Complex Numbers

1| Equality of irrational NUMBETS e 1
2 | Imaginary units 2 and complex NUMDErs ... 2
3 | Determining solutions to quadratic equations ... 3
4 | Relation between solutions and coefficients ... 4
5 | Problems to find the values by the relation between solutions and coefficients ........ 6
6 | Methods to solve higher-order equations ..., 11
7 | Relation between solutions and coefficients in cubic equations ... 13
8 | ComPlex NUMDBETS ... 15
9 | The comPlEx NUMBETr PIANE oo 20
10 | Polar form of COMPIEX NUMBETS e 25
11 | Multiplying & dividing polar FOrms oo 34
12 | De MOIVIe's tREOTEIM ..o 39
13 | The n-th root of complex NUMDBbErs ..o 43
14 | Plane figures and complex NUMBErs ... 48

CASIO Essential Materials




CASIO
Essential Materials

Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.
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Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1
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- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section
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Equality of irrational numbers /

TARGET To understand the equality relation of rational numbers and irrational numbers by using proof by contradiction.

\\l

STUDY GUIDE

Equality of irrational numbers
Let @, b, ¢, and d be rational numbers, and let \ﬁ be an irrational number. The relation between rational numbers and

irrational numbers has the following properties.

(1) Whena + bl = 0, then a=b=0
(2) Whena—l—b\ﬁ=c+d\ﬁ,azcand b=d

X

RCIS

nn
|11
L

@ Solve the following problems.
(1) Let aand b be rational numbers. When a + W2 =0 , use the fact that J2 is an irrational number to prove that
a=0b=0.

[Proof]  Assume b=0.
From a+b\/520,then \/72—% (1)

Since @ and b are rational numbers, the right-hand side of (i) is a rational number.
However, since the left-hand side of (i) is an irrational number, this is contradictory.
Therefore, we get b=0. Substitute b=0in a + b\/g = 0, such that a=0
This gives us a=b=0.
(2) Find the values of the rational numbers zand ¥ that satisfy (3 + 2\/5)1‘ +(1- \/E)y =10.
Transforming this to an equality gives (3 + ¥y —10) + (22 — y)\/g =0.
When zand g are rational numbers, 3x + y — 10,2 — ¥ is also a rational number, but since \/5 is an irrational

number, from (1) we can derive 3z + y—10=02z—y=0.

Solve these as simultaneous equations to get =2 and y=4. =2, Yy=4

PRACTICE

@ Find the values of the rational numbers zand ¥ that satisfy (2 + 5\/5)23 +(3- 2\/g)y =7-1143 .

Transforming this to an equality gives (2 + 3y) + (5 — 2y)\/§ =7-11J3.

When zand y are rational numbers, 2 + 3y,5x — 2y is also a rational number, but
since v/ 3 is an irrational number, we can derive 2x + 3y = 7,5 — 2y = —11.
Solve these as simultaneous equations to get x——1 and y=3.

—=—1, y=3

9. Complex Numbers 1
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Imaginary units 2and complex numbers

\*
\

TARGET To expand the range of numbers to complex numbers and to understand how to express and calculate complex numbers.

STUDY GUIDE

Imaginary units 2 and complex numbers
This is a new way to consider numbers that equal —1 when squared, which are expressed by the letter . This ¢ is called an

imaginary unit. This gives us ¢* = —1, where a > 0, and is expressed as v—a = Jai

The square root of =2 is \/Ei, —J2i. ﬂu(r:r(w)kr)g%gibi
Using 2 real numbers @ and b and an imaginary unit 7, can be considered a new number a + bi. Real |Imaginary
These are called complex numbers, such that @ and b are respectively called the real part and nuzr)nbers nul;nbers

— =
the imaginary part of the complex number @+ bi. When b= 0, it is a real number. 0 0
Addition and subtraction of complex numbers
Addition (a+b2)+(c+di)=(a+c)+(b+d)
Subtraction (a+bi)—(c+di)=(a—c)+(b—d):
EXERCISE
@ Calculate the following.
(1) V3v—12 = V3 h2 (2) V-2v-8 =2isi
= V361 =167
= 6i 62 = —4
(3) @+30)+B—1)=02+3)+(3-1) (@) V=25 — V=9 =36 = V251 — \9i — 360
=5+21 =51—31— 61
=—4
5421 —41
PRACTICE
@ Calculate the following.
(1) (=7 +8i) —(3—2i) (2) V-4 —-16 +-19
=(=7—3)+(8+2) = J4i — 167 + 194
= —10+102 . =20—45+T8 ,
—10+10%  _.; 54
(3) V3v-6+v-2-8 (4) =75 +2v—2V6

= V364 +/2i/8i = 753 + 24236
= 183 + V1642 =534+ 4431

=3J2i—4 —4+3J2i =9V31 9v/31

9. Complex Numbers 2
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Determining solutions to quadratic equatio

2\

S

TARGET To understand how to determine solutions from the formula for solving quadratic equations.

STUDY GUIDE

Finding the discriminant of quadratic equations (

N
The solution of the quadratic equation ax® +bx + ¢ = 0 is given by —b + + /bz — 4ac
€Tr =
2a

the formula on the right. When the range of numbers is expanded to
complex numbers, the square root of negative numbers exists, such that

the solution of a quadratic equation ax* + bz + ¢ = 0 can have a real (a, b, and c are real
solution or an imaginary solution. To determine this, we can look at the numbers, and Cl,i())
sign of the expression b* — 4a.c in the radical of the formula of the \.

solution. This expression is

called the dis“il";i“a“ta”d (1) D>0 <= Has?2differentreal roots.
s expressed by £ (2) D=0 <= Hasmultiple roots.
(3) D<0 <= Has2differentimaginary roots.
J

EAERGIS]

L

Solve the following quadratic equations.

(1) 22=-9
T =+J-9 = +J9i = +3i =131
2 _ .
(2) 2*+5x+8=0 B —5:|:\/?Z
T e B W o e &AL L=—"
2.1 2 2

Determine the type of solution for the following quadratic equations.
(1) 2°+32+3=0

Let the discriminant be D, suchthat D =3’ —4-1.3=-3<0 Has 2 different imaginary roots.
(2) 22 —4x—-7=0 .
Let the discriminant be D, such that D = (—4)> —4-1-(—=7) =44 >0 Has 2 different real roots.

Solve the following quadratic equations.

(1) 2 +12=0 g = 412 = +12i = £2/33 T = 4234
—3+32—4.5-1  —3+-11 _ —3+.114
2.5 0

! I VY
10

(2) 52°+3z+1=0 ¢ =

Determine the type of solution for the following quadratic equations.
(1) 22° -52x+7=0 Let the discriminantbe D, suchthat D = (—5)’ —4-2.7=-31<0
Has 2 different imaginary roots.
(2) 9 +122+4 =0} o4 the discriminant be D,suchthat D =12° —4.9.4=0
Has multiple roots.

9. Complex Numbers 3



Relation between solutions and coefﬁcients

TARGET To understand the relation between solutions and coefficients in quadratic equations.

STUDY GUIDE

Relation between solutions and coefficients in quadratic equations

Given that 2 solutions of the quadratic equation az* + bx + ¢ = 0 are av and (3, the following relation holds.

a+5:—g,a5:§

Let v and (3 be the 2 solutions of the quadratic equation ax* +bx +c¢ = 0.

—b+b* — 4ac N —b—~b* —4ac _ —2b b

a+ (= =——
2a 2a 2a Qa
af = —b+ b’ —dac —b—~b* —4ac b’ — (b —4ac) ¢
2a 2a 4a® a
EXEREISE

Add and multiply the 2 solutions for the following quadratic equations.
(1) 2+42—-2=0

Given the 2 solutions of & and ﬂ from the relation between solutions and coefficients, we get

4 —2
a+ﬁ:—1=—4,a5=T:—2

Sum...—4, Product...—2

(2) 322 —22=0

Given the 2 solutions of &v and ﬂ from the relation between solutions and coefficients, we get

2
33 1 Sum...g,Product...O

Find the value of the constant kand the solution of the equation when 1 solution of the quadratic equation
' —6x +k =0 is twice as large as the other solution.

Let 1 solution be v, and the other solution be expressed as 2cv. From the relation between solutions and coefficients,

a+2a = —%6:6,304 =6 ..(i)

a~2a:%:k‘,2a2 =k . (i)

From (i), we get a=2.

Substituting this into (ii) gives us k=8 or 2c=4.
k=8, the 2 solutions are ...2 and 4

9. Complex Numbers 4



PRACTICE

Add and multiply the 2 solutions for the following quadratic equations.
(1) 22-9z+12=0
Given the 2 solutions of o and (3, from the relation between solutions and
. -9 12
coefficients, we get x + (3 = - = 9,3 = i 12
Sum ...9, Product...12

(2) 22 +72+3=0
Given the 2 solutions of & and (3, from the relation between solutions and

coefficients, we get ¢+ 3 = _E’a'B — 5

7 3
Sum...——, Product...—
2 2

(3) 22+5=0
Given the 2 solutions of o and (3, from the relation between solutions and

0 5
coefficients, we get o + (3 = 1= 0,3 = 1 5

Sum...0, Product...5

Find the value of the constant kand the solutions to the equation, respectively, which satisfy the following conditions.

(1) 1 solution of the quadratic equation &* —8x + k = 0 is 3 times the other solution.
Let 1 solution be ¢, and the other solution be expressed as 3cx. From the relation

between solutions and coefficients,

a+3a:—T:8,4a:8 vo(i) a-3a:?:k,3a2:k ... (ii)

From (i), we get cx=2. Substituting this into (ii) gives us k=12 or 3cx=6.
k=12, the 2 solutions are ...2 and 6

(2) The difference between the 2 solutions of the quadratic equation x> + kx + 32 =0 is 4.
Let 1 solution be ¢, and the other solution be expressed as &:+4. From the relation

between solutions and coefficients,

a+(a+4):_§: Ck2a+a=—k ..()
oo+ 4) = % =32, +4x—32=0 ...(iQ)

From (ii), we get =4 or —8.
When =4, we assign it to (i), so that k=—12 and the other solution is 4+4=8.
Also, when av=—8, we assign it to (i), so that k=12 and the other solution is
—8+4=—4.
k=—12, the 2 solutions are...4 and 8
k=12, the 2 solutions are ...—4 and —8

9. Complex Numbers 5



Problems to find the values by the relation between solutions and coefficients

TARGET To understand how to find the value of expressions by using the relation between solutions and
coefficients in quadratic equations.

STUDY GUIDE

Symmetry and its variants

\\l

The formula of a+/3 and o is called the basic symmetry formula, and we can use it to find the value of expressions.
( )

o’B+af =al(a+ G)
o'+ 3F =(a+ B)° —2008
o’ + 3 =(a+B) —3abB(a+ P)

B a oa+pf
a B aB8 aB apf

1 1
1) —+—
(1) o3
' . . -2 5
From the relation between solutions and coefficients, we get v + 3 = S =200 = 1 =5.
1 1 o+ 2 2
Therefore, we get — +— = b_2 : =
a 0 af 5 5
(2 &+
Use the values of a:+(3 and a3 found in (1).
Weget @ + (3 =(a+ () —2a0=2"—-2-5=—6.
—6

9. Complex Numbers 6



PRACTICE

When we let @ and 3 be the 2 solutions of the quadratic equation 32° + 42 +1 = 0, find the value of the expressions.

1 1
(1) E+E

From the relation between solutions and coefficients, we get

a+B:—i,aﬁ:l.
3 3 4
1,1 oa+B 3
— 4+ — = g :—4.
Therefore, we get a B aB 1
3 —4
(2 o*+p
Use the values of a+(3 and a3 found in (1).
4 1 10
o+ =(a+0)—2a8=|—=| —2.—=—
B =(a+p) B [ 3] 3 10
9

When we let @ and 3 be the 2 solutions of the quadratic equation Z° — 5 + 3 = 0, find the value of the expressions.

(1) o’ +52
From the relat5ion between golutions and coefficients, we get
a+6=—_T=5,a,8=I=3.

Therefore, weget &’ + 3* = (a+ 3)’ —2a3 =5 —2-3 =19.

19
(2 o'+
Use the values of a+/3 and a3 found in (1).
o+ 3 =(a+8)-3a8(a+08)=5"—3-3.-5=80
80
(3) (a-1)(B-1)
Use the values of a+/3 and a3 found in (1).
(a—-1)(B-1)=af—(ax+08)+1=3—-5+1=—1
—1

9. Complex Numbers 7



EXTRA Info.

Use the VARIABLE function in the scientific calculator to find the value of symmetric

expressions.

You can use the VARIABLE function of the scientific calculator to confirm the value of symmetric expressions.

EXEREISE
;_: @ When we let v and 3 be the 2 solutions of the quadratic equation 3x> — 6z + 5 = 0, find the value of the
expressions.
2 2 3 3 5 5 /3 «
(1) a’+p 2) o'+ 3) o’ +p (4) EJFE
_ i . —6 5
From the relation between solutions and coefficients, we get & + B= R =208 = 3
5 2 2
(1) & +06 =(+p) 72aﬁf22723 3
3 3 5 -2
(2 & +3 =(@+p) zmﬂa+@:2—352:—2 &
2) (5 62 62
() 04 =@+ B+ ) @B+ A= (2|2 (2] 22 )
2 2
« ot 3 2 —
(4) ﬁ+_:ﬁ_F 3_2 5
a 0 af 5 5 9
3
&
‘ 3+ /60
Use the formula of the solution in 32> —6x +5 =0 toget T = 3
Press @), select [Complex], press P P S ﬁ t o
3+ 6i 3 /6i preaiznes apnle quation
In the VARIABLE screen, input [A= * andB= ! xv=0 ezl osmwe
3 Inequality WIS Ease-M

(values of solutions obtained above).

SICIOICICIOIOIOIOIVIOITIOICIOISICIOIOIOIOIVIONT]O)

= ) T = ) =140, 515
y =1+, i =0 —_ 5 =1+, .
A=73+g§'- C-0 D=0 p=3 gﬁ; =0
E=0 F=0 E-0
=0 =0 =0
2=0 -0
(1) Calculate the value of A> +B?. (2) Calculate the value of A® +B?®.
@@@@@@@@ @@.@@@@@.@@
AB? A+
2]
3 -2
. . B A
(3) Calculate the value of A® +B°. (4) Calculate the value of X+§ .
@@.@@@@@.@@ OISGISIOIOIOICIOIOIEIOIOIE
[ vor T ry
AS+BS B, A"
A B
_E2| 2]
9 5

9. Complex Numbers 8



OTHER METHODS

You can use the following procedure to register the value of the solution to 32° =6z +5 = 0.

Press @), select [Equation], press @, select [Polynomiall, press @®), select [ax2+bx-+c], press

After calculating the solution to 3z* — 62 + 5, do VARTABLE registration.

Press @ €3 @9, select [Store],

press @K (x, registration complete)

Press @ €3 > (x, registration complete)

Simul Equation
Polynomial ax3+bx2+cx+d
Solver ax*+bx3+cx2+dx+e
vot & T
as2+ha+c
©OITICICITIOIT B —
5
|F] T v
ax 4D x+c=0 e— T —
Xq= - - Edit
3+46 &| [ i
3 2=0
vor [ T T
ax2+bx+c=0 =1+, 816 E=0 |
Xz= C=0 b=0
.| [E=0 F=0
3-{6 & =0 1=0
3 2=0

9. Complex Numbers 9



PRACTICE

: @ Whenwelet vand 3 be the 2 solutions of the quadratic equation Z* + Z +2 = 0, find the value of the expressions.

() o+ 5 ) o'+ 4" G) (a—py u>§+%

From the relation between solutions and coefficients, we get a+3=—1, a3=2
1) &+3F=(a+P8)—-2a8=(—1)"—-2-2=-3 -3
(2) &+ 03 =(a+3) -3aB(a+P)=(-1P°—-3-2-(-1)=5 5
(3) (a—py =(a+p) —daf=(-1) —4.2= T -7
,6 a_ [(F+a’ 5 5 5
4) S+ = =0 —
g (aB) 20 4 4

o, 17
Use the formula of the solutionin "+ +2 =0 toget £ = Y
—1++7i _—1—J%]
2 2

In the VARIABLE screen, input [A= and B=

(values of solutions obtained above).

@EAOOP@EOO®OVO® ‘,‘=z1-r:21f?::a B=K1E7ia
SICICIOISICIVIOICIOIVIBITIE)

(1) Calculate the value of A>+B*. (2) Calculate the value of A*+B?.
@@@@@@@@ @@.@@@@@.@@

e A+BE

-3 9

(3) Calculate the value of (A — B)’,

@@@@@@@@@
(A—B>2
-7
B A
(4) Calculate the value OfA_+E°
®OBE®O@OIOOGEHD®E®®
.

9. Complex Numbers 10



Methods to solve higher-order equations

TARGET To understand how to solve higher-order equations through the factor theorem.

STUDY GUIDE

Solution by the factor theorem

Let P(x) be the mth order for . At this time, equation P(x)=0 is called an 1ith order equation, specifically, equations
that are higher than the 3rd order are called higher-order equations. To solve higher-order equations, we factorize the

left side, and we use the factor theorem shown below to find the factors of the left side.

(1) Find kwhere P(k)=0and P(x)=(x-k) Q(x).
(2) Q(x)is found by using division.
(3) Then, factorize until () is a 1st order or 2nd order expression.

2-fold roots and 3-fold roots

In the solution to the equation (z — a)*(x —b) = 0, we can say z=a is a 2-fold root (where a=b).

Also, as the solution to the equation (x —a)® = 0, we can say 2=ais a 3-fold root.

RERCIS]

lan
L

@ Solve the following equations.
(1) 22 +2°-7x+5=0
let P(x)=2"+2* —7Tx+5.
From P(1)=1*+1*—7-1+5=0, P(x) has z—1 as a factor.
(z—1D@*+22-5 =0
r—=1=0or2*+2x—-5=0

a:=1,—1i\/8

r=1-1%+6

(2) z'—42>—2+2=0
let P(x)=xa'—42* —x+2.
From P(—1) = (-1)" —4(-1)> — (-1) +2 =0, P(x) has 2+1 as a factor.
(z+D)@*—2—-3x+2)=0
let Qx)=2°—2*—3x+2.
From Q2) =2° —2* —3.24+2 =0, Q(z) has x—2 as a factor.
(x+D)(z—-2)(x*+x—-1)=0
91::—1,2,—_HE2\/g
—1++5
= _192’ 2
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PRACTICE

@  Solve the following equations.

(1) z22—6x>+92—-2=0

Let P(x) =z’ — 62> + 92 — 2.
From P(2)=2°—6.2"+9.2—2 =0, P(x) has x—2 as a factor.
(x—2)(x*—4x+1)=0
cc:2,2:|:\/§
T =22++3

(2) 2*—2*—2x+8=0

Let P(x) = o’ — x> —2x +8.
From P(—2) = (—2)’ — (—2)* — 2(—2) + 8 = 0, P(x) has x+2 as a factor.
(x+2)(x*—3x+4)=0

3+74
TTh T

3+ 7i
_2, 2

(3) z'+4x*—8zx*—35x—12=0

Let P(x) = ' + 42> — 82> — 352 —12.

From P(3)=3"+4-3>—8.3"—-35.3—12 = 0, P(x) has —3 as a factor.
(x—3)(x*+7x*+13xc+4)=0

Let Q(x) = o’ + 72’ + 13z + 4.

From Q(—4) = (—4)’ + 7(—4)’ +13(—4) + 4 = 0, Q(x) has x+4 as a factor.
(x—3)(x+4)(x’+3x+1)=0

-3t
a::3,—4,—3 5 \/E

-3+
€T = 3,—4,—3 5 \/g

(4) z*—42° +112> — 142 +6=0

Let P(x) = ' — 42’ + 112 — 14+ 6.

From P(1)=1"—4.1+11.-1*—14.1+ 6 = 0, P(x) has x—1 as a factor.
(x—1)(x*—3"+8x—6)=0

Let Q(x) = x> —3x* +8x —6.

From Q(1) =1’ —3-1°+8-1—6 = 0, Q)(x) has x—1 as a factor.
(x—1)(x*—2x+6)=0

T = 1,1:I:\/Ei

r=114/53

9. Complex Numbers 12
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Relation between solutions and coefficients in cubic equations

TARGET To understand the relation between solutions and coefficients in cubic equations.

STUDY GUIDE

Relation between solutions and coefficients in cubic equations
Given that 3 solutions of the cubic equation ax® +bz* + cx 4+ d = 0 are o, 8,and 7, the following relation holds.
ax’ +br’ +cx+d=alr —a)(x—F)(x—)
=az’ —ala+ B +y)2* +alaf + By + ya)r —aaBy
Compare the coefficients on both sides b = —a(a + 3+ 7),¢c = alaB + By + ya),d = —aa 3.

From the above, we can derive the following.

o+ B4y == 2af+ Py +ra=Sa8y=-2

Basically, a8+ and aB+8y+vya and aBy are symmetric expressions, so we can use the following formula deformation.
of 3y = (ot B+y) —2A0af+ By +yo)
P+ =(a+B+Vd+F+9 —(aB+ By +va)} +3a8y

AERCIS

1
|11
1

@ Solve the following problems.

(1) Leta, B and v be the 3 solutions of the cubic equation x* —2x” 4+ 32 +1 = 0. Find the value of
(@+D)(B+1)(y+1).

From the relation between solutions and coefficients, we get

a+ﬁ+7:—%2:2,aﬁ+67+’ya:%=3,aﬁfy:—T:—1.

(a+D)B+D(y+D)=(aB+a+B+1D(y+1)
=afy+afb+pPy+yata+pB+y+1
=—1+3+2+1
=5

| o

(2) When the 3 solutions to the cubic equation z* + az® +bx +2 =0 are—1,2,and ¢, find the values of the
constants a, b, and ¢.
From the relation between solutions and coefficients, we get
-1+2+c¢c=—-a,(-1)-2+2-c+c-(-1)=b,(-1)-2.c=—-2.
These are arranged into @ = —¢c—1b=c—2,c=1.

Therefore, we get @ = —2,b = —1,c = 1.

a=—2, b=—1, c=1

9. Complex Numbers 13



PRACTICE

Let @, 3, and 7y be the 3 solutions of the cubic equation * + 3x* —2x — 5 = 0. Find the value of the following
equations.
(1) &+ 5+
From the relation between solutions and coefficients, we get
at+fB+vy=-3,aB8+0By+ya=—-2,afy=5.

o'+ 3+ =(a+B+7) —2aB+ By +ya)

=(—3)" —2(-2)
=13
A 13
2 &*+p+7°
Use the values found in (1).
&’ +B+7 =(a+ B+’ + 8+ —(af + By +ya)} + 308y
= (=3){13—(-2)}+3-5
=—30
—30
Let o, 3 and 7y be the 3 solutions of the cubic equation z* — 42% — 2 — 3 = 0. Find the value of the following
equations.
111
“)E+B+§
From the relation between solutions and coefficients, we get
a+B+v=4a8+By+vya=—-1L,a8y =23.
1 1,1 af+pBy+ya 1
—+—=-+—= =——
a B v afy 3 1
2) (@—=2)(B-2)(y-2)
Use the values found in (1).
(a—2)(B-2)(y—2)=afBy—2afB+By+va)+4a+B+~)—8
=3—2(—1)+4-4—8
=13
13

When the 3 solutions to the cubic equation x* + az”> +2x + b = 0 are—2, 5, and ¢, find the values of the constants

a, b and c.
From the relation between solutions and coefficients, we get
—2+4+5+¢=—a,(—2)-5+5.-c+c-(—2)=2,(—2)-5-¢c=—b.
These are arranged into a = —c — 3,3¢c = 12,b = 10c.
Therefore, we get @ = —7,b = 40,c = 4.
a=-—7b=40,c =4
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T
Complexnumbers /

TARGET To understand the various properties of logarithms and how to add, subtract, multiply, and divide them.

STUDY GUIDE

Equality of complex numbers
When a, b, ¢, and d are real numbers, a+bi=c+di< a=c, and b=d, specifically, a+ bi=0< a=0, and b=0
a+bi=4—3ia=4,b=—3

Conjugate complex numbers

For a complex number z=a+ bi, we say that a— bt is the conjugate complex number for 2, which is expressed as
z=a-bi

zand 2 are mutually conjugate complex numbers. 2 is also called the conjugate complex number of 2.

(1) z2=245i=2=2-5i ) 2=-4-6i=2=—4+6i

Absolute value of complex numbers

For the complex number z=a-+ b1, we say that Ya® +b* is the absolute value of z and express itas | 2.
When z=a+ b3, then | 2 |=| a + bi |= Va* + b*

When z=4—T74,then | z|=|4 — Ti|= 4 + (-7) = J65

4 arithmetic operations on complex numbers
The 4 arithmetic operations are defined for complex numbers the same as for real numbers, so the commutative law,
associative law, and distributive law hold for addition and multiplication.

( )

Adding (@ +bt)+(c+di)=(a+c)+(b+d)

Subtracting (a +b2) —(c+dt)=(a—c)+(b—d)
Multiplying (@ + b2)(c + dt) = (ac — bd) + (bc + ad)1
Specifically, when (a + b%)(a — bt) = a® + b*,and
kare real numbers, then k(a + b1) = ka + kbt
a+ bt _ ac+bd+(bc—ad)z'
c+di c’+d’ c’ +d?

\ J

1 The four arithmetic operations for complex numbers are calculated by regarding 7 as a letter, and replacing 7* by —1.

Dividing

2 Division is calculated by multiplying the denominator and the numerator by the conjugate complex number c—d
of the denominator to make the denominator a real number.
3 For complex numbers @ and 8, af=0<a=0 or 8=0

4 Imaginary numbers (a+biof b = 0) have no magnitude relationship.
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EXTRA Info.

Use the scientific calculator for operations on complex numbers.

Find values for the real numbers @ and b that satisfy the following equations.
(1) (@—3)+4i=2+(b+6)
(@-3)+41=2+0b+6)i<=a-3=24=b+6
Therefore, a=5 and b=—2

a=5,b=—2
(2) (2a+3b)+(5a—2b)yi=4-91
(2a+3b) + (5a —2b)i = 4 — 91 & 2a + 3b = 4,50 —2b = -9
Solving this gives us a=—1 and b=2
a=—1,b=2
In this unit, Radian is used for angular units unless otherwise specified.
Press @), select [Calc Settings], press @®), select [Angle Unit],
press @, select [Radian], press @), OGradian

Use the Equation function in the scientific calculator to calculate a solution for the simultaneous equations.

Press @), select [Equation), press @, select [Simul Equation], press @, select [2 Unknowns], press

i =] Simul Equation IEEIE]IEEEEE—
Spreadsheet  Table EEEMBGE| [Folvnomial 3 Unknowns
Xy>0 zswE | (Splver 4 Unknowns
Inequality  Complex  Base-N
Vo &
o W
QRO ® OWMOO®O® ®
-9
vor Ld [ o O Iy
x= y=
®) @
-1 2
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8385
Saas

(1) z2=2+314

2=243i=2-3i

| 2]=|2+3i|= 2 +3* =13

(2) z:\/;—Si
2 =7 —5i=7+5i

| 2|=IN7 = bil= (7 + (=5 =32 = 42

toe Find the conjugate complex numbers and the absolute values of the following complex numbers.

2=2-3i|z|=13

2 =T +5i,| 2|= 442

Use the Complex function in the scientific calculator to calculate the conjugate complex numbers and absolute values of

the complex numbers.

Press @), select [Complex], press

Set the results of complex number calculations to be in the a+bzt format.

Find the conjugate complex number.

Press @), select [Complex], press @), select [Conjugate], press @, @ ® @ ® @ O @

323 1= X¥y=0
Spreadsheet  Table  Equation
X¥ >0 281016
Inequality Base-N
Press @), select [Calc Settings], press @), select [Complex Result], press @), select [a+bi], press @),
Fraction Result »
System Settings » | [MNIFEFEGTEINEEEE | (Crz8
Reset »| |IDecimal MWark >
Get Started »| |IDigit Separator »
vot & T
i Conig{2+3i}
Func Analysis w2
Probability »| JArgument
Numeric Calc A@Conjugate 2—3i

Find the absolute value.

vot & T
Conjg(47-5i)

CITIQIVIVITIOIVIOICIOIOIOIOIT)
{7 458
Press @9, @), select [Numeric Calc], press @), select [Absolute Value], press @, @ @ @ ® @ @
Complex -| e 243: 0000
Func Analysis »! IRound OfF
Probability >
{13
lFosdl
CIVIVIGICICICIVIOICIGIOIOIS
442
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xx Calculate the following.
(1) (2+3%)+ (5—4%)
=@2+5)+B-4i=7—1

7—1
(2) (24 31)—(5—412)
=2-5)+@B+4)i=-3+T1
—3+71
(3) (2+37)(5—41)
={2:54+3-(—4)- "} +{3-54+2- (-4} =22+T71
22+7i
2+ 30
4 -
@) 5—41
_ 2431 5441 (10-12)+(15+8) 7_3+§Z.
5—41 5+4Z 52+42 41 41 2 23
——+=1
41 41
Use the VARIABLE function in the scientific calculator to confirm the results of the four arithmetic operations on
complex numbers.
Press @), select [Complex], press
In the VARTABLE screen, input [A=2+37and B=5—41]. A —
clelclelolollolellololol o = Fro
=0 .
Make AB the basic form of the calculation. AB‘W " E L
®O®O
(1) Add. A+;EI; s ‘ C (2) Subtract. A B " E O
QD@ OIGICISIT
7—i -3+7d
(3) Multiply. ag” " i . (4) Divide. A" i :
ORO® OR®e B -
22+7i| “aitart
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PRACTICE

@ Calculate the following.
(1) (2—7%) + (—6 + 51)
=(2—6)+(—7+5)1=—4—21

(2) (2—Ti)—(—6+50)
=(2+6)+(—7—5)2=8—122

(3) (2—T71)(=6+51)
={2-(—6)—7-5-2°}+{(—7)-(—6)+2-5}2 = 23 + 521

2—-T1

—6+ 51
_2-Ti

—6+57 —6—52

(4)

—6—5i _ (—12-35)+(42—10)i _ 47 32,

6> +5° 61 61

In the VARIABLE screen, input [A=2—7iand B=—6+51].
SIBICIRIOIOITIOICICICIGIOIOITIO)

Make AB the basic form of the calculation.

—4—21

8—121

234521

Fa =2 T T
LI T I}
cooon
e |
En

®@®O
(1) Add. A+E i : (2) Subtract.
Q® ® OIGICIOIT
-4-2i
(3) Multiply. P g (4) Divide.
O @@ OISICIT
23+52i

AB
o &
A—B
g8-12i
T’ A
A
. 47,32
“B1761°

9. Complex Numbers 19



The complex number plane

TARGET To understand the concept of expressing complex numbers on a plane.

STUDY GUIDE

The complex number plane

Imaginary axis

When a point (@, b) on the coordinate plane is made to correspond to a complex 94

number z=a+bi (a,b are real numbers), the complex number and the point on the b .......................P(G-i-bi)
coordinate plane correspond 1-to-1. :

The plane on which complex numbers are visualized is called the

complex number plane, and we say the Z axis is the real axis and the y axis is the 0 C:L ; Real axis

imaginary axis.

The point P that represents the complex number z is written as the point P(2) or the point z The point that represents 0 is

the origin O.

The complex numbers z, —2, z,and — z have the following relationship on the complex number plane.

((a)
(b)
(c)

Point zand point —z are symmetric
about the origin

Point zand point z are symmetric
about the real axis

Point zand point — z are symmetric
about the imaginary axis

J

Addition, subtraction, and real multiples of complex numbers

Let the points that represents the 2 complex numbers av=a+bi and B= c+di be
A(a), and B(S).

The point C(a+(3) represented by the sum a3 is the 4th vertex of the
parallelogram with OA and OB as 2 sides.

The point D(ax—[3) represented by the difference av— 3 is the 4th vertex of the
parallelogram with OA and OB’ as 2 sides.

(However, given B'(—/3).)

Furthermore, the point represented by the real multiples ko is a point on the line OA. B(—
Absolute value of complex numbers

The absolute value | 2| of complex numbers is the distance between the point zand the

origin O.

The absolute value of a complex number has the following properties.

( )
(1) When z=a+bi,then|z|=|a+bi|=+a’ + b’
2) lzl=l—2zl=lzl=l—2|
3) zz=|z'=a’+b

||
@ laBl=lall gl ‘
; 8|~ 18] |

yA
— 2
o | »
_, T P
yl\
Cla+p)
T
o Ala)
;f___..----V'D(oz— )
B)
) z=a+bi
| |
0 a 7
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EXTRA Info.

Use the scientific calculator to verify complex numbers on the complex number plane.

lTl

AERGISE

—

2o @ When a =1+ 3i,0 = -3+ 21, solve the following problems.

(1) Draw the points that represent the complex numbers

a, -0, 20+ 3,and a—13.

a=1-3i,-3=3-2i
200+ 3 =214 30) + (=3 +21) = -1+ 8%
a—0=1+31—(-3+21)=4+1

(2)
hold.

lal=]143i|= 12 + 32 =10
|B1=] -3+ 2i|= (-3 +2* =13

| B =] (1 + 30)(=3 + 20) [=] —9 — 7i |= (—9) + (—7)* =130
=ff=|a||ﬁ|

o
—/. Also, from those results, confirm that

g

| 143i| [14+3 -3-2i] |a+30)(3-2i) [3- P (-1 Viso
_|—3+2z|_|—3+2z —3-2| | (3p+2 | |1 13 13
_@_lﬂ
iz 1B
o]

|a|= 10| B1= V13, B |= V130

s
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In the VARIABLE screen, input [A=1+3% and B=—3+24].
@ODODOB®OOODO®O®E

+
(5]
&~

FEAEE
L I | T}
o oo o —=

(1) Calculate the value of a. Calculate the value of —(3..

CITIVIVIVITIOIONO; O®O®

Conig(A) = g .
1-38 3-2i

Calculate the value of 2ac + (3. Calculate the value of o — (3.

QOOD®O® ®OOD®O®

2A+B K| T ' A_u’BEf |F T N
-1+8i a+i

(2) Input the symbol for absolute values.

Press @), select [Numeric Calc], press @), select [Absolute Valuel, press

Complex - (Ol i ‘
Func Analysis w1 |IRound Off
Probability >
Calculate the value of | ¢ |. Calculate the value of | 3.
®O® ORL@®OE®
IAI |F| T - IBIJ’E' |F T N
{10 {13
Calculate the value of |3 . IAEﬁ B E o
ORRL®®&®
1130
Confirm that | a8 |=la || B]. IAET—IEAIIBI ‘ :
OICICIVIVIVITITIOICISICIVIGICITITIOIO T
0
Calculate the value of %‘ A‘“’ e ¢ 4
500eeeR®® |l -
13
Confirm that 2‘ = m
o el et T
@@@@@@@@@@@@@@@@@@@@@|ﬂ7§
0
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PRACTICE

=2 @ When a=4—27and 3=—1+1, solve the following problems.
(1) Draw the points that represent the complex numbers

a,—ﬁ,2a+3ﬁ,and a—20.

a=4+21,—0=1—1
20+ 33 =2(4—21)+3(—1+2)=5—1
a—20=(4—-2i)—2(—1+1%)=6—141 |

| check \
In the VARIABLE screen, input [A=4—2iand B=—1+1].
2:3—&
SI0ICIBIOIOITIOISIOICIOIOITION = P
2=l
Calculate the value of o. Calculate the value of —(3.
CIICIVIVITIOIOIO) O®O®®
|§ﬁj:ﬁ w -8 -
4+2i 1-§
Calculate the value of 2 + 3. Calculate the value of o —23.
QOODO®E® ®OO0D®O®
2a%38 a-28° "
o= E-4i
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(2) Findthevalues of ||, | 31, |aB |, and %. :%
hold.
|oe|=]4— 2 |= /4 +(=2)? =20 =25
|Bl=l—1+il= (=17 +1* =2
|aB =] (4—28)(—1+1) |=| =2+ 67 |= \[(—2)* + 6" = V10 = 2110
(=202 = || B])
4—21 m—%.—l—i_(4—%X—L—@__—6—%_ﬂ_3_“_JE
6 —1+14| |-1+% —1—2| | (=1+1®2 | | 2 | h
_N_a
J2 18]
_lal
|81
lal=2V5,| Bl= V2,| aB |= 2410, %‘ =10
Input the symbol for absolute values. ol
®OOVLO®
Calculate the value of | ¢ |. Calculate the value of | 3 |.
®® 6 OIRICIOIOIT
w0 i
2{5 {2
Calculate the value of | @3 |. an|
OIGIGIOIOIT
2{10
Confirm that | a3 |=|a|| B].
|ABI—IAlIBI
©ICICIVIGIVI I TIOIOIICIGIVIVI TITIOIOIE
o
o
Calculate the value of E‘ |&|” :
OICICICICOICIGIGICITN L
{10
Confirm that /3‘ |/3| ]
5

POEVVVLI®DOVEVOLV®®W®E @

0
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Polar form of complex numbers /

TARGET To understand the polar forms of complex numbers.

STUDY GUIDE

Polar forms

For the complex number z=a-+bi, we can see from the figure on the right

that from @ = rcos0,b = rsind (aand b are real numbers), we get the

following expressions, which are called the polar forms of the complex

number z.
4 . . )
a + bt = r(cos6 + 1sinO)
However, 7 =| z |= Va* + b’ (>0)
a . b
0 is the angle that satisfies cos0 = ;,Slﬂ@ = —,
. J

-

\l
\|

z=a+bi
Y S P(2)
T rsin
9 >
Ol rcosfl @ =x

The angle @ formed by the half-line OP and the positive part of the real axis is called the deflection angle of z and is

expressed as argz.

The deflection angle 6 is determined only 1 time in the range of 0<f<27r.

Generally,itis argz = 0 + 2w xn(n = 0,£1,+2,---) .

If z=0, then =0, but the deflection angle is not determined.

Express 2 =1+ \/gz in polar coordinates.

Z=1+Biis r =12 + (37 =4 =2

1. J3 T
Also, from cosf = 5,sm€ =5 0<0<27, s0 0 = 3

. 1 3.
Therefore, Z=1+3i=2 54—%2]:2

T ..
COS—+ 181N —
3 3

OTHER METHODS

—27<f<0,50 0 = _5%

5T ..
——|+ 181N
3

)

Therefore, 2 =1+ J3i = 2[COS

The deflection angle is determined according to the conditions in the problem.
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EXTRA Info.

Use the scientific calculator to change complex numbers to their polar forms.

EXERGISE
g When the deflection angle 8 is (0<0<27r), express the following complex numbers in polar form.
(1) 147

From 7 =[1+1i|=y1*+1* = \/5(3059— n9:

- =, 0=0<2m,50 0 =

Therefore, 1 +1¢ = \/5

T .. T
COS— + 181N —
4 4

™ . o TT
\/5 COS — + 7SIn —
4 4

(2) J3—i
. 3 . 1
From 7 =| /3 —i|= \/(\/5)2 + (17 =4 =2,cos0 = g,sme = —5,039<27r, s0 0= 1T
6
Therefore, J3—i=2 COSHTW + ZSlnH—W]
11w . . 117
2[cos —— + 251N ——
6 6
-1 )
(3) —1+ 3
4
144301 . .
Convert Y Z(_l + \/gl) , then for simplicity, change —1 + J3i o polar form.

For —1+~/3i, 7 =|—1+3i|= {(— 1) + (V3)! =4 =2

1. J3
From cosf = —57SII19 :7,039<27T,so 0 _m

1

2m

2T 27
COS —— + 18in —
3 3

Therefore - 1+fz = COS%—l— zsm?

L
4

1 2T . . 27
—|coS — 4+ 2SIn —
3 3

(4) —21

From 7 =|—2i|=/(=2)* = 2,cos6 = 0,sin 0 = —% =—1,0<6<2m s0 0 = 37”

3

Therefore, —27 = 2 COS:%T +178in —

= 27sin 3T
2
37

21 sIn —
2
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Use the Complex function in the scientific calculator to display the polar form of complex numbers.

Press @), select [Complex], press

—1 37
(3) Change +Tf

Change the i(a+bi display) at the top of the calculator screen to the £ (polar form display). v E E
Press @), select [Calc Settings], press @), select [Complex Result], press @),
select [r£0)], press @),
P Z
Number Format - | [ca+bi
System Settings »| [Engineer Symbol »
Reset »| [Fraction Result »
Get Started @Al Complex Result =
(1) Change 1+ % to polar form. 148 " Z i
ODO®O®™
. Ez%n
On the scientific calculator, the polar form 7(cos @ + isin @) is displayed as 726 .
(2) Change /3 — i to polar form. 3":."3 < f
@RAOO®O® o1
™ 117 L=
2/ — — isthe same value as 24— &
6 6
vot & £ &
to polar form. i3
SICIOICICIOIOIOIVIVIOIE 4 1 2
=250
273
(4) Change —2i to polar form. 5% S
OO®O®™ 1
2&'?1'[

™ 3T
2/ — By is the same value as 247.
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xx Show the polar form of the following complex numbers in the a+ bi form.

(1) J7|cos T +isin T
3 3
:\/? 1+£2J£+@Z
2 2 2 2
J7 V21,
22"
(2) J10 cos%rﬂ'sinzlc?7T
1 V3. Vo 30,
:‘/ﬁ[‘i_7]:_7_72 o,
—_ 1
2 2

Change the Z(polar form display) at the top of the calculator

screen to the #(a+bi display). —
@ROVOOVOOVL®®E [re8

to the a+biform.

Press @ @ &, @), select [Complex], press @), select [/], press @, ® @D & @ @

(1) Change \/?

T .. T
COS —+17SIn—
3 3

Vo' & T A
{745
Argument —7+m£
Conjugate 2 2
(2) Change v10 COS%+iSin4—ﬂ- to the a+biform. ﬁ‘ﬁm ' *
3
CJOIOISICITIVICIOIOINICIOIT) _{10_430
2 2
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o Find the absolute value 7and the deflection angle 8(—m<6<) of the following complex numbers. However, you can

use a scientific calculator to find the deflection angle.

(1) 2= +30)
=191+ 30) =3+ 1)+ 3 1)
=B 17+ (B 17 =B =2v2

Furthermore, use the scientific calculator to find an angle @ that satisfies cos ) = @,Sine = V31 .
22 22
|F| H Iy
cns*[ {341 ]
PE@®AIOHDOVOEOOOO® 242 1
TTE?JI
Therefore, —n<f<, s0 0 = = T
12 r:mﬁﬂ:——
12
V3—i
Q) z2=—""F+
V2 i
V3 —i V—i V2-+v2i Jo—+2 \/E—F\/E._l 6 —¥2)— (V6 + \2)i
p= P o WL MENE_NONE NN (o —2) - (6 +2)i)
V24420 V2420 2 —Pi 4 4 4
1 . 1 1
r:TN&J%4£+ﬁM:Z&£—&ﬁH£+&Y:Z1&4
— . 2
Furthermore, use the scientific calculator to find an angle @ that satisfies cos ) = Vo . V2 .sinf = M .
v [ T ry
cina[ 16412 )
OITICICITIOISICIOINIVIOIOIONT] 4 5
-
Therefore, —r<0<7r, 50 = 5 12
r=1,0=—"—"—
12
| check
Use the VARIABLE function in the scientific calculator to confirm the values of the absolute value 7 and the deflection
angle 6.
. . . J3—i
In the VARIABLE screen, input [A= (1 —%)(1 + \/gz) and B=—=—+=1].
V2 4R

LFA2H0.7328

BOOO®ROOOPERAO®RO®
SICICIOIOISIOIOIVICIOIOICIOIBIOIOIONTIS)

T
(o s N )

Calculate the absolute value 7. = i . = £ .

lal IBI
CIVIVIVIITIOIOI I OIGICIOIOIT]

242 1

Calculate the value of the deflection angle 6.

Press @), select [Complex], press @), select [Argument], press @, ® @ O ® G @® G @&

T A

T &

o @ |E]
Arg (Al Arg(B>
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PRACTICE

T When the deflection angle 8 is (0<0<27r), express the following complex numbers in polar form. However, you can

use a scientific calculator to find the deflection angle in (4).

(1) —3—i
From 7 =| —/3 —i|= \/(—\/5)2 +(—=1)? = J4 = 2,co80 = —@,sin@ =

0<0<27, 50 O — 7?77

14

Therefore, —\/5 —72=2

T .. T
COS— +2SIn —
6 6

w .. 7w
2{cos— + 281N —
6 6

(2) 5—51
From

5 1
r=|5—5i|= 5 + =50 =5v2,c080 = > = - sing=— > -1
592 \/_ 52 W2

0<0<2m,s0 0 = T

Therefore, 5 — 51 = 5\/5

T .. T
COS— + 2SIn —
4 4

T .. AT
COS— + 7S1In—
4 4

5v/2

(3) 1430
6
V3i_1 J3i R :
Convert =5 (1+ V3%), then for simplicity, change 1+ /37 to polar form.
For 1+ /37,50 7 =|1+ 3% |= |1’ + (V3)! =4 =2

1 . 3
From cos0 = E,sm@ = 7,050<27r, s0f ="

1 ™ .. T
—|coS— + 281N —
3 3]

T T
COSE +28in —

1
Therefore, 1+ \/—z E

v . o« T
— COS§+ZSIH—
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(4) 3+4i

r=|3+4i|=/3? + 4’ =25 = 5,cos0 = g,sine =§

Therefore, 3 + 42 = 5(cos 0 + ¢ sin 6), however 0 is the angle that satisfies

. 4
cosO = §,51n0 =—,
5 5

Now, use the scientific calculator to calculate the value of 6 and display it in

Degree,

SIIVIICICENOITIOICIOIOIOIT
Therefore, 0 ~ 53.13°
5(cos0 + 1sin 0)

After the calculation, return the setting to Radian.

EWO®OV®E

r/
cns*[%J

53.13010235

However, 0 ~ 53.13°

cDegree
@Radian

oGradian

Change the i(a+bidisplay) at the top of the calculator screen to the Z(polar form

display).
EWOOOVOVV®O O E

(1) Change —J3—ito polar form.
O@EAOO®O®®

57 7
2/ — e is the same value as 24?.

(2) Change 5 — 5% to polar form.

BICIOIOIOIT
5\/54 —% is the same value as 5\/547777.

1
(3) Change i

to polar form.

BOPEROO®OOVO®

(4)

Change 3 + 4% to polar form.

OHO®O®

0.927295218(rad) is the same value as 53.13...°.

Ca+bhi

@rze

-t £ &
-{3-i

_5

22 Eﬂ

-t £ &
5-5i

EJEA-%R

™ & £ A
1443 &
B

1,1

3437

™ & £ A
3+4i

o£0.927295218

£ &

T [
3I+4i

9£53. 13010235
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too Show the polar form of the following complex numbers in the a+ bi form.

(1) 11

3T 3
COS — + 18in —
4 4

2 2

r[_£+£] BRCTINNCEY
2

117 117
COS—— +18in—
6 6

) 17

51 17
9

2

Change the Z(polar form display) at the top of the calculator screen to the

i(a+bidisplay).

SIVIVIVIGIVICI T
(1) Change J11|cos 3771- + ¢sin 3m to the a+biform.
@OOO@X®VRA®DE@®®

(2) Change N

to the a+biform.

117 . . 117
COS—— +72sm——
6 6

@OOOWOVXOO®OE® ©®®

orZ8
r/l? A
{171 3%
{22 {22
2 2
r/liil_l T &
A1f
WAE
91 _ 417
2 2 4
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(1) 2 =i(1—30)
z:i(l—\/gi):\/g-l—i
'r’:\/(\/g)z—i—f:\/Z:Z i
3 .

Also, by finding the angle 0 that satisfies cos 6 = B S1

—7t<0<7,50 O = %

)

Z==3
r=4(-3) =3

Furthermore, finding the angle 0 that satisfies cos 0 = 3

—7t<0<T,s0 O=Tr

In the VARIABLE screen, input [A= J3 +i and B=-3].

P Find the absolute value 7and the deflection angle 8(—mw<6<7) of the following complex numbers.

1
no = 5,weget

r=20=

E
6

—1,sin 0 = 0, we get

EJOJOIOI0ISITIOIOIOIOIOITIOISION TAE)

Calculate the absolute value 7.

2 e
o
[ e W}

@OVOBB®OO® ORL@®O®

|al

2

3

Calculate the value of the deflection angle 0.

@HWOVOVOOO® OL@®EO®

T |
Arglh)

1
B

L

T °
Arg (B>

9. Complex Numbers 33



Multiplying & dividing polar forms/

TARGET To understand about multiplying and dividing the polar forms of complex numbers.

STUDY GUIDE

Formulas for multiplying and dividing polar forms
( )
When z, =7 (cos6 +1sinf ),z, = 7,(cosO, + 1sinb,)

(1) Multiplying polar forms
zz, =1r,{cos(0 +0,)+1sin(0 +0,)}
|22, |=l 2z, || z,|=7r,arg 2z 2, = arg 2z, + arg 2,

(2) Dividing polarforms

z T ..
—+ =L {cos(0, —0,)+1sin(0, — 0,)}
Z2 T2
z z T z
= : L || = —,arg— = argz, — arg z,
z2 z2 TZ z2
\ J

(1) 22 =nn(cosd, +isinb,)(cosb, + isinb,)
= nn(cos b, cosh, +icosh, sinb, + isinf, cosh, +i° sin b, sinb,)
= nn{(cosb, cosb, —sin b, sinb,) + i(sin b, cosh, + cos b, sinbh,)}
= nn{cos(d, +6,)+isin(f, +6,)}
z 1 ocosth+isinf 1 (cost +isind)(cost, —isind,)
2z 1 cosb +isind, 1 (cosb, +isinf,)(cosh, —isinb,)
1 cost, cosB, —icosb, sinb, +isinb, cosd, — > sin b, sin b,
1 cosf,cosl, —icosl,sinb, +isinb, cosl, — > sin 6, sin 6,
1 (cost, cosB, +sinb, sinb,) + i(sin 6, cos b, — cos b, sin b,)

7 cos’ 0, +sin* 6,
1 {cos(0 —0,)+isin(6, —6,)}
- .

= E{cos(ﬁl —0,) +isin(6, —6,)}

T

Trigonometric addition theorem

7 N
I 1
I Trigonometric addition theorem 1
1 . . . . . . 1
I sin(f, + 6,) = sin 6, cos 6, + cos b, sin b, sin(f, —6,) = sin 6, cos ), — cos @, sin b, I
| . . . . 1
I cos(f, +6,) = cos b, cosh, —sin b, sin b, cos(f, —6,) = cosb, cosb, + sin b, sin b, I
1 1
N e o o mm mm mm e o mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm mm e mm e mm mm e mm mm mm mm mm mm mm mm mm mm mm mm = 4
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Visualizing complex number multiplication
Given v = 13(cos 6, + isinb,) , the point represented by @2 is the point z rotated

around the origin by 90 and multiplied by 73, the distance from the origin.

Given Qv = V2 and point z(\/g,l) (lzl=2argz = %),then

T .. T
COS — +17SIn —
4 4

T
QizZ represents the point 2z rotated by 1 around the origin and multiplied by \/5

times the distance from the origin.

EXTRA Info.

Use the scientific calculator to multiply and divide polar forms.

EXERCISE

T .. T
When 2 —«/3 COS — 4+ 7SIn —

and 2, = 3

T .. T
COS— +18In—
7 7

However, the deflection angle @ is —m<f<r.

=7

(1) 22

=\/g-3{cos

35

0 m ..
—+—|+1281n
7 5]

127 . . 127
COS—— + 181N ——
35 35 J

35

YA
az

(90 z

Ky

, express the following complex numbers in polar form.

127v . . 127
COS——+18In ——
35

2T

35

2T ..
—— |+ 281n
35]

Press @), select [Complex], press

Change the i(a+bi display) at the top of the calculator screen to the £ (polar form display).

@®OOOOO®Y®®

T T
In the VARIABLE screen, input [A = \/347,]3 = 343 ].

@ @ @ @ @ @ @ @ @ E;E.DMEM.S?‘& .4'-1".-‘+‘l . JE3E
PPOBOADOOO®E | o
PO®OE @@e@nfﬁ T L
35 z%n ""E 4-32—511

J5 o) .. [ om

—4COS|—— |+ 2SI |——

3 35 35
cat+bi
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(cos 86 + isin 80)(cos 36 + isin 30)

™
When 6 = E,ﬁnd the value of

cos 50 + isin 560

(cos80 + isin80)(cos30 +isin30)  cos(86 +30) +isin(80 +30) _ cos11f +isin116

cos 50 + isin 560

cos 50 + isin 560

= cos(110 — 50) + isin(110 — 50) = cos 66 + 1sin 66 = cos [6%} + isin[6-%

—cos™ 4 isin” = 1+£z’
3 3 2 2
T
In the VARIABLE screen, input [C= = l.

1/8C x1£3C

Calculate the value of 50

BOOOOOE®O

SIOICITIVITIOIOIOIIOICITIVITIOIOIO)
VOWO®B®E®E @

cos bl + isin 560

By

1 :
S+
2 2

2 M m
LTI N I 1}

oo o

o Z
1£8Cx1.3C

12£5C

1
1£3

T .. T
Given a = \/5 COSZ + ZSIHZ] and point Z(\/gv 1), find the polar form of the complex number a2 . Also, use the

scientific calculator to display the polar form that you found in the a-+bi form.

. 1. .
z:\/§+z:2 ﬁ‘i’—@ =2 (:osz+zsmz
2 2 6 6
az:\/g COSE+’iSinE -2 COSE+iSinE
4 4 6 6

T T
Calculate the values of \/541 X QAE as a polar form.

=:2J5lcos

is displayed, so

T T ..
—+—|+181n
4 6]

@OOEHV®OEOOXO@WVB®®DE® ©&®

Change the calculated value to the a-+bi form.

Press @), select [Rectangular Coord)], press

Therefore, the polar form is 2\/5

50 . . bm
COS— + 781N —
12 12

212

%+%H=N§

5m . . 5T
COS— 4+ 781N —
12 12

o & £ &

yid yi4
ﬁquzzs

=l
2@11211

Standard
Decimal

Rectangular Coord

Polar Coord

Jor £ Yy

yis yid
ﬁzdxzzs

-1+43 +( 1443 ) i

5T . . BT
COS— + 281N —
12 12

and the a+biform is —1+/3 + 1+ \/g)i

,—1+x/§+(1+\/§)z'
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- When 2, = 4

PRACTICE

T andzzzx/?

However, the deflection angle 8 is —n<f<r.

™ ..
COS§+ZSII’1

T .. T
COS— +1SIn—
8 8

, express the following complex numbers in polar form.

(1) 22,

zlz2:4-\/? cos| T+ | fisin| T+ |l = 47 cosi—l—zsin”—ﬂ.
9 8 9 8 72 72
. 177
4\/_ cos—-l—zs n—-—
72 72
(2 =
)
Ao es| T tisin| T -7 =4 leos|- T tisin|— T
z, 7 9 8 J7 72
a7 o w
=——1cos|——|+2sin|——
7 72

In the VARIABLE screen, input [A = 44%,B = \/?4%].

POPAVBOOOOE -
PRVOVBOBOOOOEO
ABL’/E £ i %rfﬁ £ '
PODO® ORQO®E 71T AT,
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= T (cos 50 + isin 50)(cos 26 + i sin 26)
000 2 9 - — T .
X When 16 ,find the value of 0330 + isin 30

(cos50 + isin50)(cos 20 + ¢sin26) _ cos(50 +20) + ¢sin(560 + 260)

0 cos 30 gisin30 cos 30 + 1sin 30
_cos70+1sin70 B . B
= 0530 £ isin30 cos(760 — 30) + 1 sin(70 — 30)
= c0s 40 + 1sin 40 = cos 4-11 +2sin 4%]
V2 2.
T ..o N2 A2, DR Ll
=C0S—+41SiIn—=—+—1 2 9
4 4 2 2
In the VARIABLE screen, input [C = %].
SIVIOIVICIOIOITION = o
Calculate the value of 145? 2;;420
BOHEBOBROD®ORDOBOB®D®® [acxiac
VOBROB®EO®EO® 1477

T .. T
= Given & = \/5{0055 + ZSIHE] and point 2(1,1), find the polar form of the complex number .2 . Also, use the

i

o
— 4+ —
3

scientific calculator to display the polar form that you found in the a-+bi form.

z=12
az:\/g

T ..o T|. .
COS " +28In " is displayed, so

.2

W 4 .
COS — + 281N —
3 3

+12sin

T . . T
COS — + 281N —
4 4

Tl=2 {cos
3

vy
40
4

=2

T .. T
COS— + 72SIn —
12 12

7y ™
Calculate the values of \2Z 3 x 2/ 4 s polar form.

o [ £ &

GIOIOICITIVICIOIRICIOIO RN ¥ M.
R@QO@ROB®DDE® @ ® 24437

&

Change the calculated value to the a+biform. ﬁngmg‘

SOO® [ ez mya,

Therefore, the polar form is 2| cos m + ¢sin m and the a+biformis

o+, o,
2

2

2

. 771'] —\/E+\/5+\/8+\/§i
12)] 2

T )
COS— + 7S1n
12 2
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De Moivre's theorem /)
To learn about De Moivre's theorem.

STUDY GUIDE

De Moivre's theorem, shown below, holds for any integer 7 and any real number 6.

[(cos@ +¢sin6)" = cosno + isinn@]

(1) When n=0
We can derive that the left side = (OS6 4 ¢sin6)’ =1 and the right side = oS0+ 1sin0 =1,
(2) When nis a positive integer
(i) When n=1
We can derive that the left side = (COSO + 48in0)" = cosO + SN 6 and the right side = coSO +7sin o .
(i) When n=k(k=1)
We can derive that (cos@ +sin6)" = cosk + isin ko .
This means that
(cosO +1sin )" = (cosO +1sin )" (cosO +isin o) = (cos kO + isin kO)(cos O + 1sin )
= (cos k6 cos 6 — sin kO sin 0) + i(sin k6 cos 6 + cos kO sin 0)
= cos(k +1)0 +isin(k +1)0
We can show that this expression holds when n=Fk+1.
From (i) and (i), this holds when n is a positive integer.
(3) When nis a negative integer

Given n=—m (mis a positive integer),

.. .. 1 1
(cosO +1s1n60)" = (cosO +1s1n6) " = — = —
(cosO +1sinh)”  cosme +1s1inmo
1 ~cosm@ —isinmf _ cosme —isinme

cosm +isinml cosmb —isinmo  (cosmO)’ + (sinmo)’
= cosme —iSinme = cos(—m)0 + 1sin(—m)f = cosné + 1sin no

Therefore, this holds when m is a negative integer.

(cosO +1sin6)"” = cos130 + 1sin 130
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Confirm (cos @ +4sin )" = cosno + isinnd is derived for O = g when n=2, 3, 4, and b.

T
In the VARIABLE screen, input [A = 143 ).

Register f(x)= A" .

DO@WOWN®OEO®O

Press @), select [Define ()], press @, ® @ @ &) @

Confirm for the values £(2), £(3), f(4), and £(5).
Press (@), select [f(z)], press @), @ O &

vor [ &
A=1.E

iTTT
oo o

fix}
g{x)
Define f{x}

Define g{x)

g{x)
Define f{x)

Define g{x)

uln

12

PRee®
£¢3) ‘

&

1 Lin

]

POR@®®
¢y ‘

POR@B®
£C5) :

125

From the above results, we can confirm that f(Z) = (C0s0 +isin )" = cosx0 + 1sin 0 s derived for 6 = g when

=2, 3,4, and 5.
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Use the scientific calculator to confirm the results of calculations using De Moivre's

theorem.

NEREIS

an
bl

@ Show the following complex numbers in the a+ b form.
4

(1)

™ ..
COS — + 181 —
12 12

7T..7r4 ™ .. T 7r..7r1\/§.
COSE—F’LSIH— :cos4-ﬁ+zsm4~—:cos—+zsm— §+72

10

(2)

™ . LT
COS§+ZSIH—

1 :
-
2 2

10
T .. T T .. T 50 . . bm \/5\/5
Cos—+1isin—| =cosl0-—+12sinl0-—=cosS—+4sin— = —— — —
8 8 8 8 4 4 2 2 \/5 \/E’L
2 2
s 7r4 7T4 T T T 1 \/g
i COS— +1isin—| =|I/—| =1/=—=coS—+iSiln— ==+ —1
(1) Confirm that T T 2 3 3 5T 5 "
CO@WO®OEDOOOO@O® @VOV® ®@®OVLO®
& A & & wor [ e A r@ |F] £ Ny
L3 x 3
(149%) 1 ["‘112] 2
1£§ §+EI.EIEEIJ254I33EII. 0.8B60254038
10 10
(2) Confirm that cosz—kisinz N =14—3—7r:>cos 37 +isin|—— _—é—ﬂi.
8 8 4 4 2 2
COBWORN®OEEOO@OO® @&VOV® ®@®OV2®
I31D & & o E']D A .‘I'_J'E' |F] £ N
i i3 42
(15) 5 (15 2
1‘_? -0.7071067812-0. "> 0.7071067812
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PRACTICE

@  Show the following complex numbers in the a+ bi form.

13

(1)

T .. T
COS— +18In —
6 6

13
cosz+isinE =cosl3-£+isin13-£=cosl3—ﬂ-+isin13—ﬂ-:é—l—li
6 6 6 6 6 6 2 2
J3 1.
— + -t
2 2

15

(2)

T .. T
COS— + 181N —
4 4

ﬂ- . . W . (] .
CoOSs—+12Ssmm—| =cosly-—+2sml1H-—=coS——+28In— = — —
4 4 4 4 4

T v T 157 . 157 \/E
2
2

Y
—1
2
J2 .
———1
2 2

(1) Confirm that

13

13
= s :14£:>cos£+isin£=£+1i,
6 6 6 6 2 2

CO@®WOVA®DEOPOOOR®® EVLVL®

(122)° (148)"

T .. T
COS — + 281N —
6 6

5
14%:: u.355|:|254|:|33+%::
15 15
T .. T T T
(2) Confirmthat|[cos—+isin—| =|1L—| =1L——
4 4 4 4
= COS|—— |+ 2sin _r zﬁ—ﬂi
4 2 2
OIGICIGCIGIGIGIGIGICIOIT N TIVIOI L)
o 315 £ A (v 315 £ A
e
14-7M |0, 7071067812-0. 71>
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—

The 1-th root of complex numbers <

TARGET To understand the 7i-th root of complex numbers.

STUDY GUIDE

For a complex number «v and natural number 7, the complex number 2z that satisfies the equation 2" = « is called the
n-th root of av.

Specifically, when =1, zis called the 73-th root of 1.

Use the scientific calculator to calculate the value of the 1-th root of 1.

RERCIS

1
bl
L

@ Find the 6th root of 1.

Since the solution to the 6throot of 1 & 2° =1, find a complex number solution 2 that satisfies 2b =1,

Let the complex number 2z that satisfies the point of the question be 2 = r(cos8 + isin 0) (r>0,0<0<27), such that
2" ={r(cosf +isin0)}’ = r’(cosf +isin )’ = r°(cos60 + 1sin 60)

And, it is expressed as 1 = 1(cos 0 + 78in 0), so 7°(cos66 + ¢sin60) = 1(cos 0 + 7 sin 0)

By comparing the absolute value and the deflection angle of both sides, from 7% =1 and >0, we get r=1
m
From 60=2mxk (kis an integer), we get 8 = g x k  Since 0<0<2, that is to say 0< 3 x k <2, then the values of k

that satisfy this are k=0, 1,2, 3,4,and 5

gxk]—&-isin

Therefore, the solutionto 2° =1is 2 =1- [COS %x k]l (k=0,1,2,3,4,5)

When k=0, z =1-(cos0+ ¢sin0) =1

When k=1, 2 = 1-{cos T 1| +isin|Ex1 :14_@@'
3 3 2 2
When k=2,2 = 1-{cos| = x 2|+ isin| = x 2 =—l+£i
3 3 2 2
When k=3,z2 =1- cos§><3 +ising><3 =-1
When k=4,z = 1-{cos T wal+isin|Exa =—1——3i
3 3 2 2
When k=52 =1-1cos| Zx 5|+ isin| = x5 :l—éz _11+\/_§'_1+_\/§Z'
’ 3 3 2 2 =L 2) ’
2 2 2 2
1 V3.1 3.
—1,— - — 24—
2 2 2 2
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The solution of 2° =1, whichis 2 = 1-{COS

scientific calculator.

Tk
3

+1sin

A
gx k]} ,becomes IZ?W (A=0,1,2,3,4,5)inthe

Change the Z(polar form display) at the top of the calculator screen to the 4 (a+bz display).
SICIOIVIVIVIVICICI TN Sl
‘ . Arm .
After inputting 14?, in the VARIABLE screen, input [A=0]. ’g’nﬁ E s
14—
DERORO®OOOER® @O0® O 3
1
Input [A=1]. Input [A=2]. Input [A=3].
DO® O@® DO® O® DO® O
ﬂz = 3 A \Jz K| S A \JE 7| T A
n n T3
43 5 143 - 143
2t ot oA -1
Input [A=4]. Input [A=5].
DO® O@® DO®W® O@®
\Jz K| S A \JE 7| T A
n T3
143 143
143, 143,
2 2 2 2

Since 2° =1©2° —1=05(2" +1)(2° —1) = 0, simply find the solutionsto 2° +1=0 and 2* —1=0.

Press @), select [Equation), press @), select [Polynomiall, press @), select [ax3+bx24cx+4d], press @)
D@BOOEO) @ 6 e

Vo' o T [ o o T v o' o T i [ o O T Iy
@3 +hsE T d ax3*+bx2+cx+d=0 ax3*+bx2+cx+d=0 ax3+bx2+cx+d=0
153+ 02+ [IF] ®q= Xz= Xa=
“ 1443 & 1-{3 &
1 -1 2 2

® @

DOPOO® e

7o' O T - o o T v o' T Vi - 7w O T Y
@3 +hsECrd ax3*+bx2+cx+d=0 ax3*+bx2+cx+d=0 ax3+bx2+cx+d=0
T3+ 02+ 0 Xq= Xz2= X3=
-1+43 & -1-{3 i
-1 1 2 2
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PRACTICE

Find the 8th root of 1.

Since the solution to the 8th root of 1 & z° =1, find a complex number solution z
that satisfies z° = 1.

Let the complex number z that satisfies the point of the question

be z = r(cos0 + 1sin 0) (r>0,0<s0<27), such that

2 ={r(cosf +1sin )}’ = r*(cos O + ¢sin6)* = r°(cos 80 + 2 sin 80)

And, it is expressed as 1 = 1(cos 0 + % sin 0), so T°(cos 80 + 2 sin 80) = 1(cos 0 + ¢ sin 0)
By comparing the absolute value and the deflection angle of both sides, from 7° =1
and >0, we get =1

From 80 = 27 X k (kis aninteger), we get 0 = % x k  Since 0s0<2, that is to say
05% X k <2m, then the values of k that satisfy this are k=0, 1,2, 3,4, 5,6,and 7
Therefore, the solution to z° =1 is

%xk %xk}(k:o,1,2,3,4,5,6,7)

z=1-{cos + 2 sin

When k=0, z =1-(cos0+1sin0) =1

When k=1, z =1-{cos T 1|+ isin %xl

4 2 2
When k=2, z =1-{cos §x2 +2sin %xz =1
.. 2 2.
COS E><3 + 72 s1n Z><3 :—£+£z
4 4 2 2

When k=4, z =1

When k=3, z =1-

|
|
|
{cos " x4|+isin
|
|
|

IN
NI
X
=
—_————— - —
I
|

When k=5, z =1-{cos T 5| +isin| x5l = — —ﬁi
4 4 2
When k=6, z =1-{cos %xﬁ +2sin %xﬁ =—1
When k=7, z =1-{cos T xtl+isin|Ex7 =£—£z’
4 4 2 2
NCIENC NN
z=1,—4+ —10,0,——+ —1,
2 2 2 2
2 V2. 2 W2
-1, —%—1,— — —
2 2 2 2
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The solution of z® =1, whichis 2 =1- {cos + 2sin

Tk
4

Tk
4

}, becomes

A
1£ Tﬂ- (A=0,1, 2, 3,4,5,6,7) in the scientific calculator.

A
After inputting 1£ Tﬂ-, in the VARIABLE screen, input [A=1 to 7] respectively.

o & T i

Ar

VEROROODOO®ED OO® O® |+

@@@@ © & @@@ © & @@@ © @

T A T A
An An An
144 125+ i 125~

Since 2! =192 —1=0&(2"' +1)(2' —1) = 0, simply find the solutions to
z'+1=0and z' —1=0.

Press (©), select [Equation], press @K, select [Polynomial], press @),

select [ax’+bx’+cx’+dx+e], press

@@@@@@@@@@ @@@@

ot [
ax“+hx3+ ste= D ax“+bx3+ s+e= D axs*+bx3+++++e=0 ax“+bx3+ ++e=0
X1= Xa2= Xz= Xa=

{_Effa {2 —42 i sz -{_;Jfa {_ 2 i

® OOO0P00® @@@@

i Yi i T T
ax“+bx3+ +e=D ax“+bx3+ ++e=0 ax“+bx3+ «+e=0 ax“+bx3+ ++e=0
X1= X2= X3= Xa=

[
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Solve the equation 2°* = 83 .
Let the complex number z that satisfies the point of the question be

z =17(cos 0 + 1sin 0) (r>0,0s0<27), such that
2’ ={r(cos0 +1sin )}’ = r’(cosd + ¢sin0)’ = r’(cos 30 + 2sin 30)

And, it is expressed as 87 = 2° [cos% +isin™|,so

r’(cos 30 +2sin 30) = 2° cos% +isin ™

By comparing the absolute value and the deflection angle of both sides, from
r* =2 and >0, we get =2

From 30 = §+27r x k (kis an integer), we get 0 = %+2?7r>< k

27
Since 0<0< 27, that is to say 0<E + 3 X k <277, then the values of kthat
satisfy this are k=0, 1, and 2
Therefore, the solution to z° = 8% is

z=2-1cos E-|-2—7T><k: + 2 sin E+2—ﬂ-><k (k=0,1,2)
6 3 6 3

When k=0, 2 =2 cos%—l—z’sin6 =2 §+ =3 +i

When k=1,

z=2-{cos £+2—7T + 2 sin £+2—ﬂ- =2 coss—ﬂ+isin5—ﬂ- =2 —£+1i
6 3 6 3 6 6 2 2

=3 +1

When k=2,

z=2-1{cos 34—4—71- +¢sin Z+4—7T =2 cos?’—+zsm?’—7T =2(—1) = —21
6 3 6 3 2 2

Z—\/——I-z, \/_—I-z, 21

({3+i)° J (- ¢‘+a)3 24" J
8i 8i 8i
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Plane figures and complex numbers

TARGET To apply complex number planes to plane figures.

STUDY GUIDE e~

Formulas for multiplying and dividing polar forms

The following relational expressions hold for 2 points, A(c) and B(/3), on the complex number plane.
4 )
(i) Parallel translation of A () by just B (3) is to point w=>w=a+3

(ii) Distance between 2 points A (cx) and B (3)=| 3 — |
(iii) For 2 points A («x) and B ((3), the segment AB m:n, so

o ) no+ mp3
Internal dividing point =
m+mn
—no+m
External dividing point= B
m-—-n

(iv) (1) Rotation of A (x) around the origin O by just @ is point w
=w = (cosO + 2sin )«

(2) Rotation of A (x) around B (3) by just @ is point w
=>w— 3 =(cosO +1sinf)(a— 3)

\ J

In addition, the following relational expression holds for a point C(y) obtained by rotating the point B(/3) by  around
the point A(cv) and multiplying the distance from point A by k (k>0).
4 N\

(v) From~y — a = k(cosO +1sinf) (8 — o),
Y —
08—«
:9:LBAC:arg7_a

08—«
(£BAC s the angle measured from the half-line AB
to the half-line AC)

= k(cos0 + 1sin 0)
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(i) YA

w=a+3
o
B
0 T
(iv) V)
= . YA w - C)
o

, a ’ ’ 5B

\ . ﬁ 5 A(a) -
O z O T 0] T
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EXTRA Info.

Use the scientific calculator to consider the relations between complex numbers and plane
figures.

l'l'l

RERCIS|

nn

—

"

G353

1] Given 3 points 2 = 4 — 3t,a = 5 + 21,3 = 1+ 67, on the complex number plane, solve each of the following
problems.

(1) Find the point w, which was parallel translated to point z by just cv.
w=2+a=4-3)+(5+21)=9—1

(2) Find the distance between 2 points cz and (3.

18— ael=| (1 +61) — (5+20) |= —4 + 4i|= J(—4)7 + 42 =32 = 442 w2

(3) Forthe 2 points A () and B ((3), find the point Q that externally divides and the point P that internally divides line

AB by 3:2.
20 + 3 2 3 2 . 3 . 13 22.
Internal dividing point P is j =-a+=0==5+20)+-(14+61)=—+="1
342 5 5 5 5 5
. =20+ 30 ,
External dividing point Q is 5, - —20+ 30 = —2(5+21) + 31+ 60) = —7 + 141
13 22.
P-..

—+— -—T+142
=T 1,Q--

T
(4) Find the point w by rotating point z by just n around the origin O.

w = (cosf +isinf)z =

cos~ 4 isin ™ (4-31)=
4 4

£+£]4 31) = %"Fé

2

—+—1
2
. 7
(5) Find the point w by rotating the point zaround the point 2, (—3—7%) by just —
From W — 2, = (cosf + 1sind)(z — 2,) , we get W = 2, + (cos O + isinb)(z — 2,)
Therefore, w = (—3 — 71) + COSE tisin” o {(4=31)—(=3-T1)} =(-3—"T1) + g + 5@ (74 42)
A 7\f 1 7+4\/§Z. _7\/3—10+4\/§—7Z.
SR ; W3—10 437
+ 1
2 2
§=§ (2] Given 3 points A(a) = 2+ 24, B(0) = 3 + 4¢,C(y) = 5 + 3¢ on the complex number plane, find the measure of Z BAC
/BAC =arg L~ 2 arg(5+3z_)7(2+22,) = arg S0 = arg s 1z :argﬂzarg(l—i)
B—a (3 + 4d) — (2 + 20) 1+ 2 142 1-2 5
. 1 1 . ™ .. ™ . ™
1—1:\/5———1 :\/5 COS|—— |+ 2SI |—— arg(l—1)=——
rom 14 By - |« (sl | e -3
- T
Therefore, the measure of £ BAC is n 4
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In the VARIABLE screen, input [A=5+2¢B=1+64, and 2=4—31).
SI6ICIBIOIOITISIOICIOIOIOICIVIVIVIVIOICIOIOION

[
L
i
&,

I
C
E
ks

coo
+
@ M m
[T )
oo —
+

(1) Calculate the value of 2+A. (2) Calculate the value of | B—A].
©IOITICIOICIT CIVIVIVITITIOISISIOIOIT)
5 7] S i l?_w'ilﬁ T Iy
9-§ 442
(3) Calculate the value ong+§B. [ _F T i
5 2a+38B
BICIOISIOIGIEIOIC TOIEIGICI TN M A
?+?l
Calculate the value of —2A + 3B. —_2f.'+3EEI E .
COO®OHO®E®
-7+14 &
(4) Calculate the value of [M% X (4—31). N ; _
[uﬁjxca—ai)
OIOICITIVITIOINISIOISIOISIOCIOICIOIOIOIONT . 743 {3 .
2 tad
(5) Calculate the value of (—3—7i)+[14%]><(7+4i)
SIElelCluloko! (-3-78>+[ 1K x>
POOEBVBDOOOOOROD®O®OO® | 10713 ,-7+413,

Delete all the VARIABLE memory.
Press @), select [Reset), press @), select [Variable Memory], press @®), select [Yes], press

Settings & Data »| [Reset OK?
VEIS I E Il | (Variable Memory
Initialize All »

Cancel

In the VARIABLE screen, input [A=2+24B=3+41, and C=5+31).
SIBICIBIOIOITISIOICIOIOIOITIOISICIOIOIOITIO)

b=

il’\_‘l
™~
i T e m
=
£

[ R e N e S
+

2t
]
]
i

E
3
z

B_A' ﬂE—A T ry
PROOBODOODOODOCDOO0® i EA)

Calculate the value of arg
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PRACTICE

=X [1] Given 3 points 2z = 2 —2i,a = 1+ 31,3 = —2 + 1 on the complex number plane, solve each of the following

problems.

(1) Find the point w, which was parallel translated to point z by just c.

w=z+a=(2—-21)+(1+327)=3+1 .
3+1

(2) Find the distance between 2 points ¢ and (3.

|8 — aul=| (—2+1) — (14 31) |=| —3 — 2i |= |/(=3) + (=2 = V13 /G

(3) Forthe 2 points A () and B ((3), find the point Q that externally divides and the point P that internally divides line
AB by 4:3.

Internal dividing point P is
3au+48 3 4 5 13

a+-B==-1+31)+—-(—2+2)=——+—1
4+3 7 ﬁ ( ) 7( ) T T
External dividing point Q is
%:—Sa—l—ég@:—3(1+3i)+4(—2—|—i):—11—5i

5 13 . .
P — = +24Q-—11—51
-t 2,Q--

s
(4) Find the point w by rotating point zby just — around the origin O.
Yy Yy 3

143

2+7i](2—2i)
= (V3 +1)+ (3 —1)i (V3 +1)+ (3 —1)i

. 7
(5) Find the point w by rotating the point zaround the point 2, (—3+41%) by just —.

w = (cosf +1sin0)z = (2—22) =

COSE +1 SlIl

From w — 2, = (cos0 + ¢sin0)(z — z,), we get w = 2z, + (cos O + 2sin B)(z — z,)

Therefore, w = (—3 + 42) + | cos % + 2 sin %] {(2—22)—(—3+42)}

2\

=(—3+47)+ —+—z (5—62)

11\/_ \/_] 11\/— 6, 8- \/_
11[—6 —x/Ez.

2 2

=(—3+41)+
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> Given 3 points a =1+ 14,3 = 3414 21,7y = 1+ 3¢ on the complex number plane, find the measure of £ BAC.

Y—a _ (+3)—(+9) 2 2 3-i_ 2423
B—a h@+udz (1+12) C3+i 34 3—i 0 4
_1+\/§i U 0

= €cOS— + 2Sin —
3 3

/BAC = argg_a = arg
—

Z
3

T . o TT
COS—+ 1281 —| =
3 J

Therefore, the measure of Z BAC is % E
3

In the VARIABLE screen, input [A=1+3%,B=—2+1, and 2=2—24].

@@@@@@@@@@@@@@@@@@@@@@@@@

(1) Calculate the value of z+A. (2) Calculate the valueof | B— A |,
@.@@@@ .@@@‘.@@@@@@
48 |B— AI
I+i {13

(3) Calculate the value of %A + ; B.

E
OEOOPODOODO®O® [ g i
777
Calculate the value of —3A + 4B. 3A+4B ’
OOHODO®E®
-11-54|
(4) Calculate the value of 14% X (2—21),

[14—])((2 24>

1+4/3+(-1+43) &

CO@WOUB®DEROOXOROO®R®O®

(5) Calculate the value of (—3 + 42) + X (5—61).

s
4

o [

OICIOICIOIOION0) {—3+4£}+[‘;4%Jx‘{5p
CIGIOICITIMITIOINICIOIOIOIIOIOICIOIOIOIONT -B+1142 ,8-12 ,
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Delete all the VARTABLE memory. B0
=0 D=0
OOBO®® f:

z=0

In the VARIABLE screen, input [A = 1+ 4,B = v/3 +1+2i,C = 1+ 3i].
SI0ICIOIOICISITCIOISICIOICIOIOIONIOIOIOCIOIOIONITIO)

F=1+&

B=2.732+42¢
=

F=
»

B—A’
CITOIVITICIOIOISIOIOIVIOCIOICIOIOIOIOL

Calculate the value of arg
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