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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
Table  Eguation

(X 28101
Inequality ~ Complex

Better Mathematics Learning
with Scientific Calculator




Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section
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Formulas for expanding cubic polynomials

TARGET To understand formulas for expanding cubic polynomials.

STUDY GUIDE

Formulas for expanding cubic polynomials

The following formulas are often used to expand cubic polynomials.

(1) (a+b)’ =a®+3a’b+3ab® + b’
(2) (a—0b)’ =a®—3a’b+3ab’ -0’
(3) (a+b)(a*—ab+b*)=a’+?b’
(4) (a—0b)(a*+ab+b*)=a’—-0b’

@ Expand the following equations.

(1) @z+1°=0zr)+3-(22) 1+3-22-1° +1° (2) (z-1*=2"-3.2°1+3.2.1> -1
=8z +122° +6x+1 =2’ 32" +3r—1
8z’ +122° +6x+1 r—3x*+3x—1
3) (x+D)(@*—z+1)=2"+1° 4) (z—2@* +2x+4)=2"-2°
=2 +1 =2 -38
+1 x —8
PRACTICE
@ Expand the following equations.

(1) Bz +5y)° (2) (z—2y°)
=Bx)’+3-(3x)-5y+3-3x-5y)’ +(by)’ =x*—3.-2°-2y° +3.x-(2y°)* — (2y*)*
= 272’ +135x*y + 225xy* + 1259° =z’ —6x’y’ +12xy" —8y°

272’ + 1352y + 225xy® + 1257° x’ —6x’y’ +12xy" — 8y’

(3) 3z +2y)(92° — 62y + 49°) (4) (2a —5b)(4a* +10ab + 25b%)

= (3x)’ +(2y)’ = (2a)’ — (5b)’
=272’ + 8y’ = 8a’ —125b°
27" + 8y* 8a® — 125b°

7.Formulas and Proofs 1



Formulas for factorizing cubic polynomials
To understand formulas for factorizing cubic polynomials.

STUDY GUIDE

Formulas for factorizing cubic polynomials

The following formulas are often used to factorize cubic polynomials.

(1) a®+3a’b+3ab® +b° = (a +b)®
(2) a® —3a’b+3ab* —b* =(a—b)®
(3) a®*+b°=(a+0b)(a*—ab+b?)
(4) a*—b’=(a—0b)(a’+ab+b?)

@ Factorize the following equations.

(1) 2 +6x* +12c+8=2"+3.-27-2+3.-2-2°+2° (2) x*—9x’y+27xy* —27Y°

= (x+2)° =12*-3.2°-3y+3-2-(3y)?* — (3y)°
(@+2p O (z — 3y)’
(3) a®+216=a®+6 (4) a®-8b°=a®—(2b)°
=(a+6)(a” —6a + 36) = (a—2b)(a® +2ab+ 4b*)
(a+6)(a® —6a+ 36) (a —2b)(a’ + 2ab + 4b*)
PRACTICE
@ Factorize the following equations.

(1) 8z® + 362y + 54xy” +27Y° (2) z*—122%y + 48xy* — 64Yy°
=02x)’+3.-2x)*-3y+3-2¢-3y)’ +By)’ =x*—3.2°-4y+3-x-(4y)’ — (4y)’
= (2x + 3y)’ = (x — 4y)’

2z + 3y)° (x — 4y)*
(3) a®+125b° (4) 272° —649°
= a’ + (5b)° = (3z)" — (4y)’
= (a +5b)(a’ —5ab + 25b?) = (3x — 4y)(9x* + 122y + 16y°)

(a +5b)(a’ — 5ab + 25b%) (3x — 4y)(92® + 12xy + 16y°)

7.Formulas and Proofs 2
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Binomial theorem /

TARGET To understand how to use the binomial theorem to expand equations.

STUDY GUIDE

Pascal's triangle

Consider the formula to expand (a + )" .

(a+b)? = a*+2ab + b /1\/1\
(@ +b)} =a®+3a°+3ab> +b* (a+0b) 1 2 1
[ /NN N\
(a+b) =(a+b)(a+b) (a+0b) 1 3 3 1
s s s s /NNNN
=(a+b)(a®+3a’b+ 3ab> +b*) (a+b) 1 4 6 4 1
( ) SNININININ

=a* +3a°b + 3a°b* + ab® + a’b + 3a*b* + 3ab® +b* a+b)y 1 5 10 10 5 1

_ 4 3 27,2 3 4 NN/ NN/N N

Here, just the coefficients of each term are extracted and arranged in order to consider the regularity.

(1) The number at both ends of each row is 1.

(2) After the 2nd row, the numbers, except at both ends, are equal to the sum of the numbers to the upper left
and upper right.

(3) The numbers in each row are symmetrical.

This sequence of numbers in this regular triangular shape is called Pascal's triangle.

Binomial theorem
The binomial theorem is a method of expanding (@ +b)" asasum by multiplying a chosen term, either @ or b, from an
nnumber of (a+b).

"TH"  the method to choose is » Cr .

Such that, a chooses n—1and b chooses 1, which when multiplied are @
Therefore, when we expand (a + b)", the coefficient of the term a™ "b" is » C\, from which we can derive the

following formula. This is called the binomial theorem.

(a+b)"=,Cha" +,Ca""b+,Ca"b*+--+,Ca”"b" +---+,C,b"

EwdE;

The method to choose 7 elements from various 1 elements is
nCr .

nn—-1)n-2)--(n—r+1)
nC'r' =

r!

'
’
’
’
0
'
’
’
’
Also, thisis nC1 = n,nCn =1, specifically stated as nCo =1. :
o

The values of the underlined elements » Co,nC1,nCa,---,nCr,-+-,nCn are the same as the mth row in Pascal's triangle.

7.Formulas and Proofs 3



EXEREISE
Use the binomial theorem to find the expansion of (@ + b)° .

((L + b)6 = GCO(IG + GC1CL5b + GC2a4b2 + 6C3a3b3 + GC4a2b4 + GC5(Lb5 + GCGbG

65 pipe 4 854 gaps 1 623 gy

=q° +6a5b+2 ! +6ab® + b°

=a’ +6a°b + 15a'b* + 20a°b® +15a°b* + 6ab® + b°
1 6 15 20 15 6 1 <][Can also be found in Pascal's triangle. ]

a® +6a’b +15a'b® + 20a°b® +15a’b* + 6ab’® + b°

Find the coefficient of the term z* in the expansion of (& +2)°.
The general term for (T +2)° is ¢Cra® 72" = ¢Cr2" 2"
The term for z* is 6—7r=3, when r=3.

The coefficient to be found is ¢Cs2° = 22?2“ =160.

160

PRACTICE
Use the binomial theorem to find the expansion of (a+0b).
(a + b)7 — 7C00:7 + 7C1a6b + 7C2a5b2 + 7(330;41)3 7C4a/3b4 7C5a2b5 + 7Cﬁab6 + 7(]7b7
T26:5 paps 4 7675 psps 726 pops | 7a® 4 b7
3:2-1 3:2-1 2-1
=a' +7a°b + 21a’°b’ + 35a'b’ + 35a°b* + 21a’b® + 7ab’® + b’

=a +7a“b+ a’b’ +
2.1

a’ + 7a’b + 21a’°b* + 35a'b*® + 35a°b* + 21a*b® + 7ab’ + b’

Find the coefficient of the term z* in the expansion of (z —3)".

The general term for (x — 3) is ;C, 2" "(—3)" = ,C,(—3) " ".

The term for z* is 7—1r=4, when r=3.

7-6:5

The coefficient to be found is 7Cs(—3)° = 5.2.1 (—3)° = —945,

—945

7.Formulas and Proofs 4
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Use the binomial theorem to expand equations

TARGET Use the binomial theorem to expand various equations.

STUDY GUIDE

Binomial theorem

(a+b)=,Cha"+,Ca""'b+,Ca"b*+--+,C.a""b" +---+,C,b"

In the expansion of (@ + )", the (r+1)th term, represented as ,Cra™ "b", is called the general term.

The coefficients of each term nCo,nC1,nCa,---,nCn-1,nCn are called binomial coefficients.

XERCIS

nn
|11
L

Use the binomial theorem to find the expansion of (z + 3)*.

(z+3)" =.Coz* + .Cix® -3+ Coz*- 32+ Coz-3° + .Cu3*
=zt +4x3~3+%x2~32 +4z-3* +3*

= ' +122° + 542* +108x + 81

! + 122 + 542 +108x + 81

Find the coefficient of the term 2*y” in the expansion of (x — 4y)”.
T =T, ,T

The general term for (T —4Yy)" is ;Cra’ " (—4y)" = ;Cr(—4)" 2" "y" .

The term for Z°Y* is 5—r=3, when r=2.

=~

The coefficient to be found is sCa(—4)* = Z—l -(—4)* =160.

160

7. Formulas and Proofs 5



PRACTICE

Use the binomial theorem to find the expansion of the following equations.
(1) (2a+by

(2a + b)’ =;Cy(2a)’ + ;C.(2a)*b + ;C,(2a)’b* + ;C;(2a)*b* + ;C,(2a)b* + ;C:b°
=32a’ +5-16a'b + % -8a’b® + % -4a*b® +5-2ab* +b°

= 32a° + 80a’b + 80a’b’® + 40a*b® +10ab* + b°

32a’ + 80a’b + 80a’b* + 40a*b® + 10ab* + b°

(2) (Bz—2y)
3z —2y)* =,Cy(3x)" + ,C,(3x)’ - (—2y) + .C.(3x)* - (—2y)* + ,Cs(3x) - (—2y)’ + ,Ci(—2y)*
=8lx' +4-27x° - (—2y) + % 9x* -4y’ +4-3z-(—8y’) + 16y’

= 81z’ — 216’y + 216x*y* — 96zy’ + 16y

81x' — 2162’y + 216x’y* — 96y’ + 16y*

Find the coefficient of the term specified in [ ] in the expansion of the following equation.

(1) (z-3y)y [z'Y]

The general term for ( — 3y)’ is sCr” " (—3y)" =;C(—3)"x" "y".
The term for 'Y is 5— =4, when r=1.

The coefficient to be found is :C,(—3)' =5-(—3) = —15.

—15
(2) (z2-3)° [2°]
The general term for (z° —3)° is (C,.(2*)" " (—3)" = (C,.(—3) "z *".
The term for ° is 12—27=8, when 7=2.
The coefficient to be found is ;C,(—3)’ = 2—? -(—3)* =135.
135

7.Formulas and Proofs 6



EXTRA Info.

Use the scientific calculator to calculate the coefficient by using the binomial theorem.

In this section, we study how to use the scientific calculator to calculate coefficients by using the binomial theorem to
effectively expand equations.

This manual combines traditional study of mathematics with solving problems on the scientific calculator for in-depth

learning from multiple perspectives.
EXEREISE

Expand (@ +b)® by using the scientific calculator.

General term of expansion: sCza’ 0" (2=0,1,2,3,4,5)

Use the Table function in the scientific calculator to find the value of the coefficient sC as shown below.

Press @, select [Table], press @), then clear the previous data by pressing (O -
+ = Ldin
(Calculate  Statistics  Distribution
=] X¥=0
Spreadsheet Equation

Press €9, select [Define f()/g(x)], press @), select [Define ()], press
After inputting f(x)=;C. , press @ (*)
* How to input C (combination operation symbol): Press @), select [Probability], press @®), select [Combination], press

Vot &
Define f{x} f{x)=5Cx
Define g{x)

Press €9, select [Table Range], press
After inputting [Start:0, End:5, and Step:1], select [Execute], press €

L]
0| ERROR
T| ERROR
1| ERROR

x

4
|3

fim)
1

4
=1
E
ERRCOR 7

From the table, (@ +b)° =1-a°0° +5-a'b' +10-a°b* +10-a*0* +5-a'd" +1-a"b°
=a° +5a'b+10a’b* +10a*b* + 5ab" +b°

a’ +5a'b+10a’b? +10a’b® + 5ab* + b°

Use the scientific calculator to calculate the numbers that go in the [ squares in the following equation.
(3a—2b)' =o' +[1a’b +[1a** +ab® +L10"
General term of expansion: 1Cz(3a)"*(—2b)* = ,C3"%(=2)* - a"*b® (2=0,12,34)

Use the Table function in the scientific calculator to find the value of the coefficient 4Cz3**(—2)* as shown below.

ot

P lect | Tabl hen cl h i ' B
ress @), select [Table], press @, then clear the previous data by pressing (O £ (2 )=4CEX T F K (=235

Press €9, select [Define f(x)/g(x)], press @), select [Define ()], press
After inputting f(z)= ,Cy 3" (—2)7, press @

Press €9, select [Table Range], press

After inputting [Start:0, End:4, and Step:1], select [Execute], press €

fiml
218

L]

ERROR
ERROR
ERROR

fim ELE)
1| ERROR
ERROR
ERROR

ERROR

Ed
z
=
]

[ugd PO

18
-9E

From the table, (3a —2b)" = 81a' —216a°b + 216a°b* — 96ab” + 16b"
81, —216, 216, —96, 16

7. Formulas and Proofs 7



PRACTICE

pa Expand (a + b)* by using the scientific calculator.

General term of expansion: ;C_,a’* *b® (==0,1,2,3,4,5,6,7,8)
Use the scientific calculator to calculate the coefficient ;C,, which comes before the
letters in ¢®* *b”.

Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press (), select [Define f(x)/g(x)], press @), £ (028 Cx

select [Define f(z)], press

After inputting f(x)=;C,, press

Press (), select [Table Range], press
After inputting [Start:0,End:8, and Step:1], select [Execute], press

) ) 2
x fimd ELE 3] E fimd gixd

Table Range 1 1| ERROR 5| - 70| ERROR

Start:0 Z 1 5| ERROR 3 5 56| ERROR

End '8 3 2 23| ERROR 7 3 23| ERROR

n . i 2 56| ERROR 8 7 2| ERROR

From the table,
(a+b) =a®+8a’b+28a’b’ +56a’b’ +70a'b* +56a’b’ +28a’b°® +8ab™ + b®
a® +8a’b + 28a°’b*® + 56a°b® + 70a'b* + 56a°b’ + 28a°b° + 8ab” + b*

Z Use the scientific calculator to calculate the numbers that go in the [ squares in the following equation.

(2a —5b)* =Ja*+[1a*b +[Jab*+[]1b*

General term of expansion: ;C(2a)* *(—5b)" =;C;2°%(—5)" - a* *b" (=0, 1, 2, 3)
Use the scientific calculator to calculate the coefficient :C.2° “(—5)”, which comes
before the letters in g* *p*.

Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press ¢, select [Define f(x)/g(x)], press @8, £ () S BCEX 2 X (=535
select [Define f(x)], press

After inputting f(z)=;C,2° *(—5)", press @

Press ), select [Table Range], press
After inputting [Start:0, End:3, and Step:1], select [Execute], press €

Tzl
=]
-&0
150
-125

L

ERROR
ERROR
ERROR
ERROR

Ed

or o
Table Ranze ;
Start:0 2
End :3 3

1
2
e

From the table, (2a —5b)* = 8a® — 60a’b + 150ab”* — 125b°
8, —60,150, —125

7.Formulas and Proofs 8
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Multiplication and division of fractional expressions

TARGET To understand how to multiply and divide fractional expressions.

STUDY GUIDE

Fractional expressions

Monomials and polynomials are both called integer polynomials.

A
For the integer polynomials A and B, where B=0, an expression B thatincludes a letter in the denominator is called a

fractional expression. Fractional expressions can be handled the same way as calculating fractions.

AC A
(1) BC B(C 0) (2

A AD
B BD

(D=0)

Multiplication and division of fractional expressions

A C AC

A
Multiplication B X D = BD Division B -~

N

_A D_AD
B C

SIQ
oy

How to calculate
(1) Convert division to multiplication.
(2) Factorize the denominator and numerator.

(3) After factorizing, reduce if possible.

EAERGISE

@ Calculate the following.

(1) T4 r’+r-6 :;5//4X(SE—2)N
T+3 ' +2w—24 w3 (2D (r+6)
T -2

:x+6

T’ +2r 1 t4r+4 42 Xx2—2:v—3
TP—4x—5 2*-20-3 x'—4r-5 I'+4r+4

z(@+2) (D@3

M(w—mx (z+2)*

2z -3)
C(z-5)(z+2)

T2

r+6
x(x—3)

(x—5)(x+2)

7.Formulas and Proofs 9



PRACTICE

@ Calculate the following.

a’*+6a+9 a’—4
(1) —; X —
a —a—2 a +2a—3

_ (a+3) >3a+mgp4ﬁ
(@+1)(a=2) (a—1)(a=+3)

_ (a+3)

2 _ 2 2
) 2r° + Yy —6Y y T —3xy
' —zy—6y° 20 —zy—3Y°

_Gr—sy) ety @)
{—m—+—2y—)}7/3/ \\S;QL:B+y

a:-l—y

3) x2+4x—12+x2+7x—18
r’+x-30 2°-2-20
_a:2+4:1:—12>< x'—x—20
T+ xT—30 T+T7r—18
_ @=2 @+ (z+4)(@~5)
gp4(@H4} (@=2)(z+9)
_rt+4
T xz+9

(4) T+2 x2—7ac 18 22 —8x—9
T+5  4+r—12 x+5x—24

_zt2 ' +x—12 » ' —8xr—9
r+5 x'—Txr—18 ' +5xr—24

_z¥r @@+ (z+1)@—9)

T +5 WH (Z=3)(z+8)

_(z+4)(x+1)
~ (x+5)(x+8)

(a+3)(a+2)
(a+1)(a—1)
T

r+vy

r+4

r+9
(x+4)(x+1)
(x+5)(x+8)

7.Formulas and Proofs 10
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Addition and subtraction of fractional expre55| ns

TARGET To understand how to add and subtract fractional expressions.

STUDY GUIDE

Reducing fractional expressions to a common denominator

Making the denominators of fractional expressions to be the same integer polynomial is called reducing a fraction to a

common denominator.

1 1
Reduce 5 and —; to a common denominator
r —1 T+
1 1 _ T 1 r T—1
2—-1 (@+)@-1) 2z+D@-1)"22+z zx+1) z@+1D)z-1)

Addition and subtraction of fractional expressions

ABA+B

Addition E C

A-B
C

Q&

A
Subtraction E -

How to calculate

(1) Factorize the denominator and numerator.

(2) If the denominators are different, then reduce to a common denominator.

(3)  After calculating, reduce if possible.

ENERGIS]

l'n

@ Calculate the following.

1 1
?+2x ' +6x+8
1 1

@42 @r2@+4)
r+4 x

iz +2)(xz+4) z@+2)(x+4)
2r+4

z(x +2)(x+4)
Z\KZZ

T (T+2)(z +4)

2

z(x +4)

x(x+4)

r+4 x-3
T+3 x-2
)
)

(+4)(r— (x +3)(z—23)
T (@+3)(z-2) (z+3)(z—2)
2 +2w-8 z’ =9
T @+3)z-2) (z+3)(z—2
P +2r-8-1'+9

(2 +3)(x-2)
2w+
C(z+3)(z-2)

2 2rx+1
(T+3)(x—2)

7. Formulas and Proofs 11



PRACTICE

@ Calculate the following.

1 1
(1) = +—
r+9r+20 x° +1lx+ 30

1 1 r+6 xr+4
_l.

(x+4)(x+5) * (x+5)(x+6) (x+4)(x+5)(x+6) (x+4)(x+5)(x+6)

22 + 10 2 (Z+5)

(@ +4)(x+5)(x+6) (z+4)@+5)(z+6)

2
2
" (x+4)(z+6) (x + 4)(x + 6)
) r+5 + xr+38
r*+4xr—21 2*+9x+14
B T+5 T+8 B (x+5)(x+2) (x—3)(xz+38)
(x—3)(x+7) (x+2)(x+7) (x—3)(z+2)(x+7) (x—3)(x+2)(x+7T)
_ T’ +7x+10 N T’ + 5 — 24 _ 22’ + 12 — 14
(x—3)(x+2)(x+7) (x—3)(x+2)(x+7) (x—3)(x+2)(x+7)
 20z-)@RD 2z 2(x —1)
(-3 (z+2)(@+y) (z-3)(z+2) (x — 3)(x +2)
) 2x2ﬁ7j+3_2xzi;—2
_ T—2 B T+1 _ (x—2)(x+2) B (x+1)(x—3)
T 2z-1)(zx-3) (r-1)(z+2) @Czx—-1D(x-3)(zx+2) Cx—1)(x—3)(r+2)
_ x’ —4 B ' —2r—3 _ 22
C@z-1(z-3)(z+2) (@r-1)(z-3)(z+2) @Ez<l)(z-3)(z+2)
1 1
(z-3)(x+2) (x—3)(x +2)

7.Formulas and Proofs 12



Problems to find the values of sums and products

TARGET To understand how to find the value of equations from the value of the sums or products.

\\‘ !

STUDY GUIDE

Values of expressions
x* +y* isequalto y* + &%, which we get by changing the position of zand . Expressions like this, which do not
change when the variables are switched, are called symmetric expressions. We can use £+ yand 2y to show

symmetric expressions using £and ¥. The +1% and xy here are called elementary symmetric polynomials.

[:132 +vy* =(x+vy) —2zy, 2’ + 9y’ =(x+y)’ —3:L'y(ac+y)]

EAEREISE
@ Find the value of the following equations.
(1) When z+y=4 and zy=3, find the value of x* + 1
4y =(@+y)’ -2y

=4-2.3
=10 10

(2) When x = ,find the value of 27 + ¢°

L, 1
J5 +2° 5 -2
1 s5-2+V5+2 25

TAy=———t =25

J5 12 5 -2 \/_+2 5-92) 5-4

1 1

BN RN f+2 55 5.4
Py =@+yP—2my=0J5?-2-1=18 18
PRACTICE
@ Find the value of the following equations.
(1) When z+y=2 and zy=—1, find the value of x* + 1/°
' +y =(x+y) —3xy(x+y)
=2"—3.(—1)-2
— 14 14
(2) WhenaCz\/\/EI_\/\/E,y:\/\/E—_F\/\/E,ﬁndthevalueo1‘a:2+y2
oty — J3 — \F s+ _ (3 —Vap+Ws ey
Gz V2 (34N —2)
_V3—V2 Js+Va
f+f Vs —V2
r+y’ ' =(x+y) —2xy=10"—2-1=98 98

7. Formulas and Proofs 13
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Dividing integer polynomials
To understand how to divide one integer polynomial by another integer polynomial.

STUDY GUIDE

Dividing integer polynomials

Integer polynomials are added, subtracted, and multiplied in the same way as specified for regular numbers, so we can
also consider dividing them in the same way.

When the integer polynomial A is divided by the nonzero integer polynomial B, we get the quotient () and the
remainder R, from which we can derive the following equation.

[AzB Q+R (exponentof R)<(exponent of B)J

How to find the quotient and remainder by dividing integer polynomial A by integer polynomial B

(1) Arrange the letters that are the same in A and the same in B in descending order of powers.

(2) Continue dividing until the exponent of the remainder R is less than the exponent of the divisor expression B. In
particular, when R = 0, then A is divisible by B.
(Note) Leave space for the missing exponent when calculating on paper.

AEREIS|
@ Find the quotient and remainder by dividing
integer polynomial A by integer polynomial B.

L
L

22 +52+10

z—3| z*+22* -5 +2

A=2*+22° —s50+2B=2-3 z° =3’
58 —5z
552 —15z
10z +2
10z —30
32

Quotientis ’ + 5 + 10 and remainder is 32

PRACTICE

@ Find the quotient and remainder by dividing integer polynomial A by integer polynomial B.

(1) A=22*+52"-3c+3,B=20-2 (2) A=3-22x+42* . B=22"—-x+1
22’ 4+9x +15 2x+1
r—2| 2x’+5x2* —3x +3 20 —x+1| 4x° —2xr +3
22 —42? 42 22" +2z
91’ —3z 20’ —4x +3
91’ —18z 20 —x +1
15z +3 —3x +2
- _22 Quotient is 2:¢+1 and

remainder is —31+2
Quotientis 222 + 9 + 15 and

remainderis 33

7. Formulas and Proofs 14
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Dividing integer polynomials and the remainder theorem

TARGET To understand how to use the remainder theorem to find the remainder when dividing integer polynomials.

STUDY GUIDE

Remainder theorem

For an integer polynomial &, expressed as P(x) or Q)(x) etc, we can substitute the zin P(x) for a value k, so we express
the obtained value as P(k).

Given an integer polynomial P(x) divided by the linear expression z— k such that the remainder is a constant, when the
quotientis ()(x), then the remainder is R, expressed as P(z)=(z—k) Q(x)+ R.

If we substitute 2=k in this equation, then we get P(k)=(k—k) Q(k)+R=R.

Therefore, the remainder = P(k), from which we derive the remainder theorem shown below.

4 N
(1) Dividing the integer polynomial P(x) by x— k gives the
remainder P(k).
(2) Dividing the integer polynomial P(x) by ax+ b gives the
b

a

remainder P|—

EAEREISE
Find the remainder by dividing the following integer polynomials by the linear expressionin [ .
(1) z°-2*+5 [z—2] (2) 32° —52* +4r+3 [3z+1]
Given P(x)=a’ —2* +5. Given P(z) =3z’ —52° + 42 + 3.
When divided by 2 — 2, the remainder is P(2), so

When divided by 3 + 1, the remainder is P[_l], e
P(2)=2"-2"4+5=9 3

Pl-2)=sf-4] ~s[-1] +4[-3)+s -1
3 3 3 3
2 1
Find the value of the constant a by dividing z* 4+ 22* — 3z 4+ a by x+1 leaving a remainder of 3.
Given P(x) =2 +22* -3z +a.
Dividing P(x) by z+1 leaves a remainder of 3, which gives us P(—1) = 3.
Specifically, because (—1)* +2(—1)* —3(—=1)+a = 3, we get a=—1.
a——1

7. Formulas and Proofs 15



PRACTICE

Find the remainder by dividing x* — 3z*> — 2z + 4 by z+2.
Given P(x) = 2* — 32" — 2z + 4.

When divided by x+2, the remainder is P(—2), so
weget P(—2)=(—2)’ —3(—2)" —2(—2) +4 = —12.

—12
Find the value of the constant a by dividing z* + 2* — 52 — a by £—2 leaving a remainder of 2.
Given P(x) =2+ 2’ —5x—a.
Dividing P(x) by x—2 leaves a remainder of 2, which gives us P(2) = 2.
Specifically, because 2° + 2> — 5.2 — a = 2, we get a=0.
a—=0

Dividing x* — ax® + bz + 7 by —2 leaves a remainder of 25, and dividing by 2+3 leaves a remainder of 10. Find the
value of constants a.and .

Given P(x) =2 —ax’ + bz + 7.
Dividing P(x) by x—2 leaves a remainder of 25, so from P(2)=25, we get
2’ —a-2°+b-24+7=252a—b=—5..(i)
Dividing P(x) by x+3 leaves a remainder of 10, so from P(—3)=10, we get
(=3 —a(—3)+b(—3)+7=10,3a+b = —10...(ii)
Solving for (i) and (ii), gives us a=—3 and b=—1.
a=—3,b=—1
Find the value of the constant a by dividing 22° + a*x* + 52 —a — 1 by 2—1 leaving a remainder of 8.
Given P(x) =2z’ +a’x* +5x—a —1.
Dividing P(x) by £—1 leaves a remainder of 8, so we get P(1)=8.
Specifically, weget 2-1° +a*-1*+5-1—a—1=8,a* —a+ 6 =8.
Solving this gives us a=—1 and 2.
a——1,2
Dividing integer polynomial P(x) by 2+1 leaves a remainder of 5, and dividing by £—3 leaves a remainder of 9. Find
the remainder by dividing integer polynomial P(x) by (2+1)(z—3).
Since the remainder of P(x) divided by the quadratic equation (x+1)(x—3) is
either a linear expression or a constant, let the remainder be ax+b, (where aand b
are constants). Given the quotient (J(), we can derive the following equality.
P(x)=(x+1)(xz—3) Q(x)+ax+b...(i)
Here, dividing P(x) by x+1 leaves a remainder of 5, so we get P(—1)=5.
In (i), substituting x=—1 gives P(—1)=—a+b, so — a+ b=5...(ii)
Further, dividing P(x) by £—3 leaves a remainder of 9, so we get P(3)=9.
In (i), substituting =3 gives P(3)=3a+ b, so we get 3a+ b=>9...(iii)
Solving for (ii) and (iii), gives us a=1 and b=6, leaving a remainder of x+6.

T+6

7.Formulas and Proofs 16
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Factor.theorem and factorizing cubic polynomial

TARGET To understand how to factorize cubic polynomials using the factor theorem.

-

\

STUDY GUIDE

Factor theorem

If x—kis a factor of integer polynomial P(x), then P(x) is divisible by 2— k. That is to say, that the remainder P(k) from
dividing P(x) by x—kis 0.

Conversely, when the remainder P(k) from dividing P(x) by —kis 0, then P(x) is divisible by —kand has z—kas a

factor.
s N\
(1) Integer polynomial P(x) has — k as a factor < P(k)=0
(2) Integer polynomial P(x) has ax+basafactor— P|——|=0
a
Y y,
Divisor of constant term
How to find k such that P(k)=0 _ : -
Divisor of the highest coefficient
EXEREISE
@ Factorize the following equations.
(1) 2 +22x+3 r’—x+3
let P(z) =2 +2x+3. r+1] 2° +2r +3
Since P(—1) = (—1)* +2(—1) + 3 = 0, then P(x) has 2+1 as a factor. Tt +a
)
From (2 +2z+3)+(x+1)=2> —x + 3, weget $2+2x
—r —X
3 _ 2 _
T’ +2r+3=(x+1)(@’ -z +3) 3z +3
3r +3
0
(z+1)(x* —x+3)
(2) 22 +2*+3x—2 r’4x+2
let P(x) =22 +2>+32x—2. 2:3—1) 20+’ +3x —2
1 1 (1) (1 21" —a°
Since P 5] = 2[5 + [5 +3 3 2 =0, then P(z) has 22—1 as a factor. o7 131
2 J—
From 22° + 2 +32—-2)= 2z —1) =2 + £ +2, we get 2T 4$ ;
z —
3 2 o o 2
208 +2*+3r—2=x -2 +xr+2) ir -9
2x—1)(x*+x+2) 0

7.Formulas and Proofs 17



PRACTICE

Factorize the following equations.
(1) 2*—22"—6z+4
Let P(x) = * —22° — 6x + 4.
Since P(—2) = (—2)° —2(—2)* — 6(—2) + 4 = 0, then P(x) has z+2 as a factor.
From (2’ — 2x° — 6x +4) + (x +2) = 2 — 4x + 2, we get

(a* — 22" — 6z +4) = (T +2)(z° — 4z +2) (z +2)(z* — 4z + 2)

(2) 22 —b52> —x+1
Let P(x) = 2x° — 52" —x +1.
1

1) 1) 1
2 2 2 2
From 22° —5x* —x+1)+ (2x+1) = 2> —3x + 1, we get
2z’ -5’ —x+1)=2x+1)(x* —3x+1)

Since P +1 =0, then P(x) has 2x+1 as a factor.

2z +1)(x* —3x+1)
(3) 22 +a* —5x+2
Let P(x) =22 +x* — 52 +2.
Since P(1)=2-1*+1*—5.1+2 = 0, then P(x) has £—1 as a factor.
From (22* + &> —5x +2) + (x —1) = 22* + 3x — 2, we get
20 + 2 —5x+2=(x—1)(22* + 3 — 2)
=(x—1)(x+2)(2x—1)
(x—1)(x+2)(2x —1)

Find the value of the constants @ and b such that az® — 3z” + bz — 3 is divisible by 2> —2x — 3.
Let P(x) = ax® —3x* + bx — 3.
Since ©° —2x — 3 = (x + 1)(x — 3), the conditions for P(x) to be divisible by
z’ — 2 — 3 are that P(x) has +1 and x—3 as factors. Therefore, from P(—1)=0,
P(-1)=a(-1)°’-3(-1+b(-1)—3=0,—a—b—6=0,a+b=—6...(i)
Also, from P(3)=0,
PB3)=a-3—3-3°+b-3—3=0,2Ta+3b—30=0,9a+b =10...(ii)
Therefore, solving for (i) and (ii), gives us a=2 and b=—S8.

a=2, b=—8

7.Formulas and Proofs 18
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EXTRA Info.

Use the scientific calculator to find the value of a function to use with the remainder
theorem and factorization.

XERCIS

I
[
il

@ Solve each of the following problems.
(1) Find the remainder of &* —4x* + 2 + 6 divided by T +2. Also, factorize &° — 42> + 2 +6 .
Let lw)=2" —42° + T +6.
From the remainder theorem, the remainder of flzx) divided by & + 2 is f{—2), so from fl—2)=—20, the remainder is —20
From the factor theorem, since fl—1)=0, f{2)=0, and f(3)=0, the 3rd order flz) has 241, z—2, and £—3 as factors.

Therefore, flz)=(a+1)(2—2)(2—3)
Remainderis —20, ( +1)(z — 2)(x — 3)

(2) Factorize 22 — 92> + 10z — 3.
Let g(x)=22" —92* +10x — 3.

1 1
From the factor theorem, since 9[5] =0, g(1)=0, and ¢(3)=0, the 3rd order g(x) has * — 3 2—1,and 2—3 as factors.

g(x)=2x" —92* + 10z — 3 =2|T —% (z—1)(z—3)=(22—1)(2—1)(x—3)

2x—1)(x—1)(x—3)

Press @), select [Table], press @), then clear the previous data by pressing (D
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press
After inputting f(x)=2’ —42” + x + 6, press @

vot &
flx)=x’—ax’+x+E

In the same way, input g(x)= 22" —92* + 10x — 3. B
Y, input g(2) g (x)=2x°—9%7+10%—3

Press €9, select [Table Range], press
After inputting [Start:—3, End:3, and Step:0.5), select [Execute], press @9

Vot &
Table Range
Start:-3
End :3

L2 5]
i flma 1) i flmh iz i flma L¢3 4 Tl )
1 | I -EO0| -16B 5 I Lo = -z4 9 4 [ 11 2 ] -3
2l -2.5[-37.12[-115.5 6 -0.5| 4.375| -10.5 10 1.5] 1.875] -1.5 12|  2.5|-0.875 -3
3 E2 -75 7 a 3 -3 11 z 0] -3 13| - o Co
al -1.5[-7.875 -45 g 0.5 5.625 (v 12l 2.5]-0.875 -3 14
-3 -1 1
Press ® @), scan the QR code to display a graph. L
f(x)=x*-4x’+x+6
g(x)=2x" - 9x*+10x - 3 /
1.00 ,0.00 ) \( 2,00.,19.08.00 /0700
o—e——e——g¢ —

| (0807 0.00)] 100, 0.00%
g 0.0

From the table and graph, we can confirm that the solution to the equation fla)=0is x=—1, 2, and 3, and the solution to

1
the equation g(x)=0is 1:5 ,1,and 3.
7. Formulas and Proofs 19



PRACTICE

@ Solve each of the following problems.

(1) Find the remainder of &* —2x* —x + 2 divided by 2—3. Also, factorize ** — 2% —x +2.

Let lz)=2° — 22> — ¢ + 2.
From the remainder theorem, the remainder of f(z) divided by z—3 is f(3), so from
f(3)=8, the remainder is 8
From the factor theorem, since f{—1)=0, f(1)=0, and f{(2)=0, the 3rd order f(x) has
x+1, x—1, and x£—2 as factors.
Therefore, f(z)=(x+1)(z—1)(z—2)

Remainderis8 and ( +1)(x —1)(x — 2)

(2) Factorize 22 —7x* +2T+ 3.

Let g(x)=2x° — T2’ + 22 + 3.

1
From the factor theorem, since g 5 =0, g(1)=0, and g(3)=0, the 3rd order g(x)

1
has  + E'm_ 1, and x—3 as factors.

(z—1)(z—3)=(2z+1)(z—1)(z—3)

1
T+
2

g(x)=22" — T2’ + 22+ 3=2

2x+1)(x—1)(x—3)

7.Formulas and Proofs 20



Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press ¢, select [Define f(x)/g(x)], press @, select [Define f(x)], press

After inputting f(x)=2° — 22> — T + 2, press &

In the same way, input g(z)=2x" — 72* + 22 + 3.

Press (), select [Table Range], press

ot
Flxy=n—2x?—x+2

ot
gy =2x -7 +2x+3

ot [
Table Range

. . Start:-3
After inputting [Start:—3, End:3, and Step:0.5], End :3
Step :0.5
select [Execute], press
=F| ot [ o [
Ed fixd LS E fimd aixd Ed fimd ES fimd L)
1 -40 -120 = -] -8 9 11| -3
2 -2.5| -23.62 =77 = 0.5 1.875 g 10 1.5 -0.E25 12 2.5 2,623 -4.5
3 -z -1z -45 7 [u} z ] 11 z 12 2 g
4 -1.5]-4.275] -22.5 = 0.5 1.125 2.5 12 2.5 Z.E2S 14
-3 -1 2
Press (® (1), scan the QR code to display a graph.
l f(x)=x"-2x*-x+2 |
H g(x)=2x>-7x*+2x+3 Se
,;52\\ ;womo®>f
(-1.00 ,0.00) | I ¢1.00,0.00) / [
I -0.50,0.00) <Xé”“ <U(3oofooo
/1 \ /
\‘\ /

From the table and graph, we can confirm that the solution to the equation f(z)=0is

1
x=—1, 1, and 2, and the solution to the equation g(z)=0is z=— Y 1,and 3.
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Identities /

TARGET To understand the meaning and nature of identities.

\
\\\

STUDY GUIDE

Identities

Equalities, which we call equations, are only true for a specific value of . For example, the linear equation £+2=5 is only
true if 2=3. In contrast, the equality (z + y)(z —y) = * — y* is true for any value assigned to zand ¥. In this way, an
equality that is true for any value assigned to the letters in it is called an identity for those letters.

( )

(1) az*+bx+c=a’x*+b'z+cisanidentity for x
< a=a\b=b,c=c

(2) ax’+ bx + c = 0 is an identity for

— a=0b=0c=0
L J

RERCIS]

lan
iyl
L

@  Find the values of the constants @, b, and ¢ such that the equality 32* + 42 —2 = a(z + 1) + b(z +1) + ¢ isan
identity for .
Expand the right side and arrange xin descending order of powers.
From a(z® +2z2+ 1)+ bx +1)+c=ax’+2ax+a+br+b+c=ar>+Q2a+bx+a+b+ec,
32° +4x—2=ar’+2a+b)x+a+b+c
Since this equality is an identity for , compare the coefficients of terms of the same degree on both sides. This method is

called the coefficient comparison method.

3=a
Solving the simultaneous equations { 4 =2a+b  givesus @ =3,b =—2¢c=—3.
—2=a+b+c

a=3b=-2c=-3

PRACTICE

@ Find the values of the constants a, b, and ¢ such that the equality —2* + 4z +7 = a(z —1)* + b(x —1) + ¢ isan
identity for .
Expand the right side and arrange in descending order of powers.
From a(z’ —2x+1)+b(x—1)+c=ax’+(—2a+b)x+a—b+c,
— ' +4x+7=ax’+(—2a+b)x+a—b+c
Since this equality is an identity for o, compare the coefficients of terms of the same
degree on both sides.

—1=a
Solving the simultaneous equations { 4= —2a+b givesus a = —1,b = 2,¢ = 10.
T=a—-b+c

a=—-1,b=2,c=10
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How.to determine constants in identities

TARGET To understand how to substitute numerical values to determine the constants in an identity.

\s
\

STUDY GUIDE

How to determine constants in identities

Identities are always true for any value assigned, so we can determine the constants by assigning values that are easy
to calculate. This method is called the value substitution method. When doing this, only the necessary conditions are
satisfied, so we need to reverse it to confirm the sufficient conditions also.

, \ G

(1) Substitute some values for zon both ' Bample P e Y

sides of the equation. " method does not hold

(2) Solve with simultaneous equations, and ' a(at1)=1
;
0
0
0

determine the value of the constants. If =0, then a=1, but when =1,

(3) Confirm that the equality is an identity. we see that a=1is not true.
L J

=> Not an identity.

EXERCIS|

L

@ Find the values of the constants @, b, and ¢ such that the equality 22° — 142 +15 = a(z — 2)* + b(z —2) + ¢ isan
identity for .
To make the calculation easier, substitute a value for zsuch that z—21is 0, 1, and —1, specifically, substitute =2, 3,and 1
for & on both sides.
Substitute =2, s0that 2-2* —14-2+15=a(2— 2 +b2—2)+c,~5=c ...(i)
Substitute z=3,sothat 2-3* —14-3+15=a(3 -2 +b(3—-2)+¢,—-9=a+b+c ...(ii)
Substitute z=1,sothat 2-1* —14-1+15=a(1 -2 +b(1—-2)+¢,3=a—-b+c ...(iii)
Use simultaneous equations to solve (i), (ii), and (iii) to get @ = 2,b = —6,¢ = =5
When this value is substituted into the equation, the left and right sides become equal, so it is an identity.

a=2b=—6c=-5

PRACTICE

@ Find the values of the constants @, b, and ¢ such that the equality 2> + 22 + 8 = a(z +2)* + b(x +2) + ¢ isan
identity for .

To make the calculation easier, substitute a value for xsuch that x+2is 0,1, and —1,
specifically, substitute T=—2, —1, and —3 for £ on both sides.
Substitute z=—2, sothat (—2)° +2(—2)+8 =a(—2+2)*+ b(—2+2)+ ¢,8 = c...(i)
Substitute x—=—1, so that
(—1)*+2(-1)+8=a(—1+2+b(—-1+2)+c,7=a+b+c...(ii)
Substitute x——3, so that
(—3)+2(—3)+8=a(—3+2)+b(—3+2)+c,11=a—b+c...(ii)
Use simultaneous equations to solve (i), (ii), and (iii), toget a = 1,b = —2,¢c = 8.
When this value is substituted into the equation, the left and right sides become equal,
so it is an identity.

a=1b=—-2,c=8
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Proving equalities

TARGET To understand how to prove equalities.

STUDY GUIDE

How to prove equalities

To prove that A=B, we have 3 methods, that we use separately according to the problem.

r

\

(1) Transform the more complex of A and B, then derive the other one.
(2) When both A and B are complex, transform both to derive the

same expression C.
(3) Transform A— B toshow A— B=0.

N

Proving equalities that have conditional expressions

(1) Solve conditional expressions for 1 letter.

(2) Substitute the expression from (1) into the left and right sides to eliminate 1 letter.

(3) Transform the expression from (2) to show the expressions are the same.

Proving equalities when conditional expressions are fractional expressions (proportional expressions)

(1) Let fractional expressions and proportional expressions be k.

(2) Transform the expressions from (1) and substitute for the left and right sides to eliminate a letter.

(3) Transform the expression from (2) to show the expressions are the same.

EXERCIS|

L

@ Solve the following equalities.

(1) 2°+y’ =(@+y’ —3zylx+y)

[Proof]

(Right side) = 2* + 32y + 3zy” + v* — (3x°y + 3xy°) = x° + y* =(Left side)
Therefore, (Left side)=

(Right side)

(2) Whena+b+c=0,weget (a+b)’+(b+c)+b>=-2ab+bc+ca)

[Proof]

Froma+b+c=0,weget c=—(a+0b)

(Leftside)=(a+ b +{b—(a+b)} +b* =a*> +2ab+b* +a* +b* =2a° +2ab + 2b
(Right side) = —2{ab — b(a + b) — (a + b)a} = —2(—b*> —a’ — ab) = 2a* + 2ab + 2b°

Therefore, (Left side)=

(Right side)

. ad+bc _a+c

_ bdk+bdk _ 2bdk _

obd  b+d

=k, then a = bk,c = dk

k

(Left side) =

(Right side) =

2bd
bk+dk _ (b+d)k

2bd

—k

b+d

b+d

Therefore, (Left side)=(Right side)
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PRACTICE

@ Solve the following equalities.
(1) Bzx+yy’—0Br—y) =12zy
[Proof]
(Left side)= 9x* + 62y + y° — (92 — 62y + y*) = 122y =(Right
side)
Therefore, (Left side)=(Right side)

(2) @n+17+@2n° +2n) =20 +2n +1)
[Proof]
(Left side)= 4n’ + 4n + 1+ 4n’ +8n’ + 4n’
=4n' +8n’ +8n’ +4n +1
(Right side)= 4n' + 4n’ + 1+ 8n’ + 4n + 4n’
=4n' +8n° +8n° +4n +1
Therefore, (Left side)=(Right side)

(3) Whenz+y+2z=0,weget 2’ +y* +2° =-3x+1y)(y+2)(z+x)
[Proof]
Fromz+y+2z=0,weget z=—(x+vy)
(Left side)= =’ + ¥’ + {—(x +y)}’
=z’ + vy’ — (* + 32’y + 3zy* + v°)
=2’ +y’' — 2 —3x'y —3xy’ — ¢’
= —3z°y — 3zy’
(Right side)= —3(x + y){y — (x + y) H{—(x + y) + =}
= —=3(z+y)(—z)(-y)
= —3z’y — 3xy’
Therefore, (Left side)=(Right side)

5a—3b  5a+3b

4) When a:b=c:d, weget =
@ 9 5c"3d  setad

[Proof] 0 e
Froma,:b=c:d,thenifweletEZE:k:,weget
a=>bk,c=dk
(Left side) = 5bk—3b _(5k—3)b _ b
S sdk—3d ~ (5k—3)d d
5bk+3b (5k+3)b b
(Right side)= ~3b _ (Bk+ =

sdk+3d  (5k+3)d  d
Therefore, (Left side)=(Right side)
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e
Proving inequalities /
To understand how to prove inequalities.
STUDY GUIDE

How to prove inequalities
To prove the inequality A> B, we subtract B from A and transform the expression to show it is greater than 0.
Proving inequalities that have root signs and absolute values

When 2 expressions A and B have radical signs or absolute values, use the following property to prove that A>B.

[WhenAZOandBZO,then A>B < Azszj

Relation between arithmetic mean and geometric mean

a+b is called the arithmetic mean of aand b, and when a>0 and b>0, then vab is

For 2 real numbers @ and b,

called the geometric mean of aand b. The arithmetic mean and geometric mean have the following relation.

a+b
When a>0 and b>0, then B >+ab (formingan

equality when a=>0)

Given a>0and b>0, we get a—;b —ab = %(a —oJab +b) = %{(\/5)2 —oJab + (\/5)2} = é(\/a—\/g)z >0

Therefore, @ ;_ b > \/E

So, we have an equality \/g - \/5 =0, that is to say when we get a=b.

RERCIS|

i
L1
1

@  Solve the following inequalities.
(1) a®+4b>>4ab
[Proof] @ +4b”> — 4ab = (a — 2b)* >0
Therefore, a’ + 4b*> >4ab

So, we have an equality a—2b=0, that is to say when we get a=2b.

(2) When a>0and b>0, 2Ja + 3vb > \4a + 9b
Proof]  (2¥a +3vb)? — (aa + 9b)* = 4a +12Jab + 9b — (4a + 9b) = 124ab > 0
Therefore, (2\/5 + 3\/5)2 > (\/M)2
From 2va + 3vb > 0,\/4a + 9b > 0, we get 2va + 3b > 4a + 9b
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(3) When a>0, then a—I—l a+g >16
a a
[Proof] (Ieftside)=a2+a~g+l~a+&:a2+i+10
a a a2 a?

9 . ) . . 9
From a>0, we get a’ > O,—2 > 0 so from the arithmetic mean and geometric mean relation, a’ + -2
a

[, 9
2,/a” - — =2-3=6
a

at= :
a

9
Y+ +10>6+10=16
a

at+=|=a

Therefore,
a

So, we have an equality a* = % , that is to say from a>0, when @ = \/g
a

PRACTICE

@ Solve the following inequalities.

(1) When a>b>1,then a’b —ab’ > ala —1)—b(b —1)
[Proof]
From a>b>1, then a—b>0anda—1>0and b—1>0, so
a’b —ab® —{a(a —1) —b(b—1)} =a’b —ab® —(a* —a —b* +b)
=abla —b) —(a +b)(a —b) +(a —b) =(a —b)(ab —a —b +1)
=(a—b)(a—1)(b —1)>0
Therefore, a’b — ab® > a(a —1) — b(b—1)

(2) |a+bl<|al+]|b|
[Proof]
(|a|+|b|)’*—|a+bf =|al’+2|al|b|+|b] — (a*+2ab+b?)
= a’+2|al|b|+b* — (a*+2ab+b*) = 2(|ab] — ab) >0
Therefore, (|al+|b])’ >|a+bf’
From |a+b|>0and | a|+|b|>0, then |a+b|<|a|+| b|
So, we have an equality |ab|=ab, that is to say when ab>0.

(3) When a>0and b>0, then [1 + b][1+ 7 >4
[Proof]
(Left side)=1+ = -I—b-|-g a _ __|_2_|_2

baabba

b
From a>0 and b>0, we get E > 0,— > 0 so from the arithmetic
a

mean and geometric mean relation,

a b b
—+— >zﬁ-——24:2
b b a

Therefore, |1 + 2 1+ al=a + 2 +2>24+2=4
a b] b a
.a _b :
So, we have an equality — = —, that is to say from a>>0 and >0, when a=>.
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EXTRA Info.

Use the scientific calculator to confirm that equations and inequalities hold.

EAENCIOE

':' @ Use the scientific calculator to confirm that the following equations and inequalities hold.
(1) a*+b* =(a+b)’ —3abla+b)
a’+b° =(a+b)’—3abla+b)=(a+b)’ —3abla+0b)—(a®+b°)=0
Therefore, we simply need to confirm that the right side — the left side =0 (or, the left side — the right side =0).

Press @), select [Calculate], press ™ a
Statistics  Distribution

= xy=0
Spreadsheet  Table  Equation

Input (A + B)* —3AB(A 4+ B) —(A® + B?).

Vir

COOPO®OODOPOI®O®OO®@D®E O |<A+B>*-3AB(A+B)-(»
CIOIOIOISIOISICIOIOISIOION0;

Use the VARIABLE function to assign any values to A and B.

i — e _ | I
(Example) To input A=13 and B=—28 -1 — {A+JEE)3—3AEI -
DOP®OODE® O® |,
] 0
We can confirm (A + B)* —3AB(A 4+ B) — (A® + B®) = 0 using any values, so we can verify the validity of
a’ +0° = (a+b)* —3ab(a 4 b) holds. You may want to verify other examples.
(2) (ac+bdy <(a® +b*)(c* +d*)
(ac+bd) <(a’ +b*)(c* +d*) & (ac+bd) —(a® +b°)(c* +d*) <0
Therefore, we simply need to confirm that the left side — the right side <0 (or, the right side — the left side > 0).
Input (AC + BD)* —(A” + B*)(C*+D?).
|F] I
OCOHO®ODOEOE®OO®@ (AC+BD>2—(A?+B?) (]

QO®O@PBEO@OOD®O@DO®O@ O

Use the VARIABLE function to assign any values to A, B, C, D.

(Example) To input A=5, B=—3, C=—4, and D=9
BO®OOO®OOO®OO® O

m
[55)

|F] &
¢AC+BDY -(AZ+B%) (1=

=
=
| I

OO e

FEEERIES
[T T T T

o R I T R |
= T

-1089

We can confirm (AC + BD)? — (A® + B*)(C”* + D?) <0 using any values, so we can verify the validity of
(ac+bd) <(a® +b*)(c* +d*) holds.You may want to verify other examples.
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PRACTICE

@ Use the scientific calculator to confirm that the following equations and inequalities hold.

(1) (@a=b) =(a+0b) —4ad

Use the scientific calculator to confirm (a, b)) =(a+b)} —4ab®

(a+ b)’ —4ab —(a —b)’ =0 (or (a — b)’ —{(a + b)’ — 4ab} = 0).
Press (©), select [Calculate], press

Input (A + B)’ — 4AB — (A — B)’,

ODAPDEOO@ODD®D DG |atsr’-ana-(a-8)°
OO®OO®EO®

Use the VARIABLE function to assign any values to A and B.
(Example) To input A=—17 and B=23

ot &
(A+BY°—4AB—¢A-B}?

QOO0®BOQR® O

FEERIEES
oo
{m e o o

0

We can confirm (A + B)® — 4AB — (A — B)? =0 using any values, so we can verify
the validity of (¢ — )’ = (a + b)’ — 4ab holds. You may want to verify other
examples.
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2’ 45T+ 4
———>9

(2) When >0, then

r+5r+4 4+ 5r+4
Use the scientific calculator to confirm >9& —9>0

x
' +5x+4
(or9— T rsrad <0).
Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press ¢, select [Define f(x)/g(x)], press @, H‘F’} R ASxta .
)=
select [Define f(z)], press *
T’ +5x+4
After inputting f(x)= % —9, press €
Press ¢, select [Table Range], press Table Range
After inputting [Start:1, End:4, and Step:1], Eod " ia

select [Execute], press €

P i |
o

L1}

2
3
4

Press ® (), scan the QR code to display a graph.

fims
1

o
0.3333
1

cxd

ERRCOR
ERRCOR
ERRCOR
ERRCOR

1
2
3
4

From the graph, we can confirm the

above function. 12
Furthermore, we can also see that the

equality holds at z=2.

7.Formulas and Proofs 30



EXTRA Info.

Use the scientific calculator to infer a general rule from concrete examples.

EREREISE

—

o

When a> \/5 , determine the magnitudes of the following 3 numbers.

a 1 a+2
S 2t
2 a'a+1

Use the Table function in the scientific calculator to input specific values to infer the magnitude relationship.

Press @), select [Table], press @), then clear the previous data by pressing (D
Press €, select [Define f()/g(x)], press @), select [Define ()], press

r 1
After inputting f(x)= 5 + 5 press €@

L2
x,1
Fly=%+_
2 x
C=2F)
xt+2
(xd="_+
. x+1
4 Tl )
1 1 1.5 1.5
2(1.4182(1.4142(1.4142
3 2 51,3333
o 18333 1,25

inth input g(2)= 1=
n the same way, inpu = .
YR e 1
Move to row xline 1. LI
1
After inputting [1:1, 22: {/(2) , 23:2, and 24:3] respectively, §
press &
Press ® @), scan the QR code to display a graph. e
fx)=3+%
+2
g(X) = §+ 1

a+2 a 1
T <ty
a+1 2 a

From the table and graph, when a> \/5 , we can infer that

Furthermore, from here we can prove the above inference.

R 112 14 16,18 2 22 2%

ﬁ_a+2:\5(a+1)—(a+2) (2-na-@-V2) _ (2-Da-22-1)_ (2-1@—+?) 0

a+1 a+1 a+1 a+1

a-+2
Therefore, \/5 > a—L (a> \/5)

a—+1

a 1 a 1 a 1
Regarding By and 7 from the relation of the arithmetic mean to the geometric mean, we get Py + 22 2 3 =

a 1
We can derive the equal sign when 5 = 5 , thatis to say a= \/5 , but we cannot derive it when a> \/5 }

a 1
Therefore, 5 + E > \/5

a—+2
a+1

a 1
This gives us < \/5 <§ + 4

V2.

a
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OTHER METHODS

There is also a method to infer magnitude relationships by using the Spreadsheet function in the scientific calculator.

Press @), select [Spreadsheet)], press @), then clear the previous data by pressing (O -
= Ll
Calculate  Statistics  Distribution
Xy=0
Table  Equation

After inputting [A1: \/(?) JA2: \/@ JA3: J@,and A4:(6) | respectively,
press @), move to [B1].

-I-J

Press €9, select [Fill Value], press
After inputting [Value: \/@ ], press @
After inputting [Range:B1:B4], press @), select [Confirm], press @), move to [C1].

|F]
Fill Value
Value :v (2}
Range :B1:B4

Fill Formula

)
mmmmi
= |

el

Edit Cell
Available WMemory

Press €9, select [Fill Formula), press

Al 1
After inputting [Form= o + o ], press €9

After inputting [Range:C1:C4], press ®, select [Confirm], press @), move to [D1].

|F]
Fill Formula
Fill Value Form =A122+114A1
Edit Cell Range :C1:C4
Available WMemory

i
- 21,4433
- Z 1.2

2[1.5692] |
Z[1. 6523 I

PR P

Press €9, select [Fill Formula), press

Al+2
After inputting [Form=ﬁ ], press @9

After inputting [Range:D1:D4], press @, select [Confirm], press

|F|
Fill Formula
Form ={A1+2>1{(A1
Range :D1:D4

From the calculated results, we can confirm that the value in column D < the value in column B < value in column C for
all the values in column A =\/§, \/Z \/g,and \/E

a—+ 2
a+1

a 1
Therefore, when a>\/§,we can infer <\/§ <5+E'
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xx When 0<a<b, a+b=1, determine the magnitudes of the following 3 numbers.
Ja+b b—a Nb-a

Use the Spreadsheet function in the scientific calculator to input specific values to infer the magnitude relationship.

Press @), select [Spreadsheet], press @), then clear the previous data by pressing (O
After inputting [A1:0.1, A2:0.2, A3:0.3, and A4:0.4] respectively, press @, move to [B1].

After inputting [B1:0.9, B2:0.8, B3:0.7, and B4:0.6] respectively, press ®, move to [C1].

Press €9, select [Fill Formulal, press

After inputting [Form=+/(B1) — /(A1) ], press &
After inputting [Range:C1:C4], press @, select [Confirm], press @), move to [D1].

E]
Fill Formula : W‘
Fill Value Form =v¥{B1)—-v{A1l : 0.5(0.4472

Edit Cell Range :C1:C4
Available WMemory

Press €9, select [Fill Formulal, press
After inputting [Form= /(B1 — A1) ], press @
After inputting [Range:D1:D4], press @9,

E]
Fill Formula

select [Confirm], press Eg;g’le =B’§Bazﬁ1)

o
11 o~

0. 6324 m!‘
0.447210. 7745

0. 2859[0. 6324 |
0. 142110, 4472]

Y (B1-A1>

oo o

From the calculated results, we can confirm that the value in column C < the value in column D<1 for all the values in
column A=0.1,0.2,0.3,and 0.4.

Also, since m =\/I =1, we can infer that \/5 — \/E < ﬂ <Ja+b.

We can prove that this inference holds when 0<a<b, a+b=1.

From 0< \/B — \/5 ,0< \/ﬂ ,and 0< m , compare the square of each expression.

(Wo—a) —(b—ay =b—a—(b-20Va +a) = 2Ja\b - a) = 2Ja (b —a) >0

Therefore, from (\/ﬁ)2 > (\/5 - \/5)2 weget vb—a >b —a

Wa+b) —Wb—a)P =a+b—(b-a)=2a>0

Therefore, from (va +b)* > (Vb—a) weget Na+b>Vb—a

This gives us \/5—\/5<\/m <\/m
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PRACTICE

When a> \/g , determine the magnitudes of the following 3 numbers.

a 3 a+3
Bt an
Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press ¢, select [Define f(x) /g(x)], press @), after inputting [Define f(z)], press

z 3
After inputting f(x)= 7 + oy select 9

r+3

In the same way, input =
way, input g() o

Move to row zline 1.
After inputting [z1:/(3), 22:/(4) , 23:{/(5) , and z4:/(6) ] respectively, press €
Press ® (), scan the QR code to display a graph.

] ot

_x, 3 —x+3
'F(x)—4+x g{x) Py f(X)=§+§
4 X
|
X —
— g( ) X+1
;lﬂxﬂé 5(’1%3 I?gfég (3.46,1.73)
e L -
1.732050808 (1.73,1.1(37

a+3 a 3
From the table and graph, when a> \/g, we can infer -1 < \/g SZ + a

We can prove that this inference holds when a> \/5 .

J5_at3_ Ba+1)—(a+3) (V3-1)a—(3-13)

a+1 a+1 a+1

_(BB-1a—V3(y3-1) _ (B-1)(a=3)_,
a+1 a+1
Therefore, V3 >a_—|—3
a+1

a 3 . . . . .
For n and —, the relationship between the arithmetic mean and the geometric
a

a 3 a 3
meanis —+—=2 —-—=\/§
4 a 4 a

a 3
We can derive the equal sign when 1 - a7’ thatis tosay a = 2\/5 .

a 3
Therefore, Z + E > \/5

a+3 a 3
This gives us <\/§s—+—
a-+1 4 a
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Press @, select [Spreadsheet] press then clear the previous data by pressing (O

After inputting [A1:4/(4) , A2: \/7 A3:/(6), and A4:./(7) ] respectively, press €@,

move to [B1]. —

Press ¢, select [Fill Value], press %:éiéf

After inputting [Value:/(3) ], press €
After inputting [Range:B1:B4], press &9, select [Confirm], press @), move to [C1].

|F]
Fill Value
Value :+¥(3)
Range :B1:B4

bl Z.726] 1.732
2, 4494 1,722
Wz, 6457 1, 732]

1.732050808

Press ¢, select [Fill Formula], press
After inputting [Form= % + %], press €9
After inputting [Range:C1:C4], press ), select [Confirm], press @, move to [D1].

F] F]
Fill Formula m—m '
Form =a4114+3.141 7,236 1.732|1.9006
Range :C1:C4 2282
=A1a4+3041

Press ¢, select [Fill Formula], press

After inputting [Form:%], press €9
After inputting [Range:D1:D4], press €9, select [Confirm], press @8

Fill Fnrmula %qﬁf
Form ={A1+3>1(A1 24333 ¥32[1.9006] 1.618

?32 1. 8271 [1.5797]
Range :D1:D4 1.7953 | 1.5485 |

(A1+3)J(A1+1)

From the calculated results, we can confirm that the value in column D < the value in
column B < value in column C for all the values in column A =\/Z, \/g, \/E, and \/? .

3 a 3
<3242
1 a

a+
Therefore, when a> \/g, we can infer -1
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m°|:|
o
2

When 0<a<b, and a+b=1, determine the magnitudes of the following 3 numbers.

%,a2+b22ab

Press (©), select [Spreadsheet], press @, then clear the previous data by pressing (O
After inputting [A1:0.1, A2:0.2, A3:0.3, and A4:0.4] respectively, .
press @, move to [B1].

-I-J

o fom ) o]
£ | P —

After inputting [B1:0.9, B2:0.8, B3:0.7, and B4:0.6] respectively,
press @, move to [C1].

o L] Do} o ]
2|00 | P [—

Press (), select [Fill Formula], press
After inputting [Form= A1* + B1°], press ©
After inputting [Range:C1:C4], press @, select [Confirm], press @, move to [D1].

F] |F]
Fill Formula 0_1w4
Form =A12+B12 0.2 0.3] D.EE
Range :C1:C4 e
=A12+B1

Press (), select [Fill Formula], press
After inputting [Form=2A1B1], press €9
After inputting [Range:D1:D4], press €9, select [Confirm], press

|F] |F]
Fill Formula g o
Form =2A1B1 0.2 0.8 0.68] 0,32
Range :D1:D4 T R T T T T
=2A1B1

From the calculated results, we can confirm that the value in column D <0.5<C for
all the values in column A=0.1, 0.2, 0.3, and 0.4.

1
Therefore, we can infer 2ab< P <a’®+b’.

We can prove that this inference holds when 0< a< b, a+b=1.
From a+b=1, we get b=1—a then substitute this into a<b for a<1—a, so we can

1

ta< -
ge 9
This means that ,
1—2a,b:1—2(1,(1—0,):20,2—20L+1:2 a,2—a,+1 —9la—1 >0
2 2 2 4 2

1
Therefore, 3 >2ab
2

Also,a2+b2—%=a2+(1—a)2—%:2a2—2a+%:2 a—% >0

1
Therefore, a* + b* > 5

1
This gives us 2ab< B <.a’+ b’

7.Formulas and Proofs 36
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