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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
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Inequality ~ Complex
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Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section



Parametrization of a curve

TARGET To understand the general forms of the curves expressed by parameters.

STUDY GUIDE

Parametrization
When the coordinates of a point (, ) on a curve are expressed as the function of a single variable tas in z=£(t) and
y=g(t), we say it is the parametrization of that curve, and we say tis the parameter. Furthermore, by eliminating the
parameters from z=£{t) and y=g(t), we can find the equations of the graph for zand .

4 )
Equation of a curve

z = f(t ;
Y = 9(1) Eliminate ¢

\. J

Equation for zand y

XERCIS

nn
|11
L

@ Given a parameter £, find the shape of the curve expressed by the following equation.
(1) z=t-3,y=t"+2
Fromz =1¢—3,wecanget t = x + 3.
This is substituted into y =t +2,togiveus y = (x +3)* +2 =" + 62 + 11.

Therefore, the curve we find is a parabola ¥ = Z* + 62 + 11,

Parabola ¥y = * + 6x + 11

(2) z=3+3" y=3"-37"
Squaring both sides of these 2 equations gives us
=3 +2+3% P =31 —2+37
Therefore, 2 —1* = 4.
Here 3! >0,3’t >0, 0,
from the relation of the arithmetic mean to the geometric mean, we get

=3 +31>9{3.37" =2,

Therefore, the curve we find is a hyperbola z* — 3* = 4 (2>2).

Hyperbola T* — y* = 4(2>2)

8. Advanced Expressions and Functions 1



PRACTICE

@ Given a parameter £, find the shape of the curve expressed by the following equation.
(1) $=ét+l,y=t2 -3
From & = %t—i—l,weget t=2x—1).
This is substituted into y = t* — 3,

togiveus y ={2(x — 1)} —3 =42’ —8x +1.

Therefore, the curve we find is a parabola ¥y = 4 —8x +1.

2 z=2/t—1y=4t—3

From msz/Z—l,weget\/Z:

This is substituted into y = 4t —

|y

: _4. 1 2 g g2 _
toglveusy—4-4(a:+1) 3=a*+2x—2.

Parabola ¥y = 4 —8x +1
1 _l , yl\
5 (x+1),t= 4 (z+1)%.
3,
_1 5
AT

Then, since v/t >0, we get £>—1.
Therefore, the curve we find is a parabola ¥y = &* +2x — 2 (> —1).

Parabola ¥y = ° + 2T — 2(>—1)

N N N e N
(3) $—3(2 +27)y 3(2 27)

Squaring both sides of these 2 equations
1 1
givesus T° = 5(2“ +2+27%)y = 5(2“ —2+27%),
4
2

Therefore, ©° — y* = o

Here 2! >0,2_t >0,so,

from the relation of the arithmetic mean to the geometric

1 2 _ 2
mean,weget;1325(2t+2—t)2E 9t .9t :§°

2
Therefore, the curve we find is a hyperbola * — y* = % (:L‘Z 5)

w|mo~: S &

Hyperbola ' —y

8. Advanced Expressions and Functions 2
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Parametrization by using trigonometric functions

TARGET To understand the general forms of the curves expressed by parametrization using trigonometric functions.

STUDY GUIDE

Parametrization of a quadratic curve

Quadratic curves, such as ellipses and hyperbolas, are generally parametrized by using trigonometric functions. The

. 1
formulas for these curves are expressed using sinf or cosf and tané or 030 variously for zand y, which can be
1
cos’ 6
Circle z°+y* =1’ y

[m =1rcosO,y = rsin@]

solved by eliminating @ by using the formulas sin* @ + cos’ @ =1 and 1+ tan®0 =

A

T
Hyperbola E — % =1
a
rt=——,y=>btan6
cos6
op
For AOPQ in the figure on the right, from @ = cosf we get
a
—=cosb,x = .
x cost
2 y2
By substituting this into E - b—z =1, we can solve for g, toget y = btan@.

8. Advanced Expressions and Functions

3



XERCIS

I
[
il

@ Given a parameter 6, find the shape of the curve expressed by the following equation.
(1) xzx/gcose—l, y:\/gsin9+2
From & = \/gcose—l,wecanget \/ECOS@ =x+1.
Square both sides, 3cos* 0 = (x +1)* ...(i)
In the same way, from Yy = J3sinf +2 ,we get 3sin” 0 = (y—2)* ...(ii)
From (i) and (ii), we get (z +1)* + (y —2)* = 3(cos* 0 +sin’ #) = 3.
Therefore, the curve we find is a circle (x +1)° +(y —2)* = 3.

U R
Circle (£ +1)" +(y —2)" =3

1
2) z= +1,y=3tanf ‘
@) cost Y 4y
1 3T
From x = +1,we can get =x—1. ;
cosb cosb :
Also, from 3 = 3tan @, we get tanf = % R
yQ @) 1 2 T
This is substituted into 1+ tan®* 0 = — togiveus 1+ == (z —1)°. R
cos’ 0 9
2
Therefore, the curve we find is a hyperbola (z —1)* — % =1. i
y2 : ‘
2 _
Hyperbola (T —1)* — o = 1

8. Advanced Expressions and Functions 4



PRACTICE

@ Given a parameter 6, find the shape of the curve expressed by the following equation.
(1) z=2cosf—5y=23sinf +2

r+5
From x = 2cos 0 — 5, we get 0059=T- yr

. . —2
Also, from y = 3sinf + 2, we get sinf = yT

These are substituted into sin’ 0 + cos*’ 0 =1,

2

=1,

r+5
2

2
—2
togiveus[y3 ] +

z+5)° (y—2)°

Therefore, the curve we find is an ellipse ( 1 + 9 =

2 _ 9)2
EIIipse($Z5) —|-(y 2) =1

(2 == +2,y=3tanf -1

cosf
+ 2, we get ! _:1:_—2
cos@ " “"WeIe oso 4

From o =

Also, from y = 3tanf —1, we get tan 0 = yTH

1

These are substituted into 1 +tan’0 = ———,

cos’ 0

2 2
togiveus 1+ yrip _jz—2
g 3 1
—2)° +1)*
Therefore, the curve we find is a hyperbola w 6 ) — (y 5 ) =1,
x —2)° +1)*
Hyperbola ( ) — (y+1) =1
16 9

8. Advanced Expressions and Functions 5



(3) x=sinf+cosb,y = isinQO—l

1 . Y/
From Yy = ZSIH20—1,
. 1. — g
weget Yy = l~2s1n6’(:0s6?—1 = _—sin@cosO —1. \/EO \/7 z
o 2 V5O
From this, we get sinf cos0 = 2(y +1), so 5
4

x’ = (sin@ + cos 0)’
—sin’ 0 + 2sin@ cos O + cos* 0

=2sinfcosf +1
=4(y+1)+1
=4y +5
1, 5
Therefore, we get yzzm T
Now, from = = sin 6 + cos @ = /2 sin 9+§ , we have — /2 <z<+/2.

1 5
Therefore, the curve we find is a parabola ¥ = 1 x’ — N (— \/E <x< \/E )

1
Parabola y = Z:BZ —%(—\/ES:BS\/E)

8. Advanced Expressions and Functions 6



EXTRA Info.

Diagrams of curves expressed by parameters

Use the Spreadsheet and QR code functions.

EAENCIOE

Given a parameter t, find the shape of the curve expressed by the equations

r=t+2y=20"+1.
From Z=1+2,wegett =2—2.
This is substituted into y = 2¢> +1,togiveus ¥ = 2(x —2)* +1 = 22" — 8T +9

Therefore, the curve we find is a parabola ¥ = 22> — 8z + 9.

Parabolay = 2x° —8x + 9

By using the Spreadsheet and QR code functions, we can show the curve expressed by the parameters.

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O e

o+ —
Calculate  Statistics  Distribution
X¥=0

Table  Equation

Input —4 in cell A1, then use [Fill Formula)] to fill cells A2 to A17 with values from —3.5 to 4 in increments of 0.5.

OO® O®®OOG®OOO® OOOPOO@OO® @

o
Fill Formula
Form =A1+0.5
Range :A2:A17

Available WMemor

Let the values in column A be the values of £, then use [Fill Formula] so the values of the z coordinate, corresponding to

each value of £, appear in column B.

D OO OOOOOOO® @

o
Fill Formula
Form =A1+2

Range :B1:B17

Available WMemor

Let the values in column A be the values of £, then use [Fill Formula] so the values of the 1y coordinates, corresponding

to each value of ¢, appear in column C.

® Q®OO@HO® DOOOOOO® @

o
Fill Formula
Form =2A12+1
Range :C1:C17

Available WMemor

Press ® @), scan the QR code to display the spreadsheet.

8. Advanced Expressions and Functions 7



In the spreadsheet that is displayed, select column B and column C, so the 2 columns become gray.
Now, in the [Statistics] tab of the displayed pop-up, select [Graph]—*[Scatter Plot] in this order, to display a scatter plot.

This scatter plot is a plot of the points that correlate to the shape expressed by the equations @ =t + 2,y = 2t> +1.
© O

A [E & D E F

35

30

8 | 9 e
L 40 @

15

(] (]
10

Graph * b
il Statistics 5 ® o
T S

[ ] [ ]
& (0]

As shown in the figure at the bottom left, when we display a graph of ¢ = 22° — 8 + 9 on this scatter plot, we can see
that it passes through all the plotted points.
Furthermore, as shown in the figure at the bottom right, we can display the graph on the scatter plot while also showing

the parameters. In this case too, we can see that it passes through all the plotted points.

- X

(i /
/

35

30

i O
€ fo B H L T‘ 4 fo B HE L T‘
——T y=2x*—8x+9 | __
X= t+2
v,= 2t°+1
-4 <t=<4

8. Advanced Expressions and Functions 8



Given a parameter 0, find the shape of the curve expressed by the equations & = 2c0sf + 1,y = 3sinf —1.

r—1

Hmn$:2aE9+Lwe%tdB9=—E—_ y
A
+1 2y
Also, from ¢ = 3sinf — 1, we get Siﬂ@:yT_ 1/
These are substituted into sin® @ +cos* 0 =1, O
—1
2 2
1 -1
to give us [y+ + 5 =1.
2 2 __4:”7
Therefore, the curve we find is an ellipse (@ ; D) + Y g D =1.
. r—1)" (y+1)
Elllpse( y ) +( 9 ) =1

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D
Press @), select [Calc Settings], press @), select [Angle Unit], press @), select [Radian], press @®), press

ool Lol A Input/Output »| [ocDegree
Calculate  Statistics  Distribution 1 FEY RN »
ER& xXy=0 Mumber Format »| [oGradian
Table  Equation | [Engineer Symbol »

m 11 T
Input 0 in cell A1, then use [Fill Formula] to fill cells A2 to A12 with values from E to EW in increments of —.

06 YO®OODODEOO® OOOOOO® @

“-I-J

o
Fill Formula
Form =A1+m1B
Range :A2:A12

=A1+r 6

Available WMemory

Let the values in column A be the values of #, then use [Fill Formula] so the values of the & coordinate, corresponding

to each value of 6, appear in column B.

P OXOWO®OOO®O® OOOOOOO® @

o

Fill Formula
Form =2cos{A1)+1
Range :B1:B12

Available WMemory

Let the values in column A be the values of 6, then use [Fill Formula] so the values of the  coordinates, corresponding

to each value of 6, appear in column C.

® @®AOHOEOOOCO® OOOOOOO® @

o

Fill Formula
Form =3sin{A1)-1
Range :C1:C12

FIIEII‘ J
1] 3
2. 732 0.

]
2| 1.595]

i,z
=3sin(A1)-1

Available WMemory

8. Advanced Expressions and Functions 9



Press ® @), scan the QR code to display the spreadsheet.

In the spreadsheet that is displayed, select column B and column C, so the 2 columns become gray.

Now, in the [Statistics] tab of the displayed pop-up, select [Graph]—*[Scatter Plot] in this order, to display a scatter plot.

This scatter plot is a plot of the points that correlate to the shape expressed by the equations

r=2cosf +1,y =3sinf —1.

° — e MI— - — — — 31v
A B c D | E F |
1 [
1 0 3 1 2
2 0523598 273205 05 B R »
3 104719 2 1.59807 } 1
4 157079 1 2 | ™
5| 200430 0 1se807 I x
6 261799 | -0.73205 05 1 o) £)
7| 314150 -1 [
'8| 366510 | 073205 25 7777 - o o 1
9 418879 0 -3.59807 |
o amioss f P 2
o @ ®
i Statistics
:
L L 2
;
-5

(y+17

As shown in the figure at the bottom left, when we display the ellipse =1 on this scatter plot, we

x—1)

(@-1,
4

can see that it passes through all the plotted points.

Furthermore, as shown in the figure at the bottom right, we can display the curve on the scatter plot while also showing

the parameters. In this case too, we can see that it passes through all the plotted points.

& [ % ° l - x|

-5 /3

tel S + - fo B OB L T
4 ® 4

- g | 0

v,= 3sin(t)-1
0=1t=<628

8. Advanced Expressions and Functions 10
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PRACTICE

Given a parameter t, find the shape of the curve expressed by the equations T = \/Z +2,Y = 2\/2 —1+3.

Fromm:\/Z+2,weget\/zzm—2,t:(m—2)2. UYr
This is substituted into Yy = Wt —t +3,

togiveus Yy =2(x —2)— (£ —2)’ +3 = —x’ + 6z —5.
Then, since \/Z =0, we get x=2

Therefore, the curve we find is a parabola

Yy = —x* 4 6x — 5 (2=2).

Parabola ¥y = —x* + 6x — 5 (2=2)

8y

By using the Spreadsheet and QR code functions, we can show the curve expressed
by the parameters.
Press ©), select [Spreadsheet], press @), then clear the previous data by pressing (D

X i,
Calculate Stat|st|cs Distribution

x¥=0
Bigueay  Table  Equation

Input —4 in cell A1, then use [Fill Formula] to fill cells A2 to A17 with values from
—3.5to 4inincrements of 0.5.

QO E®OODOLOO® @@@@@@.@@@ ®

E “-I-J

F111 Formula
Fill Value Form =A1+0.5
Edit Cell Range :A2:A17
Available Hemory

=A1+0.5

Let the values in column A be the values of ¢, then use [Fill Formula] so the values of

the = coordinate, corresponding to each value of ¢, appear in column B.

DO WEO®OOO®O® POOOOOO® @ @

o o T

Fill Formula Fill Formula Math ERROR - m——
Form =¥{A1)+2 15 -%.5| ERROR
Range :B1:B17 7.3 ERoR]

=y (A131+2

Fill Value
Let the values in column A be the values of ¢, then use [Fill Formula] so the values of

Edit Cell
Available WMemory

the y coordinates, corresponding to each value of ¢, appear in column C.

® ®QE®OOOO®OO®RO® DOOOOOO® @ @

™
Fill Formula Fill Formula Math ERRUR dw‘
Fill Value Form =2¥{A1)-A1+ 5.5| ERROR| ERROR
Edit Cell Range :C1:C17 -2 R%ﬂ ﬁ%ﬁ
Available Memory —2¢{A1) A1+3

Press ® ), scan the QR code to display the spreadsheet.
* ERROR appears in this case because there is a negative value under the v sign.

Conversely, this shows that the range of values for tis greater than or equal to 0.

8. Advanced Expressions and Functions 11



In the spreadsheet that is displayed, select column B and column C, so the 2
columns become gray.

Now, in the [Statistics| tab of the displayed pop-up, select [Graph|—[Scatter Plot] in
this order, to display a scatter plot.

This scatter plot is a plot of the points that correlate to the shape expressed by the

equationswzx/Z-l—Z and y =2Vt — 1 +3.
3

A = =

-4 ERROR | ERROR

3 -3 S=RQR  EREOR

ERROR | ERROR

Graph

slistatistics

Number

As shown in the figure at the bottom left, when we display a graph of

Yy = —x’ + 62 — 5 on this scatter plot, we can see that it passes through all the
plotted points.

Furthermore, as shown in the figure at the bottom right, we can display the graph on
the scatter plot while also showing the parameters. In this case too, we can see that
it passes through all the plotted points.

@ o

& e B B | T ‘ & fm H OB L T 4
; :::::‘l i 2+6 _5 ; :::::F
o - 6x S
vie 2V 143
0=t=10
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Given a parameter 0, find the shape of the curve expressed by the equations = sin 6,y = cos 26 .

From y = cos 20, we get YA
Yy =cos’ 0 —sin* 0 = (1 —sin’ O) —sin’ @ =1 —2sin* 0. 1
From this, we get y = 1 — 22°.

Now, from x = sin 0, we get —1<z<1.

Therefore, the curve we find is a parabola
Yy =1-2x"(—1<z=<1).

Parabola y =1 — 2z’ (—1<z<1)
Press ©), select [Spreadsheet], press @), then clear the previous data by pressing (O
Press &), select [Calc Settings], press @, select [Angle Unit], press @, select
[Radian], press @), press

ool Ll A Input/Output »| [oDegree
Calculate  Statistics  Distribution 1 PN RN =
ERE xXy=0 Mumber Format »| [oGradian
gmueiEay  Table  Equation | [Engineer Symbol »

73
Input 0 in cell A1, then use [Fill Formula] to fill cells A2 to A12 with values from — to

6
11 T
_6 7 in increments of E

0 DOOOOGO®DEOOVH OOOOOO® @

i
Fill Formula

Fill Value Form =&1+maB

Edit Cell Range :A2:A12

Available WMemor

Let the values in column A be the values of 0, then use [Fill Formula] so the values of

the z coordinate, corresponding to each value of 6, appear in column B.
D @WEO®OOO® HOOOOOOO® @

i

Fill Formula - -E-J
Fill Value Farm =sin{A1} 0.5225 .5
Edit Cell Range :B1:B12 k%g}&%ﬂ
Available Memor =sin¢A1)

Let the values in column A be the values of 0, then use [Fill Formula] so the values of
the y coordinates, corresponding to each value of 8, appear in column C.

D K®HOE®OOO® DOOOOOO®

i o

Fill Formula D-ID_-_J
Fill Value Form =cos{2A81> 0.5235| _0.5] 0.5
Edit Cell Range :C1:C12 LOdit] 03681 -0.5
Available WMemor =cos{241)
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Press ® (¥, scan the QR code to display the spreadsheet.

In the spreadsheet that is displayed, select column B and column C, so the 2 columns
become gray.

Now, in the [Statistics| tab of the displayed pop-up, select [Graph|—[Scatter Plot] in
this order, to display a scatter plot.

This scatter plot is a plot of the points that correlate to the shape expressed by the
equations « = sinf and y = cos 26.

A B c D E F

1 1] 0 1

2 0523588 05 05

3 1047m1g | 0866035 05 | 18

4 157079 1 -1

5 209439 | 0866025 05

6 251799 05 (5

7| 314159 L] 1 e *

5 38310 9 0

BEE < Back Graph T
- T T

=

il Statistics

Number

Math

abc 2 -1 +

As shown in the figure at the bottom left, when we display a graph of ¥y = 1 — 22* on
this scatter plot, we can see that it passes through all the plotted points.
Furthermore, as shown in the figure at the bottom right, we can display the curve on
the scatter plot while also showing the parameters. In this case too, we can see that
it passes through all the plotted points.

# - |

-2

T ) :
y © fo H B 1 T

HHH 41 ! HH HitH } ‘
— a0 2 —
_[ Wil tak x,= sin(t)
v, = cos(2t)
0 =r = 6.28
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e

Given 6 as the parameter, consider the curve expressed by the equations & = € —sin#,y =1 — cosf . Fill in the

following table and plot the points that correspond to the various values of # on the coordinate plane, and from that draw

a sketch of the curve given 0<0<27r.

0 0 T T T bl I ¢ m -7 é71' §7T E7r ETF o
6 3 2 3 6
0 [0.02]0.180.57(1.23|2.12|3.14|4.17|5.05|5.71| 6.10 | 6.26 | 6.28
0 |0.13]| 0.5 1 1.5 [1.87 | 2 1.87 | 1.5 1 0.5 |0.13| O
Yy
/’
Y y x ;x

Press (©), select [Spreadsheet], press @), then clear the previous data by pressing (O
Press &), select [Calc Settings], press @), select [Angle Unit], press @, select
[Radian], press @, press

X |y i Input/0Output | [ocDegree
Calculate Statistics  Distribution | YRR GEE: =
ER xXy=0 Number Format »| [OGradian
ey Table  Equstion | [Engineer Symbol =

3
Input 0 in cell A1, then use [Fill Formula] to fill cells A2 to A13 with values from n to

T
277 in increments of E .

0 DXOOOOO®ODEOO®® OOOOOP@OO®®E

™
Fill Formula
Fill Value Form =&1+mib
Edit Cell Range :A2:A13
Available WMemory

Let the values in column A be the values of 0, then use [Fill Formula] so the values of

the z coordinate, corresponding to each value of 6, appear in column B.
DIOMCITIOIOIOISITIOIOIOIOND @@@@@@@@ ®

F111 Formula

Fill VYalue Form =&1-sin{A1) [
Edit Cell Range :B1:B13 B -0ai 0. 1811
Available WMemory =A1-sin{A1>

Let the values in column A be the values of 0, then use [Fill Formula] so the values of

the y coordinates, corresponding to each value of 8, appear in column C.

O @WOOG®OOO® OOOOOO® @
Fill Value F;&rﬁ FiﬁTﬂéimn D.SQSSWJ

Edit Cell Range :C1:C13 IR
fAvailable WMemory —1—cns{A1)
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EXTRA Info.

Cylcoid

If a fixed point P on the circumference is rotated without slipping along a fixed straight line, the curve that the point P
describes is called a cycloid.

When the radius of the circle is @, then the parameters of the cycloid

are expressed as follows.

x =a(@ —sinf),y = a(l - cosh)

For example, if we paint a mark on the wheel of a bicycle, then as we

ride it, the curve that the mark describes is a cycloid.

Furthermore, the curve that we drew in PRACTICE [3]is a cycloid when

a=1. !\/\ark/
Note that the cycloid cannot be expressed in an equation of xand y

by eliminating 6.

Use the Spreadsheet and QR code functions to draw a cycloid for which a=1.
Input values into Spreadsheet according to the answer in PRACTICE[3] then press ® @) and scan the QR code to
display the spreadsheet.

In the spreadsheet that is displayed, select column B and column

C, so the 2 columns become gray. x= 1—sin()
Now, in the [Statistics] tab of the displayed pop-up, select 7= 1—pas(t)

0 =: = 628
[Graph]—[Scatter Plot] in this order, to display a scatter plot.
This scatter plot is a plot of the points that correlate to the shape (=)ot —1 =1

expressed by the equations & = @ —sinf,y = 1—cosf .
) ) y=a—sin(a) |1 —cos(a)—0.01 =y=1 —cos(a)+0.01
Input the curve, as on the right, into the scatter plot, then set .

—
variable a. 9.‘ L1

Step0.1

After that, you can confirm that the fixed point on the < o ’

circumference draws a curve when the play button (B> ) is

pressed, according to the setting of variable a.

N
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T
Polar and cartesian coordinates /

TARGET To understand the relationship of polar coordinates and cartesian coordinates.

STUDY GUIDE

Defining polar coordinates

When a fixed point O and a half-line OX are defined on a plane, the position of an P(z,y)

arbitrary point P on the plane is determined by the length 7 of OP and the angle 6 r

between the half-lines OP and OX. The pair of these 2 numbers (7, 6) is called the Deflection angle

polar coordinate of point P, and fixed point O, as a reference, is called the pole, the Pole O Initial line X
half-line OX is called the initial line, and angle @ is called the deflection angle.

The polar coordinates of pole O are defined as (0, @) (where @ is an arbitrary number). Since (1, 8) and (7, 0+2nm) (nis
an integer) represent the same point, the polar coordinates of the point P are determined generally as the range of values

of the deflection angle 6 being 0<0<27r.

Polar and cartesian coordinates
As shown in the figure on the right, when the pole of the polar coordinates is taken as the origin of the cartesian
coordinates, and the initial line taken to be the positive direction on the x axis, then we can derive the following relation

between cartesian coordinates (1, ) and polar coordinates (7, 8) for point P.

. YA
(1) = =7rcosf,y=rsinb N P
r . |
(2) 7‘:\/$2+y270080:;751n0:% (#O) gr
L J 0 T

Distance between 2 points and area of a triangle
The same as for cartesian coordinates, the distance between 2 points and the area of a triangle can be obtained from 7
and 6 of polar coordinates.

For AOAB in the figure on the right, the cosine formula and the formula for the area of a triangle, lead us to the following

formula. B
( )
Distance between 2 points A and B " .
AB = \/rf + r,’ — 211, cos(6, — 0,) . n
0, 0, X
Area of AOAB
1 .
S = 5 i | sin(0, — 6,) |
\ J
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XERCIS

I
[
il

For each of the following points, points A and B in polar coordinates are represented by the cartesian coordinates (1, ),

and points C and D in the cartesian coordinates are represented by the polar coordinates (7, #). Provided that 0<60<21r.

A 2,§7r , 3[4,—%], C(-2,-2), DW3,-1)

We can express point A in cartesian coordinates.

2 1 .2 3
From & =2COS§7T=2~[—5] =-Ly 22811157T=2~%= \/g,wecan get A(—l,\/g).

We can express point B in cartesian coordinates.

™ 3 .
From & = 4cos —E]—4-£—2\/§,y—4sm

2

T 1
: _5]24.[——]——2,wecanget B(2v3,-2).

We can express point C in polar coordinates.

r= (-2 +(-2) = \/g =242, so from the figure to the right, 8 = %7}', -2 Ofﬁ J3

5
and we thus get 0[2\/5,Z7T

: el e :D

We can express point D in polar coordinates. C: """""""" -2
11
r= \/(\/5)2 +(-17 = \/Z =2, so from the figure to the right, 8 = Ew,

11
and we thus get D[ZEW

A(—1,x/§),B(2x/§,—2),C[2\/E,%WJ,D 2,%77]

2
Solve the following problems with regards to 2 points A 3,§7r ,B

6, %] and a pole O expressed in polar

coordinates.

(1) Find the length of segment AB.

4AOB=27T—E=E
3 3 3

For AOAB, from the cosine formula, we get

. s
AB’ =3Z+62—2~3-6COS§=27.

Since AB>0, we get AB = \/E = 3\/5.

(2) Find the area S of AOAB.

S:l.3.6sinzzg.£:£
2 3 2 2

8. Advanced Expressions and Functions 18



PRACTICE

For each of the following points, points A and B in polar coordinates are represented by the cartesian coordinates (1, ),

and points C and D in the cartesian coordinates are represented by the polar coordinates (7, #). Provided that 0<60<2r.

A 3% D(1,3)

,BP—EW,C
4

T . T
Point A w=3cosE=3-0=O,y:351n3:3-1:3,A(0,3)

Point B

5
r=2C0S|——T

= —£]——\/7,y—2sm
PointC 7 =./(—2)2+0° =4 =2 7

From the figure on the right, we get 8 = 7,C(2, 7). J3l-D

Point D 7‘:\/12+(\/§)2 =Ja=2

C A >
From the figure on the right, we get 6 = %,D [2, %] . =2 o 1 =z

(—2,42),0(m),D[2, ™
3

[2] Solve the following problems with regards to 2 points A[2\/_ ] [4 —%] and a pole O expressed in polar

coordinates.

(1) Find the length of segment AB.

ZAOB=——
12

6

77[77

For AOAB, from the cosine formula, we get
v
:(2\/5)2+42—2-2\/5.4cos1=8. B
Since AB>0, we get AB = \/g = 2\/5.

(2) Find the area S of AOAB.

-1 2f 4sm— \/—4ﬁ:
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Polar equations /

TARGET To understand the general forms of the curves expressed by polar equations.

STUDY GUIDE

Polar equation for a curve
This equation is called the polar equation for a curve when F (1, 8)=0 or =f(6) for the polar coordinate (7, #) holds for
any point P on the curve.

Polar equations for a circle

(1) Acircle having a radius a centered on a pole O

From OP=a, we get r=a.

(2) Acircle having a radius a centered on a point A (@, 0)

op
For AOPB in the figure on the right, from OB = cosf we get

(0] r
——— =cosf,— = cosf.
2 2a

Therefore, we get 7" = 2a.cos 6 .

(rzZacosHJ

(3) Acircle having a radius a centered on a point C(7v, 6o)
For AOPC in the figure on the right,
from the cosine formula, we get CP* = OP*4+ OC*—20P-0OCcos ZPOC..

Therefore, we get a® = 1* + 1,> — 2r1, cos(6 — 6o) .

r’ + 1r’ — 2rr,cos(0 — 0,) = a’

Polar equation for a line
(1) Aline passing through pole O and forming an angle o with the initial line
As shown in the figure on the right, given point A on the line OX,
from ZPOA=q, we get f=q. a

)
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(2)  Aline passing through point A (a, 0) and perpendicular to the initial line
P(r,0)
: _ OA a
For AOPA in the figure on the right, from —— = cosf we get — = cos 0 .
oP T T
Therefore, we get a = rcos .
9 0 -HA(a0)

0 - >
(rcos@ — aJ

(3) Aline passing through point A (@, o) and perpendicular to line OA

A
For AOPA in the figure on the right, from 8—}) = cos(f — o) we get % =cos(f — o).

Therefore, we get @ = 1 cos(f — ) .

(rcos(@ —a)=a (a>0)]

ENEIS

nn
|11
1

Solve whether the shape expressed by the following polar equation is a straight line or a curve.

(1) r=4

Since the distance from the pole O is constant regardless of the value of the 4
deflection angle, it becomes a circle of radius 4 centered on the pole O. 0 . >
X
A circle having a radius of 4 centered on a pole O
T
2) 0=—
(2) 3
Since the deflection angle is always % the angle formed by passing through the %
O >
X

Y
pole O and initial line OX is a straight line 3

T
A straight line forming an angle 3 with a line passing through the pole O and initial line OX

Find the polar equations of the shapes shown below by using polar coordinates.

T
(1) Acircle having a radius of 2 centered on a point C[4, 5]

P(r,0)
Let (1, ) be the coordinates of an arbitrary point P on the circumference. ‘
T
For AOPC, from the cosine formula, we get 2° = 1° + 4> —2r -4 cos| 6 — E] , r
- . ) T
This is arranged into 7 — 87 cos | By +12=0. 0 s
/3 .
0 X
9 T
r* — 87 cos 9—; +12=0
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T
(2) Aline passing through a point A[37 E] and perpendicular to line OA
Let (7, @) be the coordinates of an arbitrary point P on the line.

T
The figure on the right gives us Z POA = |6 — Py

OA
, S0 we get — = coS
or

g1
<

95]3. 0
6

<y
e
Say

From OP=71and OA=3, we get 1 COS

PRACTICE

i

Find the polar equations of the shapes shown below by using polar coordinates.
) . ) . 7T
(1) Acircle having a radius of 3 centered on a point C[5, Z]

Let (7, 0) be the coordinates of an arbitrary point P
on the circumference. P(r,0)

For AOPC, from the cosine formula, we get

IS
32 =7r’+5>—2r.5c0s H—Z

73
This is arranged into 7> — 107 cos|0 — —|+16 = 0.

X

[0
o
4

T
r?> — 107 cos H_Z +16=0

2
(2) Aline passing through a point A 4,§7T

and perpendicular to line OA

Let (7, 0) be the coordinates of an arbitrary point P on the line.

2

The figure on the right gives us ZPOA = 3 w™—0|,

OA 2
soweget — = cos|—m —6|.

oP 3

2 0 X
From OP=7and OA=4, we get7 c0s 3 ™ — 9] =4,
2
specifically, 7 cos |6 — 3 ﬂ'] =4,
2

T COS 0—571' =4

8. Advanced Expressions and Functions 22



o

///’//

Equations using polar equations and cartesian coordinates

TARGET To understand the relation between equations using polar equations and cartesian coordinates.

STUDY GUIDE

Relation between equations using polar equations and cartesian coordinates
Methods for expressing curves are those using cartesian coordinates and those using polar equations. They can be

transformed into each other using the following relations for polar coordinates (7, #) and cartesian coordinates (1, ).

-
Relation between polar coordinates (7, 0) U
and cartesian coordinates (T, V)

J— 2 2 Yl '
T=\T +7Y r
z 6 N
cosf@ == (z=1rcosh) 0 r X
r
sinf =4 (y =7rsin0)
r
. J
EXERGISE!
Use formulas of cartesian coordinates to express the curves and lines shown using the following polar equations.
(1) r=4cosf
From 7 = 4cos @, we can get 7° = 41 cosf.
Substituting 7° = x* + y*,7cosf = x intothis, givesus &° + Y = 4x,2° —4r+4+y =4,(x -2 +y =4,
Therefore, we get a circle (z —2)* +y*> = 4.
(x—2)+9y* =4
(2) rcos 9—2] =
6
Use the cosine addition theorem on 7 cos|6 — %] =1.
. . 3 . 1 3 1 .
r COSQCOS%"‘SIHQSHI% =1r cos9-§+sm0-5 = 1,£rcos€ +5rs1n0 =1
. . ) o 3 1
Substituting 7cos@ = x,rsinf = y into this, gives us -7 + JU= Ly = 3z +2.
Therefore, we get a line ¢y = —\/gx +2.
y=—J3z+2
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. 1 .
(3) rcos’f = 581119
1 . .
From rcos’ 0 = Esm@,we can get 2(rcos#)* = rsinf .

Substituting 7 cosf = x,rsinf = y into this, gives us 2x° =¥ .

Therefore, we get a parabola y = 22°.

Y = 2T
Express as polar equations the following equations shown using cartesian coordinates.
(1) z-y=2
Substitute = rcosf,y = rsinf into x —y =2 toget rcosf —rsinf = 2,7(sinf —cosh) =-2. .. .(i)

T
0—2].

Now, from composite trigonometric functions, we get sinf —cos = \/ESin

Therefore, the equation for (i) is \/Er sin 1

T
0 ——|=—2rsin
1 2r

9—3]:—6.

7 sin 0—% =—\/E

OTHER METHODS

Substitute £ = rcosf,y = rsinf into x —y =2 toget rcosf —rsinf =2,r(cosf —sinf)=2. ...(i)

Now, use the cosine addition theorem to get

cosf —sinf =2 —J2 cos

T . LT
COSQ-COSZ—SIHH-SHLZ

s
9+Z]

cose-%—sin&%]:\/g

T
Therefore, the equation for (i) is \/Er COS 0 + 1= \/5

s
04—2] = 2,1 COS

T COS 9—!—%]2\/5

(2 2+y—-37=9
From 2 +(y —3)’ =9, wecanget 2° +y* —6y = 0.
Substituting * + > = 1%,y = rsin@ into this, gives us 7> — 6rsinf = 0,7(r —6sinf) = 0.
Therefore, we get 7 =0, 6sin .
Now, = 0 indicates the pole O, which is included in 7 = 6sind.

Therefore, the polar equation we find is 7 = 6sin 6 .

r = 6sin 6

PRACTICE

Use formulas of cartesian coordinates to express the curves and lines shown using the following polar equations.

(1) r=2cos#
From r = 2cos @, we canget * = 2rcosf.
Substituting ° = =’ + y*, 7 cos @ = x into this, gives us
' +y =2x,(x—1)7°+y*=1.
Therefore, we get a circle (z —1)* + y* = 1.

8. Advanced Expressions and Functions
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2) rsin|0-T|=2
(2) rsin 3]
L3 W
From 7 sin 9—5 = 2, we get
. ™ . T 1 . 3
r smOcosE—cosHsmg =2,5r51n9—7rc059=2.

Substituting 7 sin @ = y,r cos 8 = x into this, gives us

éy—gm:zy:ﬁawm

Therefore, we getaline y = \/E:B +4.

(3) 7*cos20 =1

y =13z +4

From 7’ cos260 = 1, we can get 7°(cos’ @ —sin®* ) = 1,(r cos 8)’ — (rsin0)’ =1.

Substituting 7 cos @ = x, 7 sin @ = y into this, givesus ° —y’ =1.

Therefore, we get a hyperbola * — y* = 1.

-y =1
Express as polar equations the following equations shown using cartesian coordinates.
(1) z—3y=6
Substitute © = rcos 0,y = rsinf into x — \/gy = 6 to get
rcosf —+/3rsin@ = 6,7(cos 0 — \/Esinﬁ) = 6,
1 3 . T
= _ Y = 2 1=13. T
r 2c050 5 sin@| = 3,7 cos 9+3 3 rcosl@+2Ll=3
3
rcosf —+/3rsin@ = G,T(\/Esine —cosf)=—6
From composite trigonometric functions, we get
. T . T
2rsin|@ ——| = —6,rsin|0 — —| = —3.
6 6
. 7T
o rsin(@ ——|=-3
(2 (@-1+y" =1 6
From (z —1)’ + y* =1,wecanget ° + y* —2x = 0.
Substituting * + y° = r’, & = r cos @ into this, gives us
r*—2rcos@ =0,7(r —2cosf) =0.
Therefore, we get 7 = 0, 2cos6.
Now, 7 = 0 indicates the pole O, which is included in » = 2cos 0.
Therefore, the polar equation we find is » = 2cos 6.
r =2cosf
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Fractional function graphs /

TARGET To understand the characteristics and general forms of fractional function graphs.

STUDY GUIDE

Fractional function graphs

Fractional functions

5r—4
2z +1

2
When we express some function of gy, suchas ¥y = —; ory= , as a fractional expression of z, we say yis a
fractional function of Z. However, the value of £ whose denominator is 0 is not included in the domain.

k
Graph of Yy = P

k<0

Ifitis an equilateral hyperbola (a hyperbola k>0

where the 2 asymptotes are at right angles to

each other) where the z axis and Y axis are

asymptotes, then it is a curve symmetrical about

the origin O.
k
= +
Graph of ¥ z—p q
k . . YA i k>0
The graph of ¥y = - is an equilateral hyperbola that has been parallel translated by !
p along the xaxis and by g along the y axis. This is a symmetric curve in relation to
point (p, @),and itsasymptotes are z==pandy=q. A I
In general, a graph of y=f(x) that has been parallel translated by p along the Y i 5
¢} s x
axis and by galong the yaxisis ¥ —q = f(z — p), specifically it is a graph of §p
y=fle-p+q.
Granh of 1 = ax+b
raphof Y cr+d

When ¢ = 0,ad = be, if we divide the numerator by the denominator, it changes to y = H + ¢, so we can find

k
some form of a graph of ¥ = - by parallel translation.
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EAENCIOE
@ Draw the following fractional function graphs.

2
(1) y=o_77!

2
The graph of ¥ = - has been parallel translated by 1 along the x axis and y axis,

and its asymptotes are =1 and y=1.

20 —3
2 p—
(2) y="—1
. 2r—3 —2(-x+3)+3 3 5 o 3h
rom = = = - —z,thegra O — —— nas
y 3—x - +3 T —3 grap y T

been parallel translated by 3 along the x axis and by —2 along the ¥ axis, so the

asymptotes are =3 and y=—2.

PRACTICE

@ Draw the following fractional function graphs.

1) y=-——-2

1
The graph of y = o has been parallel

translated by 2 along the x axis and by —2 along
the y axis, so the asymptotes are =2 and y=—2.

_xT+5
(2) y_2x+2
e _T+5 xT+1+4 2 +1th
romY=ort2 2x+1) x+1 2’

2
graph of y = - has been parallel translated by —1
1
along the T axis and by Py along the y axis, so its

1
asymptotes are r=—1 and yZE .
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Fractional function graphs and common points of lines

TARGET To understand how the coordinates of intersections of lines and hyperbolas correspond to real roots
of simultaneous equations.

STUDY GUIDE

Solving simultaneous equations and coordinates of common points on 2 graphs
By solving simultaneous equations, it is possible to find the coordinates of the common points of 2 graphs, and then to

use the graph to solve the fractional equation backwards.

2
Coordinates of the intersection of graph of function y = ) andline y =x —2
"1;‘ —

l\.’)

y:
y:

Real root of simultaneous equation

l\.'))—l

2
From —1=x—2,vveget

Correspond 2= (z —2)(z —1),2° =3z = 0,z(x —3) =0

Therefore, =0, 3

When =0, y=0—2=-2

From the above graph, we see the coordinates of When =3, y=3-2=1

the intersections are (0, —2) and (3, 1). Therefore, z=0 and y=—2 or z=3 and y=1

3r—7
@ Find the coordinates of the intersection of graph of function ¢ = o andline y=—r+5.

From r =-x+5 weget 3x —7=(—x+5)(x—2),3x—7= -2+ 72— 10,

P-4z +3=0,(z-1)(x—-3)=0.
Therefore, =1, 3.

When =1, y=—1+5=4.

When =3, y=—3+5=2.

Therefore, =1 and y=4 or =3 and y=2.

So, the coordinates of the intersections are (1, 4) and (3, 2).
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PRACTICE

@  Find the coordinates of the intersection of the functional graphs and lines below.

_T+5
T+2

(1) vy LY =3T+7

r+5
From $—+2=3a:+7,weget r+5=0B8x+7)(x+2),

r+5=3"+13x+14,32 + 12+ 9 =0,
r’+4x+3=0,(x+1)(x+3)=0.

Therefore, =—1, —3.

When z=—1, y=3X(—1)+7=4.

When =—3, y=3X(—3)+7=—2.

Therefore, z=—1 and y=4 or x=—3 and y=—2.

So, the coordinates of the intersections are (—1,4) and (—3, —2).

(—1,4),(—3,—2)

(2) y=—2211 o ort1
Y= Tr—1 Y=
2x +4
From — o =—2x+1,weget2x+4=_2x—1)(x—1),

2¢+4=2x"—3x+1,22> —5x—3 =0,
(2x+1)(x—3) =0.

1
Therefore, © = _E' 3.

1 1
Whena?Z—E,theny=—2>< Y +1=2,

When =3, y=—2X3+1=—05.

1
Therefore, * = —3 and y=2 or =3, y=—5.

1
So, the coordinates of the intersections are [— 2’ 2] ,(3,—5). [

_%’2J7(37_5)
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How to solve fractional inequalities ~

TARGET To understand how to solve fractional inequalities by using graphs.

STUDY GUIDE

How to solve fractional inequalities
We can find the solution of a fractional inequality by using the positional relation of being higher or lower in the

graph, which corresponds to the magnitude relation of the inequality. Note that the value of & corresponding to the

asymptote is not included in the solution.

T
Ex. <2r+1
. Solve for 43 y=—21, "
T —1 4 4 . '
From —— <2x+1,weget ——— +1<2x+1,—— > —2z. ...(i) -4
T+3 r+3 T+3
4 R )
Here, given y = 3 and y = —2x, whose graphs are in the figure P \—
T L >
1 -3i-2-110
on the right, by solving the equation =—2T ,we get =2, —1 the _ :
T+3 )
T+3
coordinates of the intersection of .
. e . 4
The inequality (i) means that the graph of function y = 3 is above
T
line y = —2x.
Therefore, from the positional relation of the graph, we can see that the solution is —3<z<—2, —1<Z.
EXEREISE
@ Solve for inequalit <z+1.
quaty r+2
1 ;
Given y = 5 and y = x + 1, whose graphs are shown in the figure on the right. : Y3
T H

The x coordinate for the intersection of these graphs comes

—3+45
S

1 ,
from ?::L“—Fl,sovveget1=($+1)($+2),x2+3:C+1=0,:E=
X

To solve the inequality, find the range of the value of xthat is under the line

1
= 2 +1 in the graph of the function y = ——.
y ofep y X +2
3++5 —3+4+5H
— <p<—2 —— <7,
Therefore, we get 5 <zx<-2, 5 <z 3 4 /5
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PRACTICE

@ Solve the following inequalities.

2x —1

(1) $+1§—x+3
2x—1 3 3
From <-—z+3,weget ——— +2<—x+3, ——>x—1. iy
T+1 T+1 T+1 g

Now, given ¥ = and y = x —1, whose graphs are

r+1
shown in the figure on the right.
The x coordinate for the intersection of these graphs comes

3
from —— = —1, sowe get
r+1

3=(x—1)(x+1),2’ =4,z =22,

To solve the inequality, find the range of the value of x that is above the line

3
y = x — 1 in the graph of the function ¥y = ——

T+1°
Therefore, we get £<—2, —1<x<2.
r<—2, —1<x2

3r—2
T—2

3xr —2

(2)

<—-r+10

From < —x+10,we get

4 4
—  4+3<—x+10,—— < —x+7.
2 x—2

Now, given y = and y = —x + 7, whose graphs

r—2
are shown in the figure on the right.

The X coordinate for the intersection of these graphs comes

4
from e —x+7,soweget 4 =(—x+7)(x—2),

' —9x+18=0,(x —3)(x—6) =0,z = 3,6.

To solve the inequality, find the range of the value of x that is under the line

4
y = —x + 7 in the graph of the function y = ——.

r—2
Therefore, we get <2, 3<x<6.
r<2,3<x<6
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R

EXTRA Info.

Studying fractional inequalities

Use the Table, Equation, Inequality, and QR code functions.

XERCIS

I
[
il

1
@ Solve the inequality Rrwrts —T+2.

1
Given Yy = Bt
x_

The x coordinate for the intersection of these graphs comes

1 .
from ——2=ffv+2,sovveget —1=—(x—-2),2° —4x+3=0,
(z-1)(x-3)=0,z=13

Y = —T + 2, we can see the graphs in the figure on the right.

To solve the inequality, find the range of the value of zthat is above the line

1

Y = —T + 2 in the graph of the function ¥ = ———

T—2

Therefore, we get 1<2<2 and 3<.

Press @), select [Table], press @®), then clear the previous data by pressing (D
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press @), after inputting f(z) =

Yo o il A
Calculate  Statistics  Distribution

= X¥=0
Spreadsheet Equation

=1
Flx) =25

In the same way, input g()=—12+2.
Press €9, select [Table Range], press @, after inputting [Start:—5, End:5, and Step:0.5], select [Execute], press @

o
gl{x)=—x+2

[ [
Table Range
Start:-5
End :5
Step :0.5

Press ® @, scan the QR code to display a graph.

1<x<2,3<x

1
———— press
7o Press®

U BECEL:)

] fluy L) k] Tz ale)
1S (0. 1428 T = - 0.2 S|
2 -4.5|0.153% E.5 gl -Z.5|0.2z222 4.3
3 -4|0.1EEE E K o 0. 25 1
4 -3.500.1818 Ene] gl -1.5|0.2857 3.5

-5 -3

U BECEL:)

] fluy L) k] T ale)
9| NI | 0. 2333 3 12| ] 1 1
g -0.3 0.4 20 14 1.5 Z 0.3
11 u] 0.5 2 15 2| ERROR u]
12 0.5|0.BE6R 1.3 16 2.5 -2l -0.3

-1 1

L

] fluy L) k] Tz ale)
17 ] o] 15| ! -0.5 -2
13 2.5 -0.666|  -1.0 20) 4.5 -0.4| -2.5
19 4 -0.5 o 21 5| -0.333 St
20 4.5 -0.4] -2.3 22

1

Il (3.00}-1.00)

-4 4
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We can also consider the following.

1
Multiply both sides of the given inequality R >—T+2 py (T—2)

—(x —2)>—(x —2)*

(T —2){(x—2¢-1}>0
(x—2)(z> =4z +3)>0

-6 +11x—6>0 ((x—1)(x—2)(z—3)>0)

Now, use Equation to draw a graph to confirm the common points on the & axis, and then find the range of the solution

to the inequality.

Press @), select [Equation], press

Select [Polynomiall, press @®), select [ax® + bx® + cx + d ], press

% |l
Calculate  Statistics  Distribution

HBH
Spreadsheet  Tahble

Simul Egquation

Solver

ax2+bx+c

ax3+bx2+cx+d

axt+bx3+cx2+dx+e

ODBHCOOOOOOOO® @6

T T
dnF b+
1uE—
- A

I T ¥
ax*+bx2+cx+d=0
Xq=

1

P T i
ax3+bx2+cx+d=0
xXz=

W T i
ax3+bx2+cx+d=0
X=z=

LL_1]

Press ® @), scan the QR code to display a graph.

From the graph, we can find the solution to the inequality is 1<2<2 and 3<x.

You can also use Inequality to directly solve the cubic inequality and show the

results in a diagram.

Press @), select [Inequality], press

Select [ax® + bx® + cx + d ], press @), select [ax® + bx? + cx + d >0, press

D,0.00) 1] (3.00,000)

= E= X¥=0 ax2+bx+c ax*+bx2+cx+d>0
Spreadsheet  Table  Equation ax3+bx2+cx+d<0
[H | 2 g0l6 axt+bx3+cxz+dx+e ax3+bx2+cx+d=20

Complex  Base-M ax?*+bx2+cx+d=0

DBHOOOOO®HO®O® €@

Press ® @), scan the QR code to show the results in a diagram.

P
@wF+heZ+on+ds0
1uE—
. 0

Bz + 1%

-6

P i
a{x<b, cix

1<x<2, 3¢

o E 4

| (2.00,0.00)

Sl
(]
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PRACTICE

T
@ Solvethei lity —— <2 —2.
olve e|nequa|ym+3

T 3 3
From — < —2,wegetl ——<x—-2,—>—T+3
xr+3 r+3 r+3

3

T+3
the figure on the right.

Now, given ¥y = »Y = —Z + 3, we can see the graphs in

The x coordinate for the intersection of these graphs comes

3
from —— = —T + 3, sowe get
r+3

3= —(z—3)(T+3),2* = 6,2 =+6

To solve the inequality, find the range of the value of zthat is above the line

3
Y = — + 3 in the graph of the function Yy = ——.

r+3
Therefore, we get —3<z<— \/E ,\/E <z.

_3<z2<—+/6 and V6 <z

Press (©), select [Table], press @), then clear the previous data by pressing (D
Press ¢, select [Define f(z)/g(x)], press @), select [Define f(z)], press
After inputting f(x)=——, press

inputting f(z) w+3p &

i

R [l iy =3
+ =
Calculate  Statistics  Distribution fix x+3

= X¥=0
Spreadsheet I Eouation

In the same way, input g(z)=—z+3.
Press (), select [Table Range], press
After inputting [Start:—5, End:5, and Step:1], select [Execute], press &

i | L
g{x)=—x+3 Table Range
Start:-5
End :5
Step :1
Press ® (), scan the QR code to display a graph. ;
g w
] i oo | et J: E | =t \\\v “l
2 a3 7 F i N 3 I vevees)
3 -2| ERROR E T 1 0.73 2 - i
F{ - 2 5 8 2| Thue i e
-5 - [N
\ \\ ]
O '\\ \
x fimr | adxld \ A
0 Slo.a28 N ] \\
i 5| 0.375 -z S M; (V/6,-4/6+3)
3 |iemm —
\.\\.
N N
N
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We can also consider the following.

x
Multiply both sides of the given inequality P <x—2 by (T+3)

z(x +3) < (r—2)(T+3)

(x+3){(x—2)(x+3)—x}>0

(x+3)(x*—6)>0

T+ 30> — 62 —18 >0 ((z+3)(x +6)(x —6) > 0)

Now, use Equation to draw a graph to confirm the common points on the z axis, and
then find the range of the solution to the inequality.
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax® + bx® + cx + d], press

ol |k s Simul Equation ax2+bx+c
Calculate Statistics  Distribution § [l R i Aals uER- 01

= Solver axt+bx3+cx2+dxz+e
Spreadsheet  Table

DORAWOO@®ODE® € 66

I
ApS+hpZ+oy+d

133+ Iz Bt

-18
S T i = T i P T i
ax3+bx2+cx+d=0 ‘ax3+bx2+cx+d=ﬂ ax3+bx2+cx+d=0 (30) | (-v&60) (\/60)
X1= Xz= X3= IRREP == /
2.449489743 -2.449489743 -3

Press ® (), scan the QR code to display a graph.

From the graph, we can find the solution to the inequality
is —3<xz<—+v6 and \/E <z

You can also use Inequality to directly solve the cubic inequality and show the results
in a diagram.

Press ©), select [Inequality], press

Select [ax® + bx? + cx + d], press @), select [ax® + bx® + cx + d >0], press

iz::) X¥=0 axz+bx+c ax3t+bx2+cx+d>0
Spreadsheet  Table  Equation ax3+bx2+cx+d<0
2 1018 axd+bx3+cxz=+dx+e ax3+bx2+cx+d=0

Complex BaseN ax3+bx2+cx+d=0

DORWOO®OD® @

Press ® (¥, scan the QR code to show the results in a diagram.

FS i =
S+ E+oed a<x<b,c{x
193+ Inz- 3% ‘
EEESE 0
=18 [-3<x<-2.44948974!» |¢mm

8. Advanced Expressions and Functions 35



Irrational function graphs /

TARGET To understand the characteristics and general forms of irrational function graphs.

STUDY GUIDE

Irrational function graphs

Irrational functions

An expression that includes a letter under the root sign is called an irrational expression, and for a function of ¥, such
that y = \/m or Yy = 4v3x —1, when it appears in an irrational function of &, we say ¥ is an irrational function of .
However, the range of values I that are negative under the root sign are not included in the domain.

Graphof y = @

This is the part of a parabola ¥* = az, whose a>0 a<0

A y =z y=az  y

where y=>0 (the part above the zaxis). \/E ......... :

axis is the xaxis and has its apex at the origin,

Graph of ¥ = \Ja(z —p) +q

The graph of ¥ = vax was simply parallel translated by p along the x axis and a=0 y=Ja@—p) +q
by qalong the ¥ axis. va
_-Z'/ _ \/@

q ;
O D T

Graphof y =+\Jax+b +q

By enclosing with @, the coefficient of &, under the root sign, we change the expressiontoa y = |a

b
T+ 5 + g format,

so we can find how the graph of ¥ = vax has parallel translated.
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EAERGISE

@ Draw the following irrational function graphs.

(1) y=—Jz+4 Y

From y = —\/:13 +4 = —\/a? —(—4) ,the graph of y = —\/E was simply parallel
translated by —4 along the x axis.

—4-3 |0 >
R — M
\_21\

(2) y=+3r+9+1
From ¥y =32 +9+1=/3{z —(=3)} +1,thegraphof y = V32 was simply

parallel translated by —3 along the x axis and by 1 along the ¥ axis.

PRACTICE

@ Draw the following irrational function graphs.

(1) y=~2z-4

From Yy = J2x—4 = \/2(213 —2),the graph of y = \/2x
was simply parallel translated by 2 along the I axis.

(2) y=~+-3x+6-2

rY
From ¥y = \—3Z+ 6 —2 = \/—3(x — 2) — 2, the graph of

Yy = v—3x was simply parallel translated by 2 along the \ 6 —2
x axis and by —2 along the Yy axis. :
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Irrational function graphs and common points of lin

TARGET To understand how the coordinates of intersections of lines and irrational function graphs
correspond to real roots of simultaneous equations.

STUDY GUIDE

Solving simultaneous equations and coordinates of common points on 2 graphs

By solving simultaneous equations, it is possible to find the coordinates of the common points of 2 graphs, and then to
use the graph to solve the irrational equation backwards.

Graph of function g = \/x——&—?, and coordinates of intersections of a line y = * + 1.

y=+z+3

Real root of simultaneous equation
y=x+1

Rearrange this by squaring both sides of
Je+3=z+1
r+3=(@+1),c+3=2>+2x+1,
r+r—-2=0,(z—-Dx+2) =0

Correspond

y=x+1
Therefore, z=1, —2

From the above graph, we see the coordinates of
Now, from /2 + 3 >0, we get ¥>0, so from x+120,

the intersection are (1, 2).
we get x>—1

Therefore, =1 and y=2

@ Find the coordinates of the intersection of the graph of function ¥ = 2 +4 andline y = —x +1.

Rearrange this by squaring both sides of 2z +4 = -z +1. yu/

2 +4=(—z+1P2c+4=0"-2x+12° —4x—-3=0. 9
Therefore, T =2+ J7. 1
Now, from ¥y = \/235 +4 = \/2($ +2) | the irrational function graph and line are 5ol ] >
shown in the figure on the right.
Therefore, + =2 + \/? is not suitable, so we get
r=2-T,y=—z+1=—-1+47.
So, the coordinates of the intersections are (2 — \/?7—1 + \/?)
(2—7,-1+7)
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PRACTICE

[1IFind the coordinates of the intersection of the functional graph and line below.

(1) y=~vN3-2z,y=2+2

Rearrange this by squaring both sides of

V3—2x =x+2.

3—2x=(xrx+2)°,3—2zx=x"+4r+4,2*+6x+1=0.
Therefore, = —3:!:2\/5.

Now, from y = V3 —2x = [—2

function graph and line are shown in the figure on the right.

Ky

3
xr— E] , the irrational

Therefore, £ = —3 — 2\/5 is not suitable, soweget T = —3 + 2\/E,y =—1+ 2\/5 .
So, the coordinates of the intersections are (—3 + 2\/5, -1+ 2\/5) .

(=3 +2v2,—1+ 2/2)

1
(2) y:\/x+4,y:§x+2

Rearrange this by multiplying by 3 and squaring both 9 /
sidesof \x +4 = %w+2.

3Vr+4=x+6,9x+4)=(x+6),
9r+36=x"+12x+36,2> +3x =0,2(x+3) =0.
Therefore, =0, —3

Now, the irrational function graph and line are shown in the figure on the right,

Ky

and the 2 real roots solve the irrational equation.
Therefore, when =0 then y=2, and when =—3 then y=1.
So, the coordinates of the intersections are (0, 2) and (—3, 1).

[2]Use the graph to solve the irrational equation 5 — 2 = —22 + 4.

The irrational function Yy = V56—« andline y = —2x +4
are shown in the figure on the right expressed as a graph.

The solution to the equation is =1 because it corresponds
to the T coordinate of the common points of the 2 graphs.
=1
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How to solve irrational inequalities ~

TARGET To understand how to solve irrational inequalities by using graphs.

STUDY GUIDE

How to solve irrational inequalities
We can find the solution of an irrational inequality by using the positional relation of being higher or lower in the
graph, which corresponds to the magnitude relation of the inequality. Note that a value of & that becomes a negative

under the root sign is not a solution.

Solve for V22 4+ 4 < — +2

Given y=\/2$+4:\/2(x+2) and y = -1 +2.

These graphs are shown in the figure on the right.
Furthermore, by solving the equation 2z +4 = —x + 2, we can find

that the & coordinate of the intersection in the graph is 2=0.

The inequality means that the graph of the irrational function

Y =22 +4 isbelowline y =—r+2.

Therefore, from the positional relation of the graph, we can see that the solution is —2<2<0.

AERCIS

1
|11
1

@®iSolve for inequality = — \/m <5.
From :L‘—\/m<5,vvecanget \/m>x—5.
Now, given ¢y = \/ﬁ and ¥y = x — 5, whose graphs are shown in the
figure on the right.

By solving \/x +1 = x — 5, we can find the z coordinate of the intersection

in these graphs.

r+1=(r—-5"c+1=2"—10T+252° —11x +24 =0,

(z—3)(x—8)=0,x =3,8.

From the figure on the right, we see that =3 is not suitable, so we have 7=8.

To solve the inequality, find the range of the value of zthat is above the line ¥y = £ — 5 in the graph of the irrational

function y =T +1.

Therefore, we get —1<2<8.

—1<x<8
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PRACTICE

@ Solve the following inequalities.

(1) 24—z +x>1

From 244 —x + > 1, we can get
2N4d—x > —x+1.

Now, given y = 2v4—x and y = —x + 1, whose
graphs are shown in the figure on the right. :
By solving 24— = —x +1,we can find the = —d O 1 4 Z

coordinate of the intersection in these graphs.
44—x)=(—x+1)*16—4x =x" — 21 +1,
r’+2x—15=0,(x—3)(x+5) =0, = 3,—5.
From the figure on the right, we see that =3 is not suitable, so we have x—=—5.
To solve the inequality, find the range of the value of x that is above the line

Yy = —x +1 in the graph of the irrational function y = 2@ .

Therefore, we get —5<<4.

—5<x<4

2
(2) iz +4 S§x+2

2
Given y =4z +4 =2Jz +1,y = 5 T+2, whose
graphs are shown in the figure on the right.

2
By solving 2z +1 = 3 x +2,we can find the

coordinate of the intersection in these graphs.
3Wr+1=x+3,9x+1) = (x+3)’,
Ir+9=x+6x+9,2°—3x=0,2(x—3) =0, =0,3.

To solve the inequality, find the range of the value of  that is below the line

Y= %a: + 2 in the graph of the irrational function y = \/m .
Therefore, we get —1<1x<0, 3<.
—1<z<0,3<x
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EXTRA Info.

Studying irrational inequalities
Use the Table and QR code functions.

XERCIS

I
[
il

@ Solve the inequality Ve <—z+6

R

5358

Given y = \/5 and Yy = — + 6, we can see the graphs in the figure on the

right.

By solving \/_ = —Z + 6, we can find the 2 coordinate of the intersection in

these graphs.

T=(-r+6),x =2 —122 + 36,2 — 13T + 36 = 0,

(x—4)(z-9)=0,x =49

From the figure on the right, we see that =9 is not suitable, so we have 7=4.

To solve the inequality, find the range of the value of z that is below the line

Y = —Z + 6 in the graph of the irrational function y = \/5

Therefore, we get 0<x<4.

0=r<4

Press @), select [Table], press @), then clear the previous data by pressing (D
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press @), after inputting f(x)zx/g , press ®)

xE (el A | |[F=dx
Calculate  Sfatistics Distribution
X¥=0
Spreadsheet Equation

In the same way, input g(2)=—2 + 6.

A

MY

Press €9, select [Table Range], press @, after inputting [Start:—5, End:5, and Step:1], select [Execute], press €9

——
g{x)=—x+6

[ o
Table Range
Start:-5
End :5
Step :1

N 7

v

Press ® @), scan the QR code to display a graph.

L | L |
i fixy iz kd fixn ELE]
1| IR= | ERROR 1 S| RSl | ERROR 7
2 -4| ERROR 10 E| u] o E
2 2| ERROR k] 7 1 1 ]
4 Z| ERROR E] 5 =l 201.4142 4 1
L |
i filxy izl
O | 1.732
10 4 2 2
11 S| 2.236 1
12|
3 |4 o 1.1

, 2.00) [T

R

[
[=2)
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PRACTICE

1
@ Solve the inequality V1 -2 < —3Tt L

1
Given Yy =V1—o,y = —§w+1,wecan see the

graphs in the figure on the right.

By solving V1 — = ——Z +1, we can find the k

1
3 -3 o 1 =
coordinate of the intersection in these graphs.

WNl—xz=—-x+3,91—x)=(—x+3)*9—9x=o"—6x+9,
x’ +3x =0,z(x+3) =0,z =0,—3
To solve the inequality, find the range of the value of zthat is below the line
Yy=— % « + 1 in the graph of the irrational function ¥y = \/E
Therefore, we get x<—3 and 0<z=<1.
r<—3,0<z=1

Press (©), select [Table], press @), then clear the previous data by pressing (D

Press ¢, select [Define f(z)/g(x)], press @), select [Define f(z)], press
After inputting f(x)=+1— x, press @

e [l s flxy={1-x%
Calculate  Statistics  Distribution
X¥=0
Spreadsheet EDIENE Equation

1
In the same way, input g(z)=— 3 r+1,
Press (), select [Table Range], press

After inputting [Start:—5, End:5, and Step:1], select [Execute], press €9

o
=1 Table Range
g {x)=—zx+1 Start:-5
End :5
Step :1
) 2\ [¢-3.00,2.00)
Press ® ), scan the QR code to display a NS |
raph. N T8
grap | ¢0.00, 1.00)
s i | N
E fomd agxEd x fimd afx)
1/ RS | 2. 4494 | 2. BEEE S/ | 1.4142(1.3333
2 -d| 2.236|2.3333 = o 1 1
3 -3 2 2 7 1 0| 0.EBRE
4 -2 1.732|1.66EE 8 2| ERROR|0.3333
- 3| -
(1.00,0.00 )~
s i | ™
P fima alxd 1 .
S/ | ERFOR [n]
10 4| ERROR|-0,333
11 5| ERROR|-0,EEE
12
3| |osmp
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Inverse functions and composite function

TARGET To understand the properties of inverse functions and composite functions.

W

STUDY GUIDE

Inverse functions

Definition of a function

In sets X and Y with real numbers as elements, let  be elements of X and ¥ be elements of Y. In these sets, if you
take an element 2 for which only 1 element g corresponds to 2, as determined based on a rule f then ¥ is said to be a
function of @, and is expressed as y = f(x).

1-to-1 functions

In the function f{z), when different values of ¥ always correspond to different values of 2, the function y=f(x) is said
to be a 1-to-1 function. In other words, we can say that the function y=f(x) is a 1-to-1 function when the following is

always true.

T, T,(x, = x,) that satisfies f(x,) = f(x,) does not exist.

(z =z, = flz) = f(x) )

Inverse functions

When y=f(x) is a 1-1 function, s a function of 4 because once a value is determined for y, only 1 value can be
determined for . When this correspondence is expressed as = g(y) by transforming y=f(x), this function gis called the
inverse function of f and is expressed as f ' (inverse) .

In other words, as y = f(x) < = f'(y), we say that f '(x) is the inverse function of the function flz).

1
Find the inverse function of y = Ex —1 ...(i), which is a function with

Y =2z +2
1-1 correspondence. YA
In the function of (i), once the value for yis determined, only 1 value can be Y= §$ —1
determined for .
0O x

From (i), we can express this correspondence as & = 2y +2..
Thisis © = f'(y), so by replacing the variables xand ¥, we get the inverse

function ¥y = f (@), from which we can derive iy = 22 + 2.

4 )
How to find inverse functions

When a function f{) has 1-to-1 correspondence

(1) Solvey = f(x)forx. == f"(y)
(2) Replacevariables zandy. y = f '(x)

J

8. Advanced Expressions and Functions 44



4 )
Properties of inverse functions

(1) Fory = f(x) and y = f'(x), the domain and range are replaced.
(2) The graph of y = f(x) and the graphof ¥y = f~'(x)
are symmetric around the line y=1x.

(3) When f7'(x) = g(x), then g ' (x) = f(x).

(The inverse function of an inverse function is the original function.)
\_ J

Composite functions
When the range of f{z) is included in the domain of g(x) in 2 functions flz) and g(x), we can consider a new function

g (f(x)) by substituting f{z) into xof g(x). This is called a composite function of f{z) and g(x), and is expressed as

(go f)lx).

[(g 0 )(@) = g(f() andgenerally (f o g)(@) = (g f) (m)J

When f(x) = 2* —4,g(x) = 3z + 1, we should consider (f o ¢)(x) and (g o f)(x).
(fog)(@) = f(g@)= Bz +1)* —4=92" + 62 -3,

(go @) = g(f(@)=3(z* —4)+1= 32" —11.

Therefore, we get (f 0 g)(x) = (go f)(x).

Composite functions and inverse functions

From the definition of an inverse function, when y=f{x), then & = f7'(y).
Therefore, we get (f ' o f)(x) = f (f(x)) =f'y ==x.
Furthermore, we have (f o f™')(y) = f(f’l(y)) = f(z) =y, so we can derive the following.

(o p@=a(fofw)=y]
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Find the inverse function of the function ¥ = 22> +1 (2>0), and its domain.
2 2 y—1
From y =2x" +1,wecanget & :T.
. y—1
Since >0, we get T = B
. , , r-1 e
By replacing xand ¥, we get the inverse function ¥y = 5 y=a.-

Furthermore, the domain of the original function ¥ = 22° +1 is 1y=1, so the domain of the inverse function is 1.

_jz—1
Y=\ ,z21
For f(z) = 3z, g(x) = x +2,h(x) = 22> — 1, find the following composite functions.
(1) (fog) (@
(fog)@ = f(g9@)= flz+2) =3 +2) =3z +6.
Now, given iy = 3x +6,then T = y—0 , 50 the inverse function is Y = %x -2,
Therefore, we get (f o g) '(x) = %:c —-2. 1
(Fog)'@=La—2

(g of )
| T I
Given y = 3z then T = Ey,vvhm:h givesus f'(z) = Ea:
Given y = +2 then £ =y — 2, whichgivesus ¢ '(z) = x — 2.

Therefore, we get (g o f ) (x) =g " (f’l(:l:)) = %x -2,

3) ((fog)oh)@
From (1), we get (f o g)(x) =3z +6.
Therefore, we get ((f o g) o h) (@) = (f 0 g)(22° —1) = 3(22* — 1)+ 6 = 62° + 3.

(fog)oh)(x)=6a*+3

@ (f o(goh>)(:v>
(goh)(x ( x) g22* —1) = (22 —1) +2=22" +1.
Therefore, we get (fO(goh))( )= fx® +1)=3(22> +1) = 62" + 3.

(fo(goh))(m):6w2+3

: The above items (1) and (2) and items (3) and (4) are examples of the :
: following properties. :
" (fog) '@ =(g o f @), ((fogoh)@=(folgoh) @ |
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Find the inverse functions, and their domains, of the following functions.
(1) y=2x-3 (0<x<2)
+3 , L T+3
From y = 2 — 3,wecanget = T.Therefore, the inverse functionis y = Yy

Furthermore, the domain of the original function is —3<y<1, so the domain of

the inverse function is —3<x<1.

r+3
Y= 5 , —3<x<1

(2) Y= 372

From y = 3%, wecanget £ — 2 = log, ¥, = log, y + 2.

Therefore, the inverse function is y = log, « + 2.

Furthermore, the domain of the original function is Y>>0, so the domain of the
inverse function is >0.

y=log,x+2, x>0

Find the composite functions (f o g)(x),(g o f)(x) for each of the following functions flzr) and g().

(1) f@)=2@c+1),9@) = é:c 3

(fog)(x)=f

1, 11
(x—5)=—x"——x+15
2 2

1
—Tr—3

1
—Tr—3
2 2

(gof)(m):g(m(2m+1))=%m(Zw—l—l)—:’) =m2+%m—3

1 11 1

(fog)(w)=5w2—7w+15,(90f)(w)=w2+5w—3
(2) f(x)=1log, x,g(zx)=3"
_ T\ _ T _ . 10g33 _l
(fog)(x)=f(8")=1og, 3" =x log, 27 3T

(go f)(x) = g(log,, x) = 3" "

log,. z 1
log, 27 3

1 1 1
o 3
10g3 T = 10g3 T*, we get glogy @ _ gloa @ _ g5

Now, from log, x =

1

Therefore, we get (g o f)(x) = 2.

(fog)(m) = %w,(QOf)(w) _ g
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EXTRA Info.

Studying inverse functions and composite functions

Use the Table, Spreadsheet, and QR code functions.

EAENCIOE

Find the inverse function of the function ¢y = 3 + 2 (2>0), and find its domain.
T

3 3
From ¥y =—+2,weget — =¥y —2,
T T

3
The range of the origin function is ¥>2, so we get = m )
By replacing zand vy, we get the inverse function ¥ = (2>2). : >
yrep g Y g 7—2 0 3 >
3 =z
Y=——, >2
r—2

Press @), select [Table], press @), then clear the previous data by pressing (D

3
Press €9, select [Define f(x)/g(x)], press @), select [Define ()], press @), after inputting f(z)= p + 2, press @

» -
sl Ll s =3
Calculate  Statistics  Distribution f i x+2
E= X¥=0
Spreadsheet Equation
3

In the same way, input g(x)= .
Y, input g(2)=——

Press €, select [Table Range], press @), after inputting [Start:0, End:8, and Step:0.5], select [Execute], press @

[ [ O g L:d
i fim) L) i flmn Qi)
g(x)=—3_ Table Range 1| | ERROR| 4105 Slmms| | 3.5| ERAOR
r—2 Start:0 2 0.5 a -z g zZ.5 3.7 3
. 3 1 5 -3 7 3 3 3
End :8 al 1.5 4 -6 gl 3.5(z.857 2
Step :0.5 0
i | [ O g
fima ELe) kd fimn 1] i flm) L)
1| 2.7 1.5 13— 2.5 0.75 15| - | 2. 4235| 0.6
10 4.5|2.6EEE 1.2 14| B.5|2.4615|0.EEEE 16| 7.5 2.4[0.5454
11 5 2.6 1 15 7|2.4285| 0.6 17 g 2z.375| 0.5
12l 5.5|2.5454|0.8571 16l 7.5 z.4|0.5454 18] 4

A

When 2=0.5, then f{0.5)=8; this time, we get g(8)=0.5.

-

When z=1, then f{1)=5; this time, we get g(5)=1.

The same holds for any , so flz) and g(x) are inverse functions of each other.

Press ® @), scan the QR code to display a graph.

|¢3.00,3.00)

T
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For f(x) =z +2,g(x) = 2x — 1, find the composite function (g o f)(z).
@Ofﬂﬁ%:9U@ﬁ=9@+0%:%x+m—1:2x+3

(gof)(x) =22+3

| check

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O
Press (@), select [Define f()], press @), press @ @ @ @
In the same way, press @), select [Define g()]press @, press @ @ @ @ @

L i 0
X | ity i f{x)=x+2 g{xr)=2x—1
(Calculate  Statistics  Distribution
Xy=0
Table  Equation

Input —4 in cell A1, then use [Fill Formula] to fill cells A2 to A17 with values from —3.5 to 4 in increments of 0.5.

OO® O®®OOHOOO® OOOPOO@OO® @

™
Fill Formula
Fill Value Form =a1+40.5
Edit Cell Range :A2:A17
Available WMemory

Let the values in column A be the values of z;, then use [Fill Formula] so the values of f(x), corresponding to each value

of &, appear in column B.

DD O@OGA®OOO® OOOOOOO® @

™
Fill Formula
Fill Value Form =f{A1)
Edit Cell Range :B1:B17
Available WMemory

Let the values in column A be the values of z;, then use [Fill Formula] so the values of g(z), corresponding to each value

of &, appear in column C.

@ O®OOVAGOOO® OOOOOOO® @

™
Fill Formula
Fill Yalue Form =g{A1)
Edit Cell Range :C1:C17
Available WMemory

Let the values in column A be the values of 2, then use [Fill Formula] so the values of (g o f)(x), corresponding to

each value of 2, appear in column D.

QO OOVIGAI®OOOO® OOOOOOO® @

o
Fill Formula Fill Formula -_zngw ““f
Fill Value Form =g{(f{A1)) S B -4 0
Edit Cell Range :D1:D17 —— o
Available WMemory =g (fCATY) )

™ ™ ™
] 2 -1 2 4 ] 4 3 7
0.5 Z.5 i] 4 Z.5 4.5 4 ]
1 3 1 E 3 5 5] Ell ] |
1.5 R Z ] 3.5 5.5 =] 0] | l
=g(f(A9)) =g{f{A13)) =g (f{A17))

A
[In the figure above fl—4)=—2 and g(—2)=—5, so we get (g ° f) (—4)——5.]
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PRACTICE

1
Find the inverse function of the function ¥ = 3 — E (2>0), and find its domain.

From Y = CE,weget - .
The range of the origin function is y<3, so Y
r=——o
we get 35—y
By replacing zand y, we get the inverse
. 1
function ¥y = (x<3).
3—x =
1
y=5_—,@3) .o
Yy=x

Press (©), select [Table], press @), then clear the previous data by pressing (O
Press (=), select [Define f(x) /g(x)], press @), select [Define f(x)], press

1
After inputting f(z)=3 — 7 press (@

TR "N b 1
+=- =3J—
Calculate  Statistics  Distribution fix)=3 x
= X¥=0
Spreadsheet I Eouation

1
In the same way, input g(z)= P

Press (), select [Table Range], press
After inputting [Start:0, End:3, and Step:0.5], select [Execute], press €

O i T O
1 Table Range B fixy | iz = figa | ausd
= 1| | ERROR| 0. 3333 5| I 2.5 1
g{x) 3—=x Start:0 2 0.5 1] 0.4 B 2.5 2.6 2
E d " 3 3 1 2 0.5 T 3|2.BEEE| ERROR
n " 4] 1.5]2.3232| 0. 6EEE g
Step :0.5 1] 2

When z=0.5, then f{0.5)=1; this time, we get g(1)=0.5.
When z=1, then f{(1)=2; this time, we get g(2)=1.

The same holds for any z, so f() and g(z) are inverse functions of each other.

Press ® @), scan the QR code to display a graph.
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2] For f(x)=1—xz,9(x) = 2> —3,find the comp05|te function (g o f)(x).

(gof)(x ( a:) =(1l—-x)—-3=x"—2—2
| check { (go f)(x) =2 — 22 —2

Press ©), select [Spreadsheet], press @), then clear the previous data by pressing (O

Press (), select [Define f(z)], press @), press 1D © @) @
In the same way, press (), select [Define g(x)], press @), press X) @ CIOIT

X 1Y A Flx)=1-x s(z)—x -3
Caltulate Statlst|ts Distribution

xXy=0

OUGERIEA  Table  Equation

Input —4 in cell A1, then use [Fill Formula] to fill cells A2 to A17 with values from

—3.5to 4 in increments of 0.5.
QO® EWOHOODOOO® OOOOOO@OO® @

]
Fill Formula
Fill Value Form =A1+0.5
Edit Cell Range :A2:A17
Available WMemory

Let the values in column A be the values of z, then use [Fill Formula] so the values of

f(x), corresponding to each value of z, appear in column B.

DO OWOH®OOOO® OOOOOOO® @

™ i
Fill Formula - m—
Fill Value Form =f{A1) -3.5] 4.5
Edit Cell Range :B1:B17 e
Available WMemory =fF{A1>

Let the values in column A be the values of z, then use [Fill Formula] so the values of

g(x), corresponding to each value of z, appear in column C.

D @®GOU®OOOO® OOOOODO®

o i
Fill Formula .
Fill Value Form =g{A1> 3. 4.5 9.
Edit Cell Range :C1:C17 2=
Available Hemor =g (A1)

Let the values in column A be the values of z, then use [Fill Formula] so the values of

0|0 4=
nfin
(]
i)
=

(go f)(x), corresponding to each value of x, appear in column D.

® OOOU®OG®®OOOO® OOOOOOO® @

o T T
FILl Formula Fill Formula _d-ﬂw z-ma-ww
Fill Value Form =g{(f(A1)> ST B | I T3 250075 5.2
-2.0 5_ -0.3 1.5_ o

Edit Cell Range :D1:D17
Available WMemory

T T T
[u] 1 -3 2 - 4 -3 12
0.3 0.3 -2.75] -2, 2.5] -1, N -0,
1 [u] -2
1.3 -0, . -

" e ) —
" Zg (FLATH) B TT A YELD, =g (F(A17))
JAN
[In the figure above f{—3)=4 and g(4)=13, so we get (g o f) (—3)=13. ]
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