(k+2)>3-(k+1)—(k+2)=2k+1>0
Therefore, (A) is also true when n=k+1.
From (i) and (ii) above, (A) is true for all natural numbers.
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7

Mathematical induction (2) /

To understand how to find general terms from recurrence formulas and to do proofs of properties of
TARGET . o .
whole numbers by using mathematical induction.

STUDY GUIDE

Proof of properties of whole numbers
By using mathematical induction, we can prove the properties of whole numbers.

The proof that a natural number Nis a multiple of @ can be shown in the following format.

(N:a,x (whole numbers) )

How to find general terms from recurrence formulas

By using mathematical induction, we can prove that general terms deduced from a recursion formula are correct.

Substitute n=1, 2, 3,... into the recursion formula to deduce the
general term, then prove it correct by mathematical induction.

1

RERCIS|

111

Ees Given nis a natural number, solve the following problems with regards to the sequence an = 2" +5"".

(1) Find @i, a2, as, and au.
=2 +5"=2041=3a=22+5"=44+5=90a;=2"+5" =8+25 =33,
as=2"+5""=16+125 =141

a,=3, a,=9, a;=33, a,—141

Press @), select [Table], press @), then clear the previous data by pressing (O
Press €9, select [Deﬁne f(x)/g(x)], press @, select [Define ()], press @
After inputting f()=2% + 5%, press €

Press €9, select [Table Range], press @

After inputting [Start:1, End:4, Step:1], select [Execute], press €

Voo B Voo B
£ Cxy=2" 45 Table Range ERAOR
& ERROR
ERROR
ERROR
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(2) From the result of (1), deduce that @n is a multiple of some number, and prove it using mathematical induction.

[Proof]
From ai=3=3'1, @:=9=33, as5=33=3-11, and au=141=3-47, we can deduce that @n» is a multiple of 3.
(i) Whenn=1

From a1 =2'+5"" =2+41= 3, we know that a: is a multiple of 3.

(ii) When n=k
Assuming that @ is a multiple of 3, show that ar = 2% + 5" = 3m  (mis a whole number).
When n=k+1
Qh = 28 5F =90k L 5581 —o(3m —5F ) +5-5F =2-3m +3-5F = 3(2m + 5F )
Since 2m + 5k is a whole number, @k+1 isa multiple of 3.
Therefore, when n=k+1, it is also a multiple of 3.

From (i) and (ii) above, @n isa multiple of 3.

Solve the following problems with regards to a sequence {an} that satisfies =2 and @n+1 = nan —n’ +2.

(1) Deduce the general term of {an }.

Substitute =1, 2, and 3 into the recurrence formula.

=10 —-1"+2=12-1"+2=3a;=2-0:—2"+2=2-3—-2"+2=4,

a1=3a;—-3+2=3-4-3"+2=5

Therefore, we can deduce the general termto be an =n +1.

a, =n-+1

(2) Use mathematical induction to prove that the general term in (1) is correct.

[Proof]

Prove that the general termis an = n +1.
(i) When n=1
From ai=1+1=2, this is true when n=1.
(ii) When n=Fk
Assume that @k =k +1.
When n=Fk+1, the recurrence formula gives
ok =kar—k +2=kk+1)-k*+2=k+2=(k+1)+1
Therefore, it is also true when n=k+1.

From (i) and (ii) above, the general term is an = n + 1 with regard to all whole numbers n.
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| check

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:1, A2:2, A3:3, and A4:4] respectively, press @, move to [B1]
After inputting [B1:2], press @9

Press €9, select [Fill Formula), press

After inputting [Form=A1xB1—A1?+2], press €

After inputting [Range:B2:B4], press @, select [Confirm], press

o]
Fill Formula
Form =A1xXB1-A12+
Range :B2:B4

1
2 3
3 4
)

| |
—A1XB1-A12+2

Press ® @), scan the QR code to display the data.
Tap column A and column B, tap [Statistics], tap [Regression], and then tap [Linear Regression).

The deduction formulas are displayed.

Regression

i Statistics
Linear Regression MedMed Line Quadratic Regression

Cubic Regression Quartic Regression Logarithmic Regression

Exponential Regression || abExponential Regression Inverse Regression

Power Regression Sinusoidal Regression Logistic Regression

Linear Regression

y=a-x+b

' Column A
i Column B

Freq: 1

a
b
r

[T

2
r

o = = oo

MSe
hide
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PRACTICE

Let n be a natural number. Use mathematical induction to prove 2n* +n isa multiple of 3.
[Proof]
(i) When n=1
From 2-1° +1 = 3, itiis true when n=1.
(ii) When n=k
Assuming it is true, show 2k’ + k = 3m (m is a whole number).
When n=k+1, 2(k +1)* + (k+1) = (2k* + k) + 6k* + 6k + 3
=3m+6k>+6k+3
=3(m+2k*+2k+1)

Since m + 2k’ + 2k + 1 is a whole number, this is a multiple of 3.
Therefore, when n=Kk+1, it is also a multiple of 3.
From (i) and (ii) above, 2n’ + n is a multiple of 3 with regard to all
whole numbers n.

Deduce the general term of a sequence {@n} that satisfies =1 and (@n+1 — 1)an = 2n(2n — 1), then use

mathematical induction to prove it is correct.

[Proof]

Substitute =1, 2, and 3 into the recurrence formula.
(a,—1)a,=2-12:-1—1),(a,—1)-1=2,a, =3

(a; —1)a,=2-22-2—1),(a; —1):3=12,a;, =5
(a,—1a;=2-32-3—1),(a,—1)-5=30,a, =7

Therefore, we can deduce the general termto be a,, = 2n —1.
(i) When n=1
From a,=2-1—1=1, this is true when n=1.
(ii) When n=k
Assume that a;, = 2k —1.
When n=£k+1, the recurrence formula gives
(@ — Day, = 2k(2k —1),(ar., —1)(2k — 1) = 2k(2k — 1)
From 2k—1=0,wegeta;,., —1=2k,a;,, =2k+1=2(k+1)—1
Therefore, it is also true when n=k+1.
From (i) and (ii) above, the general term is a,, = 2n — 1 with regard
to all whole numbers n.
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