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Introduction

These teaching materials were created with the hope of conveying to many teachers and students the appeal of
scientific calculators.

(1) Change awareness (emphasizing the thinking process) and boost efficiency in learning
mathematics
* By reducing the time spent on manual calculations, we can have learning with a focus on the thinking process
that is more efficient.
e This reduces the aversion to mathematics caused by complicated calculations, and allows students to
experience the joy of thinking, which is the essence of mathematics.

(2) Diversification of learning materials and problem-solving methods
e Making it possible to do difficult calculations manually allows for diversity in learning materials and problem-
solving methods.

(3) Promoting understanding of mathematical concepts
e By using the various functions of the scientific calculator in creative ways, students are able to deepen their
understanding of mathematical concepts through calculations and discussions from different perspectives than
before.
e This allows for exploratory learning through easy trial and error of questions.
e Listing and graphing of numerical values by means of tables allows students to discover laws and to understand
visually.

Features of this book

e As well as providing first-time scientific calculator users with opportunities to learn basic scientific calculator
functions from the ground up, the book also has material to show people who already use scientific calculators the
appeal of scientific calculators described above.

® You can also learn about functions and techniques that are not available on conventional Casio models or other
brands of scientific calculators.

e This book covers many units of high school mathematics, allowing students to learn how to use the scientific
calculator as they study each topic.

e This book can be used in a variety of situations, from classroom activities to independent study and homework by
students.

xy=0
Table  Eguation

(X 28101
Inequality ~ Complex

Better Mathematics Learning
with Scientific Calculator




Structure

Quadratic functions /
To understand the concept of functions. /

STUDY GUIDE

Functions

Definition of a function

For 2 variables, zand ¥, if the value of Zis determined and if just 1 corresponding value of ¥ is determined, then we say
that yis a function of .

Functions

B Givena=2 = 2+1)| = Wecan determine y=3

How to describe functions

When yis a function of 2; generally y is expressed as flz) or g(z). Furthermore, in the function y=f(2), then when 2=a,
the value of yis expressed as fla).

In the function flz)=3a+3, when =1, then when fl1)=3x1+3=6 and 2=>5, then we get fl5)=3x5+3=18.
Linear functions & Quadratic functions

When yis expressed as a linear equation of , ¥ is called the linear function of &, which is expressed as follows.

y=ax+b (a=0)

When yis expressed as a quadratic equation of &, ¥ is called the quadratic function of @, which is expressed as follows.

[y =azx’+bx+c (a¢0))

[T For the quadratic function f(z) = 3x* + 2 + 6, find the various following values.

(1) flo) (2) f)
f0)=3-0"+2-0+6=6 fH=31+2-146=11
6 1
(3) fi-1) (4) fl109)

JED =3 (-1 +2-(-D)+6=7 f(109) = 3-109° +2-109 + 6 = 35867

7 35867
Use the FUNCTION function to calculate the value of f{z).

Press @), select [Calculate], press @

Press @, select [Define f(z)], press ®@ @ @@ @@ ® @ ©® @

w
i A Fex) (%) =3x°+2%+6
g Statistics  Distribution 8L{x)

EE  xv=o
Spreadsheet  Table  Equation Define g{x)

PRACTICE
E [I  Forthe quadratic function f(z) = —2a* + 4 + 5, find the various following values.
(1) flo) (2 f2)
f(0)=—2-0"+4-0+5=5 f(2)=—-2-2"+4-245=5
5
3) f-3) (4) fi52)
f(=3)=—2-(—=3+4-(=3)+5=—25 f(52) = —2-52* +4-52+5 = —5195
—25 —5195

ADVANCED

[3]  We know that when an object is thrown vertically upward from a height of 0 m at a velocity of vm/s, the relation
between the height ¥ m of the object and the time & seconds since it was thrown is y = —4.9z° + vx. So, when a
ball is thrown vertically from a height of 0 m at a velocity of 9.8 m/s, find the time it takes to reach the highest point
and the height of that highest point. Note that the air resistance can be ignored.

Yy =—4.92" +9.8¢ = —4.9(x’ — 2x) = —4.9{(x — 1)’ — 1’} = —4.9(x — 1)’ + 4.9
Therefore, the graph of this function is convex upward, the axis is =1, and the
vertexis (1, 4.9).
Thus, the ball takes 1 second to reach its highest point, and the height of that
highest pointis 4.9 m.

1second, 4.9 m
Press ©), select [Equation], press
Select [Polynomial], press @), select [ax*+ bx+ c), press
PELOOBOLOE®O® @
(aﬁ‘aze Slim Dkfﬁiun [

- :
Simul Equation las2sbiec.
ax=+bx+Cxtd -Tiser o0 omm—

= X Solver axs+bx3+cx2+dx+e

Spresdshest  Table IR [i]

@ © @ Press ® @), scan the QR code to display a graph.

al PG &l 3 o
Hax of y=ax2+bx+c| Max of y=ax2+bx+c
x= y=

43
1

1

- TARGET

Students can identify the objective to
learn in each section.

STUDY GUIDE

Mathematical theorems and concepts
are explained in detail. A scientific
calculator is used to check and derive
formulas according to the topic.

EAEREISE

Students learn basic examples based on
the explanation in Study Guide.

Explains how to use the scientific
calculator to solve problems and check
answers.

PRACTICE

Students can do practice problems
similar to those in EXERCISE. They
can also practice using the scientific
calculator as they learned to in Check.

ADVANCED |

Practical problems have been included
in several topics. Solutions using a
scientific calculator are also presented
as necessary.



Other marks

Simple examples on how to apply equations and theorems
Formulas and their supplementary explanations
Proofs and checks of mathematical formulas
Knowledge and information on formulas and other supplementary information in other units

OTHER METHODS Alternative solutions and different verification methods for previously presented problems

Calculator mark

°90o Where to use the scientific calculator

Colors of fonts in the teaching materials

¢ In STUDY GUIDE, important mathematical terms and formulas are printed in blue.

¢ In PRACTICE and ADVANCED the answers are printed in red.
(Separate data is also available without the red parts, so it can be used for exercises.)

Applicable models

The applicable model is fx-991CW.

(Instructions on how to do input are for the fx-991CW, but in many cases similar calculations can be done on other
models.)

Related Links

¢ Information and educational materials relevant to scientific calculators can be viewed on the following site.
https://edu.casio.com

e The following video can be viewed to learn about the multiple functions of scientific calculators.
https://www.youtube.com/playlist?list=PLRgxo9AwbIZLurUCZnrbrdcLfZdqYéaZA



How to use PDF data

About types of data

e Data for all unit editions and data for each unit are available.
e Forthe above data, the PRACTICE and ADVANCED data without the answers in red is also available.

How to find where the scientific calculator is used

(1) Open a search window in the PDF Viewer.
(2) Type in "@@" as a search term.
(3) You can sequentially check where the calculator marks appear in the data.

* Replace with

How to search for a unit and section

(1) Search for units of data in all unit editions

¢ The data in all unit editions has a unit table of contents.

¢ Selecting a unitin the table of contents lets you jump to the first page of that unit.

e There is a bookmark on the first page of each unit, so you can jump from there also.

 Index

Algebrai P! i and Linear 1

Quadratic Functions
Trigonometry
Trigonometric Functions

Exp ial and L ithmic F

Equations of Lines and Circles

Formulas and Proofs

Ad J " d Functi - 7 )
v an 2 Quadratic Functions

Complex Numbers 3 Trigonometry

Table of contents of unit Bookmark of unit

(2) Search for sections
e There are tables of contents for sections on the first page of units.
e Selecting a section in the table of contents takes you to the first page of that section.

n Algebraic Expressi and Linear Inequalities

1 | Addition and subtraction of expressions

2 | Expanding expr U}

1
3
3 | Expanding exp 5
4| Expanding expressions (3) 7
5 | Factorization (1) 10
6 | Factorization (2) 12

7 | Factorization (3) 15

8 | Factorization (4) 18

9 | Expanding and factorizing cubic polynomials 2
10 | Real numbers 2
11 | Absolute values 27
12 | Calculating expressions that include root signs (1) 32
13 | Calculating expressions that include root signs (2) 35
14 | Caleulating expressions that include oot signs (3) 40
15 | Linear lities (1) 3
16 | Linear inequalities (2) 45

17 | Simultaneous inequalities 50

Table of contents of section



\

Internal division and external division/

TARGET To understand how to find the coordinates of internal dividing points and external dividing points of
line segments.

STUDY GUIDE

Distance between 2 points on a number line

\!

On a number line, we say that when a real number a corresponds to a point P, that a is called the coordinate of that
point P, and we write it as P(a). We can express the distance between 2 points on a number line as follows.

(1) Distance from the origin O to point P(a) is OP=|a|
(2) Distance between 2 points A(a) and B(b) is AB=|b—q|

Internal/external dividing points of line segments on number lines

Let ™ and n be positive numbers.

When point P is on line segment AB, such that AP:PB=1mm:n holds, then we say M N~

that point P internally divides line segment AB into m:n, and that point P is the A P B
internal dividing point. When m=mn, then point P is the midpoint of line segment AB.

Furthermore, when point Q is an extension of the line segment AB, such that ././m—k

AQ:QB=m:n holds, then we say that point Q externally divides line segment AB A B Q

into m:m, and that point Q is the external dividing point. In the case of external division, m=n.

On a number line, for 2 points A(3) and B(11) connected by the line segment AB, we can find the coordinates of
the following points.

(1) Point P internally dividing line segment AB by 3:1

m n
The length of line segment AB is AB=[11—3|=8 ©) @
From AP:PB=3:1, the length of line segment AP is :/ \./ \. >
3 3 A(3) P(9) B(11)
AP = ABx =8X—=6
3+1 4

Therefore, since point P was moved 6 in the positive direction from point A on line segment AB, we get P(9).
(2) Point Q externally dividing line segment AB by 3:1
From AQ:QB=3:1, the length of line segment AQ is

®
o é 0 / m
3-1 2 A(3) B(11)  Q(15)
Therefore, since point @ was moved 12 in the positive direction from point A

AQ = ABX

on line segment AB, we get Q(15).
(3) Point R externally dividing line segment AB by 1:3

n

From AR:RB=1:3, the length of line segment AR is m 3
1 1 FO~, ~ T~
AR = ABX =8X—=4 T T —>
3—1 2 R(—1) A(3) B(11)

However, since AR<RB, the point R is in the negative direction from point A.
Therefore, since point R was moved 4 in the negative direction from point A on line segment AB, we get R(—1).
(4) Midpoint M on line segment AB

m n
The midpoint of line segment AB is a point that internally divides line © @
segment AB by 1:1. '/ \/ \ >
From AM:MB=1:1, the length of line segment AM is A(3) M(7) B(11)
AM = ABX ! =8xl=4

1 2

Therefore, since point M was moved 4 in the positive direction from point A on line segment AB, we get M(7).

6. Equations of Lines and Circles 1



On a number line, when 2 points A(a) and B(b) are joined by line segment AB, then m:n is internally divided by point

P and externally divided by point Q. In this case, the coordinates of P and Q are expressed as follows.

( )

Coordinates of internal dividing point P /@\/C@\. >
na + mb Ala) P(p)  B(b)
et %
Coordinates of external dividing point Q Ala) B Qlg

—na +mb
(however, m=n)
m-—n
\ J

The formula for finding the external dividing point is the formula for finding the internal dividing point, but with the n

replaced by —n.

Coordinates of internal dividing point P
AP:PB=m:n—nAP=mPB—n(p—a)=m(b—p)—np—na=mb—mp—mp-+np=nat+mb

na+mb

m+n
Coordinates of external dividing point Q (when m>n)

—(m+n)p=natmb—p =

AQ:QB=m:n—nAQ=mQB—n(q—a)=m(q—b)—ng—na=mq—mb—mqg—ng=—na+mb

—na +mb

—(m—n)g=—nat+mb—q = p—

We can get similar results when m<mn.

EAERGIS]

i

o
o

=) @ Find the coordinates of the following points on a number line, such that 2 points A(3) and B(11) are connected by

the line segment AB.

(1) Point P internally dividing line segment AB by 3:1 (2) Point Q externally dividing line segment AB by 3:1
1X3+3x11 ~1x3+3x11
3+1 3—1
) 15
(3) Point R externally dividing line segment AB by 1:3 (4) Midpoint M on line segment AB
—3><3+1><11__ Ix3+1x11
1-3 1+1
—1 7

6. Equations of Lines and Circles 2



On the scientific calculator, use the VARTABLE function to calculate the coordinates of the internal dividing point and

external dividing point.
Press @), select [Calculate], press

Input the formula for the internal dividing point (external dividing point) of line segment AB.

OOV O® O

In the same way, from the formula for the external dividing

OOV O® O®

In the same way, from the formula for the external dividing

BOOVOHOCO® O®

In the same way, from the formula for the internal dividing
BOOOOOO® O®

(1)-(3)

Press @, select [Spreadsheet], press @), then clear the

In the VARIABLE screen, from the formula for the internal dividing point, input [2=3, y=1J, and then calculate.

previous data by pressing (D

Input the data in the table on the right in order from cell A1.
After inputting [A1:3, A2:3, A3:3, and A4:1] respectively,
press @), move to [B1].

After inputting [B1:11, B2:1, B3:—1, and B4:—3]
respectively, press ®, move to [C2].

J

—+| 0|0 Ca|

B L L] L]

11

Press €9, select [Fill Formula), press @), after inputting [Form=

o)
3v+1ix
@ODOPOODOV®O®D®O | =ty
7o I ry
gfg Efg 3y+11x
E=0 F=0 xty
=3 p=1
z=0 9
point, input [2=3, y=—1], and then calculate.
— 7w ry
?fg Eig Jv+11x
E=0 F=0 xty
=3 p =1 |
=0 15
point, input [2=1, y=—3], and then calculate.
7or I Y
gfg Efg Jv+11x
E=0 F=0 xty
=1 p=-3 |
z=0 -1
point, input [2=1, y=1], and then calculate.
7o I ry
E\fg gfg 3y+11x
=0 F=0 xty
=1 p=1
z=0 7
X Input value (__),
Calculate  Statistics  Distribution output value (W)
X¥=0
PiEliEad  Table  Fquation A B C
1|30 [nm)
2| 3 || 1 |[,(9
3 3 — (2)15
NI ELEE
(B2x$A$1+A2x$BS1)
, press @ (*
(A2+B2) lp )

After inputting [Range:C2:C4], press @, select [Confirm], press
The coordinates of the internal dividing point and external dividing point are calculated in column C.

o
Fill Formula

Fill Value
Edit Cell
Available Memory

Also, move to [A1] for use in PRACTICE.

o} o}

Fill Formula . q

Form ={(B2XLAS1+A E;

Range :C2:C4 S——
=(B2X5AS1+AZX$BS 1

* How to input [$] (refer to absolute values) — Press @, select [Spreadsheet], press @), select [$], press

(@®WOLO®)

6. Equations of Lines and Circles 3



PRACTICE

@ Find the coordinates of the following points on a number line, such that 2 points A(2) and B(6) are connected by

the line segment AB.

(1) Point P internally dividing line segment AB by 4:3 (2) Point Q externally dividing line segment AB by 5:1
3X2+4X6 30 —1X2+5X6
3xarexs_ 2 30 —7
4+ 3 7 —_— 5—1
7 7

(3) Point R externally dividing line segment AB by 3:5 (4) Midpoint M on line segment AB

—5X2+3X6 _ 1X2+1x6 _
3—-5 1+1
Press ©), select [Calculate], press
= O Iy
2y+6x
BODODO®OVD®OD®O| »+y
() A=l B=0 2y:€x ’
BOVOVOROR® O o 2ty -
= CECR— 30
2) A=l B=0 2y:€x ’
DOVOVLE®OODO® O 6 - x+y
s S — .
3) A=l B=0 2y:€x ’
DOVOLRMOOO® O - x+y
= C— »
(4) A=l B=0 2y:€x ’
BOVOO®ODO® O 6 o 2ty
- E— .
P , sel dsheet],
ress ©, select [Spreadshect], press Input value (__), output value (_ )
Input the data in the table on the right in order
A B C
from cell Al.
The calculation formula is the same as in ! 2(A) A 6(B)
EXERCISE, so no input is required. 2 4 / 3 (1)4.2857
2 2-::-5'“'-1-J 3 5 —1 (2)7
£l =[d4.2857]
S -1 7 V/ o v o
E BaxsasiThaxsesl | 2 3 5 3)—4

6. Equations of Lines and Circles 4



Pointsonaplane (1) / /

TARGET To understand about the distance between points, internal dividing points, and external dividing
points on coordinate planes.

STUDY GUIDE

Distance between 2 points on a coordinate plane
Distance between 2 points

We can find the distance between 2 points on a coordinate plane by using the following formulas.

( )

(1) Distance between point A(x;, 1) and point B(x,, v,)

AB = (@, — &) + (4 — )’
(2) Distance between the origin O and point A(x;, ¢;) OA = \/z,” + y,°

\ J

"

On a coordinate plane, there are point A (i, 1) and point B(az, 1), such that

L= 2 and Y= 1. Y2

To get point C(a, 1), since AABC is a right triangle,

then by using the Pythagorean theorem, we can derive Yyl
AB® = AC’+ BC* — AB = JAC’+BC? .
Now, from AC® =|x: — 1 |*= (22 — 11)*,BC* =1 — 11 |’= (2 —11)*, ol = 7 T
we get AB = AC*+BC* = (12 — )" + (3 — 1 -
In this formula,
since (12 —m) ={—(11 —22)}* = (—1)* (21 — 22)* = (11 — 22)*, the value of the coordinates of A and B can be
subtracted either from one or the other. YA
Specifically, the distance between the origin O and point A(a, 41) is derived as A
2,=0, 1=0. 1
yﬁ'
O — |z — % v

Internal/external dividing points of line segments on a plane
When 2 points A(ax, 41) and B(m, 1) are joined by line segment AB, then m:n is internally divided by point P and m:n
is externally divided by point Q. We can find the internal dividing point and external dividing point by using the following

formulas.

4 )
nx, + mr, ny, +my,

(1) Coordinates of internal dividing point P P ,
m+n m+n

—-Nnr, +mer, —ny, +m
(2) Coordinates of external dividing pointQ Q ! ’ , A Y
m—-n m-—n
\ _J

6. Equations of Lines and Circles 5



yl\

We can draw a perpendicular line from each of the points A, B,and P to the &
axis, and designate the intersection with the xaxisas A’, B/, and P".
From the property of the ratio of parallel lines to line segments, we get

AP :BP'=AP:BP=m:n

Therefore, point P’ internally divides the line segment A'B' by m:n.

C |
The x coordinates of points A’, B’ and P'are respectively a1, 2», and . O] A @ - /p\’\@”B’ T

From the formula to find the internal dividing point of a line segment on a

) nT + mae
numberline, we get £ = ———
m+n
. 4 ) ) ny + mye
By considering the % coordinates in the same way, we get ¢ = T

nTr + mas niyn +my2
m+n = m+n

Therefore, the coordinates of the internal dividing point P are P

We can derive the external dividing point in the same way.

T+ 22 h+

)

2 2

Specifically, the coordinates of the midpoint, where m=1 and n=1, are derived as

XERCISE

l'l1

=] @ Given 2 points A(1, 5) and B(4, 9) on a coordinate plane, solve the following problems.

(1) Find the distance between the origin O and point A.  (2) Find the distance between point A and point B.

= +5 =2 AB= -1 +(9-5" =9+16 =25 =5

a5 ;

(3) Find the coordinates of point P internally dividing line  (4) Find the coordinates of point Q externally dividing line

segment AB by 3:2. segment AB by 5:3.
2Xx143x4 2Xx5+3%x9| E 3_7 —3X1+5x4 =3xX5+5x9| Z 15
3+2 7 3+2 55 5-3 = 5-3 2’
14 37 17
Pl

(5) Find the coordinates of the midpoint M on line segment AB.

1+45+9_§7
2 72 2’

6. Equations of Lines and Circles 6



On the scientific calculator, use the VARIABLE function to calculate the x coordinates and Y coordinates of the various

points.
(3) Press @), select [Calculate], press
Input the coordinates of the point that internally divides the line segment by 3:2. EA‘E?B
BQO®OHOID®OVRODO® | 3+2
zcoordinate @O @O @®® O @ ycoordinate @O @O @ ® G @
Vo o i Vor a
2A+3B 2A+3B
3+2 3+2
14 37
=] =]

(4) Inthe same way, input the formula for externally dividing by 5:3 and simply substitute the coordinates of each point.

Press @), select [Spreadsheet], press @), then clear the previous data by
pressing (D Input value (__), output value (__)
Input the data in the table on the right in order from cell A1. A B C D
After inputting [A1:1, A2:5, A3:3, A4:5, and A5:1] respectively, press €9, 1] 1(As) | 4(Ba) |(1)OA
move to [B1]. 2 | 5(A) | 9By | (2)AB
After inputting [B1:4, B2:9, B3:2, B4:—3, and B5:1] respectively, press @9, 3 3 9 @)z | B
move to [C1]. i 5 3 | Wz | @
o)

X |fhs A “F-!-J 5 1 1 )z | By

Calg-ulate Statistics  Distribution 3 — —

x| 0=
'
o] ]

X¥=0
Table  Equation

(1) Press €, select [Fill Formula), press @®), after inputting [Form=+/((A1)* + (A 2)*) ], press @

. . o . .
After inputting [Range:C1:C1], press @9, e S EAR . S—— |
select [Confirm), press Form =v¥{({A1)2+{A 5 3

o Range :C1:C1 S — |
When the sheet is displayed, move to [C2].
(2) Press €, select [Fill Formulal, press @®), after inputting [Form= \/((Bl — A1 +(B2—A2)?)], press @
i i :C2: o o)
After inputting [Range:C2:C2], press @9, e S . WJ

select [Confirm], press Form =v((B1-A1)2
Range :C2:C2

|0 A=
'

LJ|k2)0|
I

When the sheet is displayed, move to [C3].

(3)-(5)
x +A3X
xcoordinates Press €3, select [Fill Formulal, press @, after inputting [Form:(B3 $?§;+g§) $B$1)], press €0

After inputti 03: :
ter inputting [Range:C3:C5], press @, R Ml

select [Confirm], press Form ={B3x$A$1+A
Range :C3:C5

[

=2
—|unfefcn
\
—uafprafuo
Dafme
n|infoa|cn

When the sheet is displayed, move to [D3].

(B3x$A$2+A3%x$B$2)
(A3+B3)

y coordinates Press €9, select [Fill Formula), press @, after inputting [Form= ], press ©®

After inputting [Range:D3:D5), press @9,

I

o
Fill Formula

: S El B
select [Confirm)], press Form ={B3x$A$2+A ] 2zl 7.4
o _ Range :D3:D5 o
When the sheet is displayed, move to [A1] for use in =({B5x$A$2+ASXSBE2

PRACTICE.
6. Equations of Lines and Circles 7



PRACTICE

(1) Find the distance between the origin O and point A.

=) @ Given 2 points A(2,7) and B(6, 13) on a coordinate plane, solve the following problem:s.

(2) Find the distance between point A and point B.

J53

(3) Find the coordinates of point P internally dividing line
segment AB by 4:1.

1X2+4X6 1X7T+4X13

segment AB by 3:5.

AB = /(6 —2)" + (13 —7)’

=52 =213

= 16 + 36

/13

(4) Find the coordinates of point Q externally dividing line

—5X2+3X6 —5XT+3X13

9

9

4+1 4+1 3—5 3—5
26 59 26 59 =(—4,—2)
2 [y -
5 5
(3) Press ©), select [Calculate], press WA :
CIOIOICIOIOIOIVIOICIOI AL N
x coordinate Y coordinate
DQWOO® O DOOOOO® O
A+aB ’ A+4B '
4+1 4+1
25 59|
5 5

(4) In the same way, input the formula for externally dividing by 3:5 and simply

substitute the coordinates of each point.

Press ©), select [Spreadsheet], press Input value (_ ), output value ()
Input the data in the table on the right in A B C D
order from cell Al. 1| 2(A0) | 6(Ba) | (1OA

The calculation formula is the same as in

EXERCISE, so no input is required. 2| 7(Ay) |13(By) | (2)AB

Note that, the coordinates of the midpoint of line 3 4 1 Bz | By
segment AB are calculated in cells C5 and D5. 41 3 =5 | Wz | 4y

[ J [
==

2 E N 13|7.211

i 1272111 4 1 52| 118|

P i
=v{(A1>2+(A2)?)| |=(BSXSAS2+ASXSES2
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Points onaplane (2) /

TARGET To understand the properties of shapes on a coordinate plane.

STUDY GUIDE

Shapes on a coordinate plane

Center of gravity of a triangle

The line segment connecting the vertex of a triangle and the midpoint of the
opposite side is called the median line of the triangle. The 3 median lines of a
triangle meet at 1 point, which is called the center of gravity of the triangle.
The center of gravity of the triangle is the point at which each line is internally

divided by 2:1.

For AABC, having apexes at 3 points A(a1, 11), B(az, 1), and C(2s, s), we can find the coordinates of the center of

gravity G as follows.

T +xT,+x + vy, +
Coordinates of center of gravity G G| — 32 3 ,yl :‘;2 Ys

Ty + T +
The coordinates of the midpoint M on side BC are M ’ 2T

2

The center of gravity G internally divides line segment AM by 2:1.

Therefore, the coordinates of the center of gravity G are

T2 + X3 Yo + Y3
Gl.x1+2' 9 1y +2 9 T+ Te X Y+ T Ys
2+1 ’ 2+1 3 ’ 3

Points symmetric with respect to points (symmetric points)
When 2 points P(py, p2) and Q( @, ¢:) are symmetric with respect to a point A(a, b) on a coordinate plane, the

coordinates of midpoint A of line segment PQ can be found as follows.

:p1+Q1 b:p2+Q2
2 2

a

6. Equations of Lines and Circles 9



that point D is symmetric to point B about point A, solve the following problems.

(1) Find the coordinates of point G.

44249 8+1+3

) — 5,4
3 3 (5,4)
(5,4)
(2) Find the coordinates of point D.
Let the coordinates of point D be (z; y), then the midpoint of line segment BD is A,
241 1+y
so from 4 = T,S = T,vve get =6 and y=15
Therefore, D(6, 15)
(6,15)
_ ) Input value (_),
Press @), select [Spreadsheet], press @), then clear the previous data by pressing (D output value ()
Input the data in the table on the right in order from cell A1. A B
After inputting [A1:4, A2:2, and A3:9] respectively, press @, move to [B1]. 1 4(As) L 8(A)
After inputting [B1:8, B2:1, and B3:3] respectively, press &, move to [A4]. 2| 2B 1(By)
X [t " n Sn-z-J 3 9(Ca) ¥ 3(Cy) ¥
Calculate  Statistics  Distribution ] i re
wv=n 5 ] 4 Lz | Qly
Table  Equation 5 (2)x ¢ (2)y
Al1+A2+A3
(1) Press €, select [Fill Formulal, press @®), after inputting [Form= ( 3 ) ], press
After inputting [Range: A4:B4], press ©®), Fill Formula ) - e
- Form ={A1+A2+A3> 3] E;
select [Confirm), press Range :A4:B4 5 i
When the sheet is displayed, move to [A5].
(2) Press €, select [Fill Formula), press @), after inputting [Form=2A1—A2], press €
After inputting [Range:A5:B5), press €9, Fil 1'31 Formula ) . . e
select [Confirm), press E:;ge _221522 2 E :
When the sheet is displayed, move to [A1] for use in =2A1-Ag

PRACTICE.
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PRACTICE

o

=) @  Given 3 points A(—3,2), B(5,—1),and C(2,9) on a coordinate plane, such that G is the center of gravity of AABC,

and that point D is symmetric to point C about point B, solve the following problems.

(1) Find the coordinates of point G.

—3+5+2 2—-1+9|_(4 10
373

9

3 3

(2) Find the coordinates of point D.

4 10
373

Let the coordinates of point D be (;, ), then the midpoint of line segment CD is B,

24+ 9+7vY

so from 5 = T’_l =——,weget r=8and y=—11

2
Therefore, D (8, —11)

Press ©), select [Spreadsheet], press

Input the data in the table on the right in order from cell
Al.

(1) The calculation formula is the same as in EXERCISE,
so no input is required.
(2) Re-input [Form=2A2—A3], [Range:A5:B5] into cell A5.

= o]
—— —
i — ] m—"
]_333%@ 1.3333 e icicick]
={B1+B2+B3) 13 =2B2—B3

(8, —11)

Input value (_),
output value (_ )

A B
1| —3(Ad)| | 4 2(A4)
2| 5(Bg |} =1(By)
3| 2(Ca) v/ 9(Cy) ¥
4| (V= 1y
5| @z ¥ @y

6. Equations of Lines and Circles 11



e
Equation of a line 7 /

VZ

TARGET To understand the equations of a line on a coordinate plane.

STUDY GUIDE

Equation of a line

General equation of a line

A line on a coordinate plane is expressed as a linear equation
--------------‘

ax+by +c = 0(a=00r b=0) of zand y. The graph of a linear function

y=max+n(m=0) is a line with a slope
b b

If b=0, it represents a line that is perpendicular to the x axis.

0

0

, o a , c

If b=0, it represents a line with a slope of —= and an intercept of —— . :
s of mand an intercept of 7.

Determining the equation of a line

A line on a coordinate plane can be identified by its slope and a point it passes through, which can be found as follows.

N

((1) A line passing through point A(z;, ¥;) with slope m
Y— Yy =m(z—xz)
When =x,, the line is perpendicular to the x axis

(2) Aline passing through 2 different points A(x,, y,) and B(x,, 1,) is

y—y1=g(w—wl)

2 — &g

. When x;,=x,, the line is perpendicular to the x axis r=x;
J

(1) For a line with slope m, the equation is y=max+mn.

It passes through point A(a1, 41), so yr=mai+n, n=1p—ma

Therefore, from y=ma+1y1—ma, we get y—p=m(z—11)

(2) The slope m of a line that passes through 2 different points A (i, 41) and

B(x, 1) is m = Y2
T2— T
Therefore, we can use (1) for y — 41 = g2 (z—m1)
T2 — T

6. Equations of Lines and Circles 12



XERCIS

I
[
il

Find the equations for the following lines given the lines pass through point A (2, 5).
(1) Line with slope of 3 (2) Line perpendicular to Z axis
y—5=3(x—2), y=31—1 It passes through point A(2, 5), so 2=2
y=3xr—1 =2
‘:' Find the equation for a line that passes through the following 2 points A and B.
(1) A(21),B(6,9)

y-1=2"Lz—9) y=22-3

Yy=2x—3
On the scientific calculator, use the Statistics function to show a line passing through 2 points.

Press @), select [Statistics], press @),

x5 .l; 1—'Uar'al:|le
select [2-Variable], press Calculate _. D|str|h_ut|nn 2—Variable

=
Spreadsheet  Table Equation

Input the 2z coordinates of 2 points A and B in the 2 column of the table, and input the 4 coordinates of 2 points A and B

in the ¢ column, respectively.

REBVODBO® | :

Press ® @), scan the QR code to display a graph.

B Scatter Plot

X Alu2

y.  BLB2

4 Linear Regression
x+h

x Al:A2

¥ BLB2

Freg: 1

b = 3

MSe =

=1 of the linear regression shows the mathematical expression is correct.

(2) A(4,—-5),B(4,7)

L=0=4, 50 =4

6. Equations of Lines and Circles 13



PRACTICE

Find the equations for the following lines given the lines pass through point A(—3, —2).

(1) Line with slope of —4 (2) Line perpendicular to z axis

y—(—2)=—4{x—(-3)} It passes through point A(—3, —2), so
y=—4x—14 T=—3

y=—41—14 T=—3

Find the equation for a line that passes through the following 2 points A and B.
(1) A(=5,-2),B(-3,8)

8 —(—2)
y—(—2) = =5 {z—(—5)}, y=52+23
Yy=5x+23
o)
X Idth i 1-Variable N
Calculate ek Distribution 2 -2 g
i =z Xy=0 H —
Spreadsheet  Table  Equation
i (3.8)
1 (-5,-2)
(2) A(=2,1),B(—2,—6)
TL=2,——2,50 T——2
r——2

The method of transposing all letter expressions of a line to the left side and

expressing them as ax+ by+ c=0 will also be used in the future.
(Example)

Y=—3x+7=>3x+y—7=0
y=%$—5<—>w—2y—10=0

6. Equations of Lines and Circles 14



Relation of 2 lines (1) /

TARGET To understand the parallel and perpendicular relations of 2 lines.

STUDY GUIDE

Parallel and perpendicular relations of 2 lines

The conditions in which 2 lines y=mux+m1 and y=max+n: are parallel or perpendicular are as follows.

(i) 2lines are parallel < m,=m,
(ii) 2lines are perpendicular < m,m,=—1

2 lines y=2x—5 and y=22+8 both have a slope of 2, so they are parallel.
1 1
2 lines y=3x+2and y= ~3 2+7 are perpendicular because the product of the slopes is 3- [— g] =-1.

Furthermore, when mi=nz in (i), the 2 lines are the same, so they are also considered parallel.

RERCIS|

nn
|11
L

Ees Find the equations for the following lines given the lines pass through point A (1, 2).
(1) Line parallel to the line y=4x—3
The slope of the parallel lines is equal to the slope of the line y=42—3, so it is 4.

It passes through the point A(1, 2), so we can find the equations y—2=4(x—1), y=41—2

Yy=4x—2
(2) Line perpendicular to the line y=41—3
The slope of the perpendicular line is m, so 4m = —1,m = —%
It passes through the point A(1, 2), so we can find the equations
y—QZ—%(:r—l),y:—ier% yz_%w_i_%

6. Equations of Lines and Circles 15



On the scientific calculator, use the Table function to check the positional relation of the lines. s _
Press @), select [Table], press @), then clear the previous data by pressing (D Spreatshect ENI Equation
: 28100
Press €9, select [Define £(z)/g(x)], press @, select [Define ()], press Inequality Complex Base-N
After inputting f(z)=42—2, press ©® F Ry =ax—2
. 1 9
In the same way, input g(z)= 4t + T
Press €9, select [Table Range], press wE 1. .19
g{x) =—EX+E
After inputting [Start:—1, End:2, Step:1], select [Execute], press €
Press ® @), scan the QR code to display a graph.
s
Table Range
Start:-1
Also, you can use the following procedures (i) to (iii) to change the settings of the End :2
displayed graph.
van
(i) Tap the function sheet, then tap the function mark (Add Graph Function). ! * ' f("?g 52(%‘2’3
In the added function sheet, input y=42—3. i z SR 1
(ii) Tap the graph sheet, tap the zoom mark (Zoom), tap [Default Zoom].
(iii) Tap the line in the graph sheet, and then tap the intersection point of the 2 lines to display the coordinates of the
intersection point.
f(x)=4x-2
g(x)=- %x + %
v=4x-3
o (i)
3 5
f(x)=d4x-2
g(x)=- %x i+ % N {
I|l|III
—t= | ey
| G T
pN 1 If':.'l 1
/
Gi)4¢] fo BB L T

In this manual, we will continue to do graph operations on ClassPad.net for visualizing and studying graphs.
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PRACTICE

Find the equations for the following lines given the lines pass through point A (3, 6).

1
(1) Liney= —Em +1 and a parallel line

1 1
The slope of the parallel lines is equal to the slope of the line y = — 3 T +1,so0itis — 3
It passes through the point A (3, 6), so we can find the equations

1 1
y—6——§(m—3),y——§a}+7

1
=——xT+7
J 3

1
(2) Liney= —Em +1 and a perpendicular line

1
The slope of the perpendicular line is 17, so — 3 m=—1m=3

It passes through the point A (3, 6), so we can find the equations y—6=3(x—3),
y=3x—3
Yy=3r—3
Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press ¢, select [Define f()/g(x)], press @, select [Define f()], press

1
After inputting f(x)=— 32 + 7, press €9

Input g(x)=3x—3 in the same way.

Press (), select [Table Range], press

After inputting [Start:—1, End:6, Step:1], select [Execute], press €©
Press ® (), scan the QR code to display a graph.

1
Also, tap the function sheet, and input y = — 3 r+1,

In the same way, tap the graph sheet, then, after setting zoom, display the

coordinates of the intersection of the 2 lines.

e = 1 e
Fx) FX T 1 / TrRrs

_ g(x)=3x-3

y=31—3

6. Equations of Lines and Circles 17



ADVANCED

Parallel and perpendicular relations of 2 lines (generally)
When a1 b1 a20:=0, the conditions in which 2 lines a1z+bi1y+ =0 and @+ by+ =0 are parallel or perpendicular

are as follows.

(I) 2linesareparallel < a,b,—a,b,=0 (a;:b,=a,:b,)
(IT) 2lines are perpendicular < a,a,+b,b,=0

(05} C

By solving axz+biy+ =0 for g, we get ¥ = 3T

) ay G
By solving @+ bayy+ =0 for 4, we get y = —Ex N
. . a, ()
If 2 lines are parallel, their slopes are equal, so from _E = —E, we get aibo— a:bi=0
. ) (020 (05
If 2 lines are perpendicular, the product of their slopes is —1, so from _E : _E] = —1,we get a1+ b1b:=0

EXERGISE

Find the equations for the following lines given the lines pass through point A (1, 2).
(1) Line 4z—y—3=0and a parallel line
Since the coefficients of parallel lines are directly proportional, we find that the equation of the line is 42—+ ¢=0.
It passes through point A(1,2), so 4:1—2+¢=0, c=—2
Therefore, 4x—y—2=0
4z—Yy—2=0
(2) Line perpendicular to the line y=42—3
Considering the coefficients of xand ¥ of perpendicular lines, we find that the equation of the line is z+4y+ c=0.
It passes through point A(1,2), so 1+4-2+¢=0, c=—9
Therefore, x+4y—9=0

rt+4y—9=0
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PRACTICE

B

(1) Line 3z+2y+1=0 and a parallel line

= Find the equations for the following lines given the lines pass through point A (3, 5).

Since the coefficients of parallel lines are directly proportional, we find that the

equation of the line is 3x+2y+c=0.

It passes through point A(3, 5), so 3-:3+2:5+¢=0, c=—19

Therefore, 3x+2Yy—19=0

3 1
(2) Liney= —5T-g and a perpendicular line

3T+2y—19=0

Considering the coefficients of xand Yy of perpendicular lines, we find that the

equation of the line is 22— 3y+ c=0.

It passes through point A(3, 5), so 2:3—3-5+¢=0, c=9

Therefore, 22—3y+9=0

22— 3Y+9=0

Press ©), select [Table], press @, then clear the previous data by pressing (O
Press ), select [Define f()/g(x)], press @, select [Define f(r)], press

3 19
After inputting f(x)=— 5 + ~, s press &)

2
In the same way, input g(x)= 3 +3.

Press (), select [Table Range], press

After inputting [Start:—5, End:7, Step:1], select [Execute], press €

Press ® (X), scan the QR code to display a graph.

3
Also, tap the function sheet,andinput y = ——ox — —.

1
2

In the same way, tap the graph sheet, then, after setting zoom, display the

coordinates of the intersection of the 2 lines.

= E r— l =— i T+ E
Z 2 2 Y 2 2
f(x)= js(a—l-;} ’ ’
g(x) = ix-:% _",.'I.'_|'!c:a.r,-.
_ 3.1
. zx Z '__,._
s r+3
4 3
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Relation of 2 lines (2)

TARGET To understand about points symmetric about a line.

STUDY GUIDE

Points symmetric about a line

The 2 points A and B are symmetric about the line [ when the following (i)

and (ii) hold.

(i) Line AB is perpendicular to line [
(ii) Midpoint of line segment AB is on line L

EAEREISE

= @ Givenaline lis y=3. Find the coordinates of point B symmetric to point A(—1, 2) with respect to line [

Let (p, q) be the coordinates of point B.

The slope of the line Lis 3, so the slope of line AB is q-2 _4- 2 .
p—(1) p+1
ABLlso 3q—_2 =—1Lp+3¢=5 (i)
p+1
-1 q+2
The coordinates of the midpoint of line AB are [pTﬂT .
2 —1
Since this is on the line [, we can substitute in y=3x for % =3 pT,?)p —q=5 (i)

By solving (i) and (ii) simultaneously, we get p=2 and ¢=1, so the coordinates of point B are (2, 1).

6. Equations of Lines and Circles 20



On the scientific calculator, use the Equation function to solve the simultaneous equations, vy -
and check the positional relation on the graph. Ca|EU|atE Statistics DIStthUtlﬂﬂ
Press @), select [Equation], press @), select [Simul Equation), SPreadshEEt Table qudflllﬂ
press @, select [2 Unknowns], press
T
T3y =5 {0 5D —
Input 1, D@I@EO® WODO®E® g !
"L‘ — =
y S
Display the solutions of the simultaneous equations x_"i"i v y_ﬁ"! +
and check them. @ 6
2 1
Press ® @), scan the QR code to display a graph.
Also, you can use the following procedures (i) and (ii) to change the settings of the displayed graph.
(i) Tap the graph sheet, then tap the coordinates mark (Plot Points).
(ii) On the added coordinate sheet, input (—1,2) and (2, 1).
In the same way, tap the function sheet, and after inputting y=3, set the zoom.
O ©
x+3y=5
3x-v=5 < ; ’/
| | x3y=5 i
v=38x | H"““\L /’/\
o . | ““mﬂ“_i_ / 3r—Y=>5
x+3y=5 I | fass dans
3x-v=5H -1 2 4 "l ——
y=1 /
y=3z— |/
.'IlIII : ’
(i)
& mBBEG) T
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PRACTICE

~)| @ Given aline [is y=22—>5. Find the coordinates of point B symmetric to point A(4, —3) with respect to the line [

Let (p, g) be the coordinates of point B.
q—(=3)_g+3

The slope of the line lis 2, so the slope of line AB is

p—4 p—4
+3
AB.L] so 2-q—4 =—1,p+29=-2 (i)
p+4 q—3
The coordinates of the midpoint of line AB are 9 ' 9 |
Since this is on the line [, we can substitute in y=2x—5 for
—3 +4
=2 2. P2 50p—q=—1 (i)
2 2
4 3
By solving (i) and (ii) simultaneously, we get p = — 5 q=— 5150 the coordinates

fpoint Bare |~ = ,— -
of poin are 5, 5

Press ©), select [Equation], press @, select [Simul Equation], press @8, select

[2 Unknowns], press

D@O@O0® O@COG®CO®| I v
-1

@@ A1 .

"5 "5

Press ® @), scan the QR code to display a graph.
Also, tap the graph sheet and enter (4, —3) and (—0.8, —0.6) in the coordinate sheet.
In the same way, tap the function sheet, and after inputting y=2x—5, set the zoom.

y=2x-5 T+2Yy=—2

LNy O]l

~

e — Yy=2T=>5
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Relation of 2 lines (3) /

TARGET To understand the equations of 2 lines that intersect.

STUDY GUIDE

Relation of 2 lines and solving simultaneous equations
The positional relation of 2 lines can be separated into the following 3 cases according to the solution of the simultaneous
equations of the 2 lines.

(i) 2linesintersect at 1 point. < Simultaneous equations have only 1 solution.

(
(iii) 2 lines coincide. < Simultaneous equations have infinite solutions.

?/

ii) 2lines are parallel. < Simultaneous equations have no solution.

YA

\/

Y4

/

/ /
0)

Y
O
Y

2 straight lines ax+by+c=0and a'x+b'y+c'=0 that intersect at 1 point are expressed by the following equation.
) Y

(aer by+c+k(a'x+b'y+c')=0 (kisa constant))

RERCIS|

lan
iyl
L

= Select 1 correct answer A, B, or C for the simultaneous equations (1) to (3).

A...Have only 1 solution. B...Have no solution. C...Have infinite solutions.
2r+y=5
o [
T—Yy="7

By solving the equation 22+ y=5 for y, we get y=—22+5
By solving the equation 3z—y=7 for y, we get y=32—7
The straight lines given by the 2 equations have different slopes, so they are not parallel.

Therefore, these simultaneous equations have only 1 solution.

| >

On the scientific calculator, use the Equation function to solve whether the simultaneous equations have solutions.
Press ©), select [Equation], press @), select [Simul Equation], press @, select [2 Unknowns], press
QEOWEO® AWOO®DE® @6
Vo o v [ oo Y

7o
{ 2+ 1y= 5 = y=
I - 1=
12 al
7 S S
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2w — 3y =1

2 dr —6y =3

2 1
By solving the equation 2z—3y=1 for y, we gety = 51‘ ~3

2 1
By solving the equation 42—6y=3 for y, we gety = gx D)

The straight lines given by the 2 equations have the same slope, so they are parallel.

Therefore, these simultaneous equations have no solution.

==

Press @, select [Equation], press @, select [Simul Equation], press @), select [2 Unknowns], press
QBOR@®O® QWOO®MRE® 6
o [ 7o I

{ 2% - 3= 1
4 - By =~

3 No Solution

You can confirm that these simultaneous equations have no solution (No Solution).

5T +2y =3
3 1 1
6 3 2

5
By solving the equation 5z+2y=3 for y, we gety = —Ecc + 5

3

) 1 1 5
By solving the equation E.% + gy = Py for 1, we gety = _EI + 5

The 2 equations are the same, so the 2 lines coincide.

Therefore, these simultaneous equations have infinite solutions.

@)

Press @, select [Equation], press @, select [Simul Equation], press @), select [2 Unknowns], press
OBQ@MRA® OO®O®OEIROEO® ®
o [ 7o I

{ T® o+ 2y= 3
0,833 + 0.3333v- R

142 |Infinite Solution

You can confirm that these simultaneous equations have infinite solutions (Infinite Solution).
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X Given 2 lines 2z—y—1=0 and 2—y+2=0 that intersect, find the equations that satisfy the following conditions.
(1) Parallel to line y=3.
2r—y—1=0

By solvin
Y d rT—y+2=0

, we get =3 and y=5, so the coordinates of the intersection of the 2 lines are (3, 5).

Since the slope of the line y=3xis 3, the slope of a parallel line is also 3.
Therefore, the equation of the line we find passes through point (3, 5) with a slope of 3, such that y—5=3(2—3), so
y=31-4

y=3xr—4

g(x)=38x-4 : /

-3 saaassEs [(3.5)
=5 | I

(2) Passes through point (7, 3).
The equation of a line passing through the intersection of 2 lines 22— y—1=0 and £—Yy+2=0 can be expressed as

22— y—1+k(z—y+2)=0(kis a constant).

It passes through point (7, 3), s0 2:7—3—1+k(7—34+2)=0, k = ——

Therefore, the equation of the line we find is 22 —y —1 — %(az —y+2)=0,50 2+2y—13=0

T+2y—13=0
Linear Regression
Via XA, F i . ] I T
x: AL:A2 10
y: BlB2
Frea: 1 8
ojne 50 s>~ 3557
bt = 6.5
nnnnn 4 | fc73H
A B £
X v X
1 3 5 2110 6 8 10 12 \
2 7 3 |
3
4 | Py -4
5
4r+5y—1=0

Given the simultaneous equations have no solution, find the conditions that @ and c¢ satisfy.

ar+5y+c=0
Simultaneous equations have no solution when the 2 lines represented by the equations are parallel but do not coincide.

Therefore, a=4 and c=—1
a=4and c=—1
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PRACTICE

Select 1 correct answer A, B, or C for the simultaneous equations (1) to (3).

A...Have only 1 solution. B...Have no solution. C...Have infinite solutions.

5+ 6y =2

) 20 -3y =4

5 1
By solving the equation 5+6y=2 for y, we get y = — ry T+ 3

2 4
By solving the equation 22—3y=4 for Yy, we gety = 3 xr— 3

The straight lines given by the 2 equations have different slopes, so they are not
parallel.
Therefore, these simultaneous equations have only 1 solution.

Press ©, select [Equation], press @8, select [Simul Equation], press @), select

[2 Unknowns|, press
OO QWD 696

(3 Y | [ =
0] - 16
4 E] 27
3z +4y =1
2) 6 +8y =3
. . 3 1
By solving the equation 3x+4y=1 for Yy, we get Yy = — 7 T+ 1
. . 3
By solving the equation 6 z+8y=3 for Yy, we gety = — N T+ 3
The straight lines given by the 2 equations have the same slope, so they are
parallel.
Therefore, these simultaneous equations have no solution.
B

{

I+
B+

dy= 1
v

=]

No Solution
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T—2y=3

) 3r—6y =29
Divide both sides of the equation 3x—6Yy=9 by 3 to get x—2y=3
The 2 equations are the same, so the 2 lines coincide.

Therefore, these simultaneous equations have infinite solutions.

{ T8 - 2y= 3
I - v~

9 |Infinite Solution

Given 2 lines 3x+y—2=0 and x+y—4=0 that intersect, find the equations that satisfy the following conditions.
(1) Parallel to line y=2x.
3r+y—2=0

T+y—4=0" we get z=—1 and y=>5, so the coordinates of the

By solving
intersection of the 2 lines are (—1, 5).

Since the slope of the line y=2xis 2, the slope of a parallel line is also 2.
Therefore, the equation of a line we find passes through point (—1, 5) with a slope
of 2, such that y—5=2{x—(—1)}, so y=2x+7

Y=2x+7

x=-1 (1,5) /
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(2) Passes through point (2, 8).

The equation of a line passing through the intersection of 2 lines 3x+Yy—2=0 and
I+1Y—4=0 can be expressed as

3x+y—2+k(x+y—4)=0(kis a constant).
It passes through point (2, 8), so 3-2+8—2+k(2+8—4)=0, k=—2

Therefore, the equation of the line we find is 3+ y—2—2(x+1y—4)=0, such that
T—Y+6=0

T—Y+6=0

Linear Regression
y=a-x+b
x: AL:A2
y: BlB2
Frea: 1
1 A
L #1(2,8)

(1,5) o]

ol e e e e

3r+2y—1=0

3] Given the simultaneous equations have only 1 solution, find the conditions that a satisfies.
v mu Hs&q ar+4y+3=20 Y

Simultaneous equations have only 1 solution when the 2 lines represented by the
equations are not parallel.

Therefore, from 3-4— a-2=0, we get a=6

a=6
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Distance between points and lines /

TARGET To understand about distances between points and lines.

STUDY GUIDE

Distance between points and lines
When we let H be the intersection of a perpendicular line drawn from point A to the line [ then the length d of AH is

called the distance between point A and the line ], which we can find as follows.
- N ax+by+c=0

(1) disthe distance between A(x, v,)
and line ax+by+c=0

|ax, + by, + c|
Ja? + b’

(2) dis the distance between the origin O

d =

. +by+c=0
and line ax+by+c=0 m e
L le
a’+ b’ Ut a
\. J 5
0 T

Let the points be A (1, 41) and H(a, 1), such that d = AH = \/(IL'Q —m) + -y ()

Since the line AH is perpendicular to the line az+by+c=0, we get bz—ay+c'=0 ...(ii).
It passes through point A (a1, 1), so we get bxi—ayp+c'=0, ¢'=—bxi+ay

By substituting this into (ii), we get bx—ay—bxi+a1y:=0, so b(x—x1)— a(y—11)=0

The line AH passes through H(az, 1), so we get b(z—11) —a(1p—1)=0 ...(iii)

Since point H(a, 1) is a point on the line az+by+c=0, we get azx+bip+c=0

By transforming this, we get a(2—21)+b(1e— 1)+ az+by+c=0 ...(iv)

If we solve (iii) and (iv) for z»—a1 and =1, then we get
alax, + by +¢) blax: + by +¢)
R ol el e T
These are substituted into (i), for
g \/{_ alaz, + by —Fc)}2 +{_ blaz: + by, + c)}2 _ \/(az +0*)(az: + by + ¢’ _ laz: + by + ¢l
at + b a’ +b? (a* +b*) N

If the point A is the origin, then 2:=0 and 11=0, s0 d = ——
a*+b
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= @ Find the distances between the following points and lines.

(1) Point (2,3) and line 52—4y+8=0

15:2—4-3+8| 6 641

d= — —
JE (e a4l @
41
(2) The origin and line 22+3y—9=0 -
g 1ol 9 o3

(3) Point (1, —=5) and line y=2x+3
By transforming y=2x+3, we get 22— y+3=0

d— 12:1-1-(=5)+3[ 10 _2\/5

iy

25

On the scientific calculator, use the VARIABLE function to calculate the distance between a point and a line.
Press @), select [Calculate], press

Input the formula for the distance between a point and a line.

EELOABRDODODDODODD® |Af{éy;c|
VEPO@ODO® |a7+8

(1) Inthe VARIABLE screen, input [A=5, B=—4, C=8, =2, andy=3], and then calculate.
.@@@@@@@.@@@@@@@@ @@

. Bd |Ax+B:y+C|

- - 2 2
2 e — AB B
7=0

(2) Inthe same way, input [A=2, B=3, C=—9, 2=0, and y=0], and then calculate.
.@@@@@@@@@@@@@@@@ @@

- . |Ax+By+Cl

E=D F=D A7 +B? e
0 EI— AB 313
7=|

(3) Inthe same way, input [A=2, B=—1, C=3, 2=1, and y=—>5], and then calculate.
@@@@@@@@@@@@@@@@@@ @@

. B I Ax+B:y+C I

E=0 F=i i A°+B2

=1 p=-5_________|

z=0 2{5
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PRACTICE

@ Find the distances between the following points and lines.
(1) Point (=1, —3) and line 6x—3y+2=0

6-(—1)—3-(— )+2| 5 5

|
d = =
6+ (—3)° 45 3 ii
3
(2) The origin and line 3z+4y—10=0
d = | —10] 10 5
B+ 25 ,

(3) Point (3,4) and line y=—5x+7
By transforming y=—5x+7, we get 5+ Yy—7=0

C[5-341-4—7| _ 12 _ 626

d_ pu =
Frr w1 6326

13
The calculation formula is the same as in EXERCISE, so no input is required.
(1) @@@@@@@@@@@@@@@@@@@ @@
= B | Az+B:y+C |
221 CE— A'+B? %
(2) @@@@@@@@@@@@@@@@@@ @@
L. e |Az+EIy+C|
(3) @@@@@@@@@@@@@@@@@ @@
- - l Ax+By+c I
ES A*+B° %
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e
Equations for circles (1) /
To understand the equations of circles.

STUDY GUIDE

Equations for circles

We can use the following equations to represent circles on the coordinate plane.

p
(1) Equation of a circle having a radius 7(7>0)
centered on a point C(a, b)
(r—a) +(y—b)=r’
(2) Equation of a circle having a radius 7 centered
on the origin O

m2+y2:r2
\. J

Furthermore, graphically, the circle (1) is the circle (2) parallel translated by a on the zaxis and by b on the 7 axis.

Let (7, y) be the coordinates of an arbitrary point P on the circumference.
Express CP=rin coordinates as \/(113 —a) +(@y-bF =r
Square both sides to get (x —a)* + (y —b)* = r?

If the point C is the origin, then a=0 and b=0,s0 * +y* = r*

Circles can be plotted in the scientific calculator by solving the equation for .
vyt =11y  =1—2% s0y=+1—2° ory=—1—2’ o
r+y =Ly =1-x Yy - ory z Fixy=11-° g{x)=—1{1—x"
Press @), select [Table], press @®), then clear the previous
data by pressing (O
Press €, select [Define £(z)/g(x)], press @), select [Define ()], press @ B | wte
a1l o o
After inputting f(2)=+1 — x* , press & E I | B .
4
In the same way, input g(2)=—1—z* . -1

Press €9, select [Table Range], press
After inputting [Start:—1, End:1, Step:1], select [Execute], press @
Press ® @), scan the QR code to display a graph.

f(x)=y1-x*
g(x)=—y1-%*
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Find the equations of the following circles.

(1) Centerisat point (1, 2) and radius is 3 (2) Centeris the origin and radius is J5
(z—1P+@y—-2f=3(z—-1+({y—2"=9 2+ =Wt +yt =5
(x—1)*+(y—27*=9 r+y* =5

Solve the following problems with regards to the equation (x +3)° +(y —2)* = 6.
(1) What shape does the equation represent?

It can be transformed to {x — (=3)} +(y —2)* = (\/g)2 ,s0 it is a circle with its center at point (—3, 2) and a radius of

Ve .

Circle with its center at point (—3, 2) and a radius of \/E

(2) How is the shape in (1) translated from the shape represented by the equation * + 4> =6 ?

Shape is parallel translated on the x axis by —3 and on the Y axis by 2

PRACTICE

Find the equations of the following circles.

(1) Centeris at point (4, —5) and radius is \/5 (2) Centeris the origin and radius is 4
($—4)2+{’y—(—5)}2=(\/5)2 w2+y2:42
(x—4) +(y+5)° =2 T’ +y’ =16
(x—4) +(y+5)° =2 x’+y* =16

Solve the following problems with regards to the equation (x +2)* +(y +5)* = 8.
(1) What shape does the equation represent?

It can be transformed to { — (—2)} +{y — (—5)}* = (2\/5)2, so it is a circle with a
center at a point (—2, —5) and a radius of 2.
Circle with its center at point (—2, —5) and a radius of 2

(2) How is the shape in (1) translated from the shape represented by the equation x* +y* = 8?2

Shape is parallel translated on the
axis by —2 and on the y axis by —5
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Equations for circles (2) /

TARGET To understand the general equations of circles.

STUDY GUIDE

General equation of a circle

Transform the equation of a circle (z —a)® + (y — b)’ = r* (standard equation of a circle).

=20 +a’+y —20y+b>—r*=0,2"+y* —2ax—-2by+a’+0° -1 =0

Then,given —2a =1, —2b = m,and a® + b’ —r’ = n, the general equation of a circle can also generally be

expressed as follows.

[:1:2+y2-|—l:13+my+n20 (However,l2+m2—4n>0)J

This form of expression is called the general equation of a circle.

Also, since 1*>0, by using —2a =1 and —2b =m in a* +b*> — 1’ = n, we can solve for 7, such that from
Y mY
__] N

2

_P+m’—4an

r’=a+0-n= -n >0,weget I’ +m’—4n > 0.

2

When the equation of a circle is given by Z* + ¢ 4 lx + my +n = 0, we can find the center and radius of the circle by

The following transformation is
called completing the square.

]

completing the square to transform it to (x — a)* + (y — b)* = r*.

'+ pxr=

P R R KK
‘cocscscse

AEREIS|

an
11
i

What shape does the equation &* + y* —4x +10y — 7 = 0 represent?
Transforming this equation gives us
(x—2) —4+y+5°—-25-7=0,(x —2) +(y+5) =6
Therefore, we get a circle with its center at point (2,—5) and a radius of 6.
Circle with its center at point (2, —5) and a radius of 6

= Find the equation of a circle that passes through 3 points A(—4, 6), B(—5, 5), and C(4, 2).
Let the equation of the circle be 2° +4* +{z +my +n =0.
It passes through A(—4,6),s0 (—4)* + 6> —4l+6m +n =0,—4l+6m +n=-52 .. .(i)
It passes through B(—5, 5),50 (—=5)° +5° =5l +5m +n = 0,—5[+5m +n = —50 ...(ii)
It passes through C(4,2),50 4> +2° + 4l +2m +n = 0,4l +2m +n = —20 .. .(iii)
By solving (i), (ii), and (iii), we get =2, m=—4, n=—20
Therefore, we find the equation for the circle is £* 4+ y* + 22 — 4y —20 = 0
The circle we find here is called the circumscribed circle of AABC, and the center of this circle is called the

circumcenter.

Ty +2x—4y—20=0
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Press @), select [Equation], press @, select [Simul Equation], press @, select [3 Unknowns], press

QDO@BOBDWOO® COO®EOE®OBEOOO® W@RQ®DHE®OQ O

® @ €@

PRACTICE

What shape does the equation &* + y*> + 6x — 8y +21 =0 represent?

Transforming this equation gives us

S+ By + 1z 1z=- 52
- T+ v+ 1z 1z=- a0
4 + 2v + 1z 1z-EN
-4 -20
Vo [ Tk h
y:
-4 -20

(x+3)°—9+(y—4)*—16+21=0,(x+3)*+(y—4) =2°

Therefore, we get a circle with its center at point (—3, 4) and a radius of 2.

Circle with its center at point (—3, 4) and a radius of 2

Find the equation of a circle that passes through 3 points A(2,4), B(5, 3), and C(6, 2).

Let the equation of the circle be * + y* + lx + my + n =0,

It passes through A(2,4),s0 2’ +4*+2l+4m+n =0,2l+4m+n =—-20 ...
It passes through B(5,3),s0 5> +3* +5l+3m+n=0,5l+3m+n =—34 ...
It passes through C(6,2),s0 6° +2°+6l+2m+n =0,6l+2m+n =—40

By solving (i), (ii), and (iii), we get [=—4, m=2, n=—20

Therefore, we find the equation for the circleis ° + y* —4x + 2y —20 =10

'ty —4x+2y—20=0

Press ©), select [Equation], press @, select [Simul Equation], press @8, select

[3 Unknowns]|, press

QEOOEOOWOQO® O@RA®DO®OR®

1z=- 20
1z=- 34
12 <

-40

©OO®O®ODO® € 6 E

¥=

-20
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Circles and lines (1) ////

TARGET To understand about positional relations of circles and lines.

STUDY GUIDE

Positional relation of circles and lines

Common points on circles and lines

When a circle and a line have common points, the coordinates of those points are the real roots of the simultaneous
equations of the circle and line.

From the number of solutions to the quadratic equation found by eliminating ¥ in the simultaneous equations of the

circle (z —a)* +(y —b)* = r* and the line y=max+n, we know the following.

A
(( i) 2differentreal roots = Intersect at ) '
2 different points. (i)
(ii) Multiple roots = Tangent at 1 point. )
\(iii) Has no real roots. = No common points.

(@)
Positional relation of circles and lines
The following methods can be used to determine the positional relations of circles and lines.
(i) Determine the number of solutions to the quadratic equation for finding the coordinates of the common points.

(ii) Use the difference in the radius 7 of the circle and the distance d from the center of the circle to the line.

The following summarizes the positional relation of circles and lines.

Positional relation of

. . Intersect at 2 different points Tangent No common points
circles and lines
N
umber qf common 9 1 0
points
Real roots of'quadratlc 2 different real roots Multiple roots No real roots
equation
Sign of discriminant D D>0 D=0 D<o
Differencein dand r d<r d=r d>r

g ‘
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X Find the coordinates of the common points of the line and the circle below.

o

(1) 2+’ =1Ly=xz+1
r+yt=1-(i)
y=x+1-(ii)
Substitute (ii) into (i), for 2* + (x +1)* = 1,22* + 22 = 0,2z(x +1) = 0,2 = 0,—1
By substituting this into (ii), when =0 then y=1, and when x=—1 then y=0

Therefore, the coordinates of the common points are (0, 1) and (=1, 0)
(0,1), (—1,0)

f(x)=x+1 ‘

2+y?=1

<o, 1)

1,00 =

(2) °+yP=8x+y—4=0

r*+y* =8-(i)
r+y—4=0-(i)

By transforming (ii) and substituting it into (i), we get &* + (—x +4)* = 8,22 —8x +8=10,(z —2)’ =0, =2
By substituting this into (ii), when =2 then y=2
Therefore, the coordinates of the common point are (2, 2)
(2,2)

f(x)=—x+4

X2+y2=8 4 T
»x“(z,m
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o Find the number of common points of the line and the circle below.
(1) 22+y*=3y=-3z+1
r* +y* =3-(i)
y=-3r+1-(ii)
Substitute (ii) into (i) for * + (—=3x +1)* =3,52° —3x—1=0
Let this discriminant be D, such that D = (=3)> —4-5-(=1) =29 >0

Therefore, the circle and line intersect at 2 different points.

EXTRA Info.

The number of real roots of the quadratic equation ax® + bx+c¢ =0
can be determined by using the discriminant D = b* —4ac.

D>0 — Has 2 different real roots. (Intersects at 2 different points.)
D=0 — Has multiple roots. (Is tangent.)

P G R K XXX
‘cecsccscccscee’

D<0 — No real roots. (No common points.)

Press @), select [Equation), press @®), select [Polynomiall, press @), select [ax2+bx-+c|, press
CITICIOITICIOI T NI
v Vo' o T i

voe I T Vo I T
AHEHh ax*+bx+c=0 ax*+bx+c=0
w2 -] Xq= Xa=

3+429 3-429
-1 10 10

OTHER METHODS
By transforming (ii), we get 3a+y—1=0 ...(iii)
The circle in (i) has a radius of \/3 , and the coordinates of the center are (0, 0).

S

The distance d between the point (0, 0) and the line in (iii) is d = —— =

V3 +12 10
T_d:\/g_\il(?o:m\/g@:\/soo\/ﬁ>

10 10

0

Therefore, since d<r, the circle and line intersect at 2 different points.

J'Efﬁ_lu Y Jor o 'y
|l i - Standard {110
Statistics  Distribution 3 10 Decimal = | {3- 10
i3] Xy=0 -{10+1043| [ENG Notation
Spreadsheet  Table  Equation 10 Sexagesimal 1.415823042
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(2) 22 +y’ =10,z -3y +10=0

' +y* =10-(i)
T—3y+10=0--(ii)

The circle in (i) has a radius of \/B . and the coordinates of the center are (0, 0).
|10

The distance d between the point (0, 0) and the line in (ii) is d =
1> 4+ (—3)°

r—d=10-v10=0

Therefore, since d=T, the circle and line are tangent.

(3) 2*+y*=20y=-1+8

'+ 1y =20(i)
y=—o+8(ii)

Substitute (ii) into (i) for 2* + (—x +8)* =20,2° —8x +22 =0
Let this discriminant be D, such that D = (—=8)* —4.1-22 = —24 <0

Therefore, the circle and line have no common points.

f(x)=-x+8

x*+y*=20

=10

| =

1S

Press @), select [Equation], press @®), select [Polynomiall, press @), select [ax2+bx-+c|, press

DOHOEO®Q® @

Vo O T 7o B T o]
a2 rhi+o axz+bx+c=0 ax*+bx+c=0
TuZ- 8 Xq= Xz=
22 4446 & 4-{B &

The solution is an imaginary number because it contains an imaginary unit 2. That is to say, the simultaneous equations

have no real root.
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oo Solve the following problems.

(1) Givenacircle 22 + y* = 4 and aline y=—x+m are tangent, find the value of the constant m.

Pty =4-(i)
y=-x+m--(i)

Substitute (ii) into (i) for ° + (—z+m)* = 4,22 —2mx +m*> —4 =0
o D 2 > >
Let this discriminant be D, such that i (—m)y—2-(m*> —4)=—-m* +38

Since the circle and line are tangent at D=0, we get —m? +8 = 0,m = £24/2

m::tz\/g

f(x)=-x+2V2 ‘

g(x)=-x-2V2 ; ~ :
tyind ‘ \ [€0,2828427125)
Eivee
HH
4 -3 - -1 (o} 1 : 4 :
\ 1 / \
\I( 0,-2.828427125)

(2) Givenacircle * +4* = r* and line 2x+3y+4=0 are tangent, find the value of the radius 7.

The coordinates of the center of the circle are (0, 0).

4] 4 413

The distance d between the point (0, 0) and the line'is d = = =
NN E R &

4413 /
Since the circle and line are tangent at d=r1, we get ©r = —— 413
13 r =

=
T
N
i
o
©
=~
S
S
@
©
)
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PRACTICE

Find the coordinates of the common points of the line and the circle below.
(1) *+y2=5y=a-1
' +y* =5-(i)
y=x—1---(ii)
Substitute (ii) into (i), for
r'+x—1)=5xr—x—2=0,(x+1)(r—2)=0,x=—12
By substituting this into (i), when £=—1 then y=—2, and when =2 then y=1
Therefore, the coordinates of the common points are (—1, —2), (2, 1)

(—1,—2),(2,1)

f(x)=x-1
xX’+y’=5
2,1 >
Rl 2t
(2) 22+9y*=50,x+y+10=0
'+ 1y’ =50-(i)
xT+1y+10=0--(ii)
By transforming (ii) and substituting it into (i), we get
x’ + (—x —10)’ =50, + 10+ 25 = 0,(x +5)° =0, = —5
By substituting this into (ii), when £=—5 then y=—>5
Therefore, the coordinates of the common point are (—5, —5)
( —5, — 5)
f(x)=-x-10
| x*+y?=50 Z=EpoEa:

(-54-5) N
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Find the number of common points of the line and the circle below.
(1) 2 +y*=6y=22+3
' +y* =6-(i)
Y =2x + 3---(ii)
Substitute (ii) into (i), for > + 2z +3)’ = 6,52 +12+3 =0
Let this discriminant be D, suchthat D =12* —4.5.3 =84 > 0
Therefore, the circle and line intersect at 2 different points.

Press ©), select [Equation], press @, select [Polynomial], press @), select

[ax2+bx-+c], press
QOB 6@

an2-rbC axz+bx+c=0 ax*+bx+c=0
T+ 124 Xq= Xz=
-6+{21 -6—{21]
3 3

(2) 2?+9y*=13z+4y+10=0
The circle has a radius of 1, and the coordinates of the center are (0, 0).
|10 | 10

The distance d between the point (0, 0) and the lineis d = = =2
J3+4 s

r—d=1-2=-1<0
Therefore, since d> 1, the circle and line have no common points.

6. Equations of Lines and Circles 42



(3) z*+y* =10,y =3x—10
'+ 1y’ =10--(i)
Yy =3x—10---(ii)
Substitute (ii) into (i), for > + (3 —10)’ = 10,2° —6x+9 =0
Let this discriminant be D, such that D = (—6)° —4-1-9 =0
Therefore, the circle and line are tangent.

1
EAo] T 7 T v
anZ+hte axz+bx+c=0
6= B x=
9 3
Solve the following problems.
(1) Givenacircle 2> + y> =5 and aline y=—2x+m are tangent, find the value of the constant m.
' +y* =5-(i)
Yy =—2x+m---(ii)
Substitute (ii) into (i) for * + (—2x +m)’ = 5,52 —4mx+m’> —5=10
D
Let this discriminant be D, such that i (—2m)* —5.-(m*—5)=—m’>+25
Since the circle and line are tangent at D=0, we get —m* + 25 = 0,1m = %5
m==5
| flx)=-2x+5 l_:UI |
g(x)=-2x-5
X +y'=5

®c0,-5)

(2) Givenacircle * +¥y* = 7* and line 3x—2y—26=0 are tangent, find the value of the radius 7.
The coordinates of the center of the circle are (0, 0).

The distance d between the point (0, 0) and the line is
—26 26
d=—12281 _ 2 o0

3 (=22 13

Since the circle and line are tangent at d=7, we get 77 = 2v/13

r =213
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Circlesandlines (2) : /

TARGET To understand the equations of tangents on circles.

STUDY GUIDE

Equations for tangents to circles

We can use the following equations to express that a line is tangent to a circle.

( )
2

(1) Equation for a tangent to a point P(,, 4;) onacircle ° + y* = r
T+ yy=r’

(2) Equation for a tangent to a point P(z;, ;) on a circle
(x—a) +(y—b)=r’
(z, —a)(x—a)+(y —b)(y—-b) =7’

.

The tangent passes through the point P (a1, 11).

Since the point P(a;, 1) is on the circle 2 +y* = 7%, we get T.* + 1 = 1

Furthermore, if we let m be the slope of the tangent, and the tangent is

perpendicular to the line OP, then we get

x
(slope of line OP)-m=—1, so 2m =—1m= —
T Hh
The equations of the tangent are
x
Y-y = - ), my—n)=—n@-—n),ywt+or=x>+y° =r

1

1

AERGIS|

1

=) @ Find the equation of a tangent at point P on the circumference, as shown below.
(1) Circle 2° 4+ y* = 25 and point P(3,4)
The equation of the tangent we find is 3z+4y=25

3r+4Yy=25

f(x)= —%x+ %

X +y?=125

6. Equations of Lines and Circles 44



.
000
P
8388
Ss8s

(2) Circle * +9* = 4 and point P(—2,0)

The equation of the tangent we find is —22+0-y=4, x=—2

(3) Circle (x —1)* + (y —2)* =10 and point P(2,5)
The equation of the tangent we find is (2—1)(z—1)+(5—2)(y—2)=10, z+3y—17=0

PRACTICE

@ Find the equation of a tangent at point P on the circumference, as shown below.

(1) Circle * + y* = 40 and point P(2, 6)

The equation of the tangent we find is 22+6Yy—=40

(2) Circle * +4* =9 and point P(0, —3)

The equation of the tangent we find is 0- z—3y=9, y=—3

(3) Circle (x+5)* +(y —7)* =13 and point P(—3,4)
The equation of the tangent we find is (—3+5)(x+5)+(4—7)(y—7)=13,

2—3Yy+18=0

x*+y’=40

2x+6y=40

xX*+y*=9

v=-3

(x+5)*+(y-7)?=13
I 2x-3y+18=0

T+3y—17=0

21+6y=40

22— 3Yy+18=0

(2,6)

(04-3)
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2 circles (1)

TARGET To understand about positional relations of 2 circles.

STUDY GUIDE

Positional relation of 2 circles

We can classify the radii 71 and 72 (r1>1) of 2 circles and the distance d between their 2 centers as follows.

(1) d&>nr+nr

(2) d=nri+m

(3) r—n<d<nr+nr

(4) d:ﬁ*’f'?

(5) d<ri—m

One is outside the

They are externally

They intersect at 2

They are internally

Oneis inside the
other.

other. tangent. different points. tangent.
SN NS
O (P (& (&

<

XERCIS

nn
|11
L

= Determine the positional relation of the 2 circles below.

(1) Circle * +y* =9

.(i),andcircle (z+4) +(y—3) =4

... (i)

Circle (i) has its center at the origin and a radius of 11=3, and circle (ii) has its center at the point (—4, 3) and a radius

of =2
The distance between the centers of the 2 circlesis d = /(—4)* +3* =5
The sum of the 2 radii of the circles is m+1mn=3+2=5

Therefore, since d=71+1, the 2 circles are externally tangent.
2 circles are externally tangent.

x+y?=9
(x+4)*+(y-3)*=4

I

//.Jﬂ/(-z.";, 1h

_ .\_:—

g
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(2) Circle 2* +y> =40 ...(i),andcircle (x —3)* +(y +1)° =10 ...(ii)
Circle (i) has its center at the origin and a radius of 1= J10 = 210 ,and circle (ii) has its center at the point (3, —1)

and a radius of = \/B

The distance between the centers of the 2 circles is d = /3> + (—1)* = J1o

The difference of the 2 radii of the circles is 71— 1= 2\/5 - \/1_ = \/E

Therefore, since d=11—13, the 2 circles are internally tangent.
2 circles are internally tangent.

x*+y?=40

(x—3)%+ (y+1)?=10 /////' _“““x\\\\

AR

-

(3) Circle 2 +9*> =4 ...(i),andcircle (x+1°+(y—3° =1 ...(i1)
Circle (i) has its center at the origin and a radius of 71=2, and circle (ii) has its center at the point (—1, 3) and a radius

of =1
The distance between the centers of the 2 circles is d = /(—1)* +3* = /10
The sum of the 2 radii of the circles is Ti+1=2+1=3

Therefore, since d>m1+1, circle (ii) is outside of circle ().
Circle (ii) is outside of circle (i).

X +yi=4

(x+1)+(v-3)°=1
jc-1h3)

5o

D
-

s e

N

Find the equation of a circle that has its center at (3, 6) and is externally tangent to the circle 2> +74* =5

Let 72 be the radius of the circle to be found.
Circle * +9° = 5 has its center at the origin and a radius of 1= J5

The distance between the centers of the 2 circles is d = +/3* + 6> = Jas = 3\/3
Given the 2 circles are externally tangent, then d=r1+7;, so we get 3\/7 = \/g + 1,1 = 2\/3

Therefore, we find the equation for the circle is (x —3)* + (y — 6)° = 25) =20

(x—3)"+(y—6) =20
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PRACTICE

Determine the positional relation of the 2 circles below.

(1) Circle 2 +y> =16 ...(i),andcircle (x —4)’ +(y +3)> =1 .. (i)

Circle (i) has its center at the origin and a radius of ,=4, and circle (ii) has its
center at the point (4, —3) and a radius of =1
The distance between the centers of the 2 circlesis d = /4> +(—3)’ =5
The sum of the 2 radii of the circles is 7+ 7,=4+1=5
Therefore, since d=7+1, the 2 circles are externally tangent.
2 circles are externally tangent.

(2) Circle 2* +y> =4 ...(i),andcircle (x +2)° +(y—1° =25 ...(ii)

Circle (i) has its center at the origin and a radius of =2, and circle (ii) has its
center at the point (—2, 1) and a radius of 1,=5
The distance between the centers of the 2 circlesis d = |/(—2)* +1* = J5
The difference of the 2 radii of the circles is 72— 7,=5—2=3
Therefore, since d<71,— 1, circle (i) is inside of circle (ii).
Circle (i) is inside of circle (ii).

(x+2)+(y-1)*=25

lt-2.1)

6. Equations of Lines and Circles 48



(3) Circle 2 +9* =9 ...(i),andcircle (x =1 +(y—2)> =1 ...(ii)
Circle (i) has its center at the origin and a radius of =3, and circle (ii) has its

center at the point (1, 2) and a radius of =1
The distance between the centers of the 2 circlesis d = \/1* + 2 = J5
The difference of the 2 radii of the circles is 7",— 1,=3—1=2
The sum of the 2 radii of the circles is 7, +7,=3+1=4
Therefore, since 1, — 1< d<7Ty+7, they intersect at 2 different points.
2 circles intersect at 2 different points.

X y'=9
| 0.6366750419 , 2.931662479 )

| Flt i)l *¥(1.963324958 ,

c1,2)

Find the equation of a circle that has its center at (—3, —4) and is externally tangent to the circle z° +y* = 1.
Let 7, be the radius of the circle to be found.

Circle £° + y* = 1 has its center at the origin and a radius of =1

The distance between the centers of the 2 circles is d = \/(—3)2 +(—4)? =5

Given the 2 circles are externally tangent, then d=7,+1,, so we get 5=1+17%, so 1:=4
Therefore, we find the equation for the circleis (x +3)° + (y +4)’ = 4°> =16

(x+3) +(y+4) =16

6. Equations of Lines and Circles 49



2 circles (2) | /

TARGET To understand about shapes that pass through the intersection of 2 circles.

STUDY GUIDE

Circles or lines passing through the intersection of 2 circles

When 2 circles have common points, the coordinates of the common points are the real roots of the simultaneous
equations of the 2 circles.

Given 2circles * +4° +Lx + my +n, ...(i) and * + y* + Lx + may + n, ... (ii) that intersect at 2 points, the

circle or line that passes through the intersection of the 2 circles (i) and (ii) can be expressed by the following equation.

(+vy'+lx+my+n)+k@®+y +Lhx+my+mn,) =0

(kis a constant)

RERCIS]

lan
iyl
L

=) @ Solve the following problems with regards to the 2 circles 2* +4* =25 ...(i)and (z —4)" +(y —3)* =2 ...(ii).
(1) Find the equations for the line that passes through the 2 common points of the 2 circles.
Given kis a constant, then (2% +y* —25) + k{(z —4)* + (y — 3)* —2} = 0 ...(iii) expresses the shape that passes
through the common points of the 2 circles.
Given that (iii) is a line, and the coefficient of the terms 2°,%° is 0, then k=—1
Substitute this into (iii), and we can rearrange them.

(@ +y*=25)—{(x -4 +@wy—-37 -2} =0, +y* —25)— (x> + 9y —8r— 6y +23) =04 +3y —24 =0

4x+3y—24=0

f(x)=—%x+8

xt+yt=25

(x-4)+(y-3)*=2

32

|c4.es1|1_'?5} _

(2) Find the equations for the line that passes through the 2 common points of the 2 circles and point (3, 1).
Since (iii) passes through point (3, 1), then by substituting =3 and y=1 into (iii), we get —15+k-3=0, k=5
Substitute this into (iii), and we can rearrange them.

20
(x* +1y* —25)+5{(x —4) +(y—3)° —2} = 0,62° +6y2—40m—30y+90=0,:v2+y2—?x—5y+15:0

T+ 2_2 _ _
Yy =S T—5Y+15=0
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PRACTICE

@ Solve the following problems with regards to the 2 circles 2> +3* =5 ...(i) and (x +2)* +(y+2)* =9 ...(ii).

(1) Find the equations for the line that passes through the 2 common points of the 2 circles.

Given kis a constant, then (z° + y* —5)+ k{(x +2)’ + (y +2)* — 9} = 0 ...(iii)
expresses the shape that passes through the common points of the 2 circles.
Given that (iii) is a line, and the coefficient of the terms x’, 4’ is 0, then k=—1

Substitute this into (iii), and we can rearrange them.
(" +y*—5)—{(x+2)°+(y+2)°—9}=0

(*+y' —5)— (" +y' +4x+4y—1)=0,z+y+1=0

(x+2)*+(y+2)°=9

T+ Yy+1=0

b2

jc1,-2)

(2) Find the equations for the line that passes through the 2 common points of the 2 circles and point (—2, —2).
Since (iii) passes through point (—2, —2), then by substituting z=—2 and y=—2

into (iii), we get 3+ k-(—9)=0, k = %

Substitute this into (iii), and we can rearrange them.
(@ + 9 —5)+%{(w+2)2 F(y+2’—9)=0

4’ + 4y’ +4x+4y—16 =0, +y*+c+y—4=0

r+y'+x+y—4=0
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Loci and equations (1)
To understand loci and how to find them.
STUDY GUIDE

Loci

The set of all the points that satisfy certain conditions to describe a figure are called the loci of points that satisfy those

conditions. We use the following procedures to find loci.

( )

(1) Express the conditions for the point P in a formula for xand ¥y such
that the coordinates of the point P satisfying the conditions are (x, )

(2) Find the shape expressed by the formulain (1).
(3) Confirm that the point P on the shape that is found satisfies the
given conditions.

e

RERCIS]

lan
iyl
L

=3 @ Find the loci of point P that are the same distance from the 2 points A(—1, 2) and B(3, —4).
Let (a, y) be the coordinates of the point P.

Since point P is the same distance from the 2 points A and B, we know that AP=BP
Specifically, AP? = BP* ...(i)

APP =@ +1)+(y—2) =2 +y" +2x -4y +5

BP’ = (-3 +(y+47 =2 +y* — 62 + 8y +25

By substituting this into (i), we get

Y A2 —4Ay+5=2"+y' —62+8y+258r—12y —20= 0,22 -3y —5=0
Therefore, point P is on the line 22—3y—5=0 ...(ii).

Conversely, the point P(z, ) on line (ii) satisfies the conditions.

Therefore, the loci of point P is the line 22—3y—5=0.
Line2x—3y—5=0

f(x)= -%-x— :;“:-

l¢-1,2)
| a5

| g |
|(3,-4)
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PRACTICE

=) @ Find the loci of point P that are the same distance from the 2 points A (—2, —3) and B(1, 4).
Let (, y) be the coordinates of the point P.

Since point P is the same distance from the 2 points A and B, we know that AP=BP
Specifically, AP> = BP* ...(i)

APP =(x+2)+(y+3) =2"+y’+4x+ 6y +13
BP=(x—1)+(y—4)=2"+y’ —2x—8y+17

By substituting this into (i), we get

r+y’ +tar+éy+13=x*+y’' —2x—8y+17,6x+14y—4=0,3x+7y—2=0
Therefore, point P is on the line 3x+7y—2=0 ...(ii).

Conversely, the point P(x, ¥) on line (ii) satisfies the conditions.

Therefore, the loci of point P is the line 32+7y—2=0.
Line 3x+7y—2=0

f(x)= ¥:<+ f
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Loci and equations (2)

TARGET To understand the loci of points that correspond to moving points.

STUDY GUIDE

How to find the loci of a moving point
We use the following procedures to find loci of moving points.

4 )
(1) Use sand tto express the conditions for moving point Q(s, ?).

(2) Find the loci of the point P(x, y) by expressing sand tin the
formula of xand yin relation to P and Q.

(3) Eliminate sand tfrom the expressions in (1) and (2) to find the
relational expression of xand ¥.

(4) Find the shape expressed by the equation in (3).

(5) Conversely, confirm that the point P on the shape satisfies the
given conditions.

r
.

RERCIS|

i
L1
1

] Given that point Q moves on the circle x> 4+ y* = 4, find the loci of the midpoint P of the line segment OQ
- connecting the origin O and the point Q.
Let the coordinates of the point Q be (s, £), then since point Qison z* + > = 4, we get 8> +t* =4 ...(i)
Let the coordinates of the point P be (1, ), then since point P is the midpoint of line segment OQ, we get

S t
T = E,y = E;speciﬂcally s=2x, t=2y ...(ii)

Substitute (ii) into (i), for (2z)* + 2y)* = 4,42° +4y* =4,2° +y° =1
Therefore, point P is on the circle > +¢* =1 ...(iii).
Conversely, the point P(, %) on the circle (iii) satisfies the conditions.

Therefore, the loci of point P is a circle with its center at the origin and a radius of 1.
Circle with its center at origin and a radius of 1

fx)=ya-x* |
g(x)=-Va-x |

X +y'=1
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Given the value of the real number a changes, find the loci of the vertex of the parabola ¥ = z* —2ax + 3a” + 4a — 1.
To find the coordinates of the vertex of the parabola, complete the square to transform the equation.
y=@—-a)—a*+3a"+4a—-1=(x—a) +2a° +4a—1
Let the coordinates of the vertex of the parabola be P(z, y), such that z=a ...(i),and ¥ = 2a’ +4a —1 ...(ii)
Substitute (i) into (ii), for y = 22” +4x —1
Therefore, point P is on the parabola ¢y = 22° +4x —1 ...(iii).
Conversely, the point P(, ) on the parabola (iii) satisfies the conditions.

Therefore, the loci of point P is the parabola ¢ = 22> +4x —1.
Parabola y = 2x* + 4 — 1

PRACTICE

Given that point Q moves on the circle * 4+ y* = 16, find the loci of the midpoint P of the line segment AQ
connecting the point A(6, 0) and the point Q.

Let the coordinates of the point Q be (s, 1), then since point Q ison z* + y* = 16, we
get s> +t* =16 ...(i)
Let the coordinates of the point P be (;, y), then since point P is the midpoint of line

segment AQ, weget T = %,y = %;
specifically, s=2x—6 and t=2v ...(ii)
Substitute (ii) into (i), for

2z —6)* +(2y)’ =16,4(x —3)* + 4y’ =16,(x —3)’ + y* = 4

Therefore, point P is on the circle (x — 3)* + y* = 4 ...(iii).

Conversely, the point P(x, y) on the circle (iii) satisfies the conditions.
Therefore, the loci of point P is a circle with its center at (3, 0) and a radius of 2.

Circle with its center at (3, 0) and a radius of 2

Given the value of the real number @ changes, find the loci of the vertex of the parabola ¥ = =* — 4ax + 8a® —4a + 3 .
To find the coordinates of the vertex of the parabola, complete the square to

transform the equation.

y=(r—2a)—4a*+8a’—4a+3 =(x—2a)’ +4a’ —4a+3

Let the coordinates of the vertex of the parabola be P (x, y), such that x=2a ...(i),
and ¥y = 4a’ —4a+3 ...(ii)

Substitute (i) into (ii), for y = x> —2x + 3

Therefore, point P is on the parabola y = ° — 2z + 3 ...(iii).

Conversely, the point P(x, y) on the parabola (iii) satisfies the conditions.
Therefore, the loci of point P is the parabola y = x> —2x + 3.

Parabola y = x* —2x + 3
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Domains expressed by inequalities (1)

TARGET To understand about domains bounded by lines or circles.

STUDY GUIDE

Lines, circles, and domains

4 / =

\

When a set of points satisfy certain conditions across a plane, we call that set a domain. Furthermore, the boundary

between the domain and the other part is called the boundary line.

Lines and domains

If we let the line y=ma+n be [ then for the domain expressed by the inequalities y>ma+mn and y<mz+n, we get the

following.
N

P
(i) Domain expressed by the inequality

y>ma+n

— Above line [

(ii) Domain expressed by the inequality
y<mzx+n
— Below line [

(i)

J

In both domains (i) and (i), the boundary line is a straight line [, and when we (ii)

include the equality sign as in y=mx+mn, then we also include the points on the

line [

Circles and domains

Y4

Yy>mertn

YA

av\

If we let the circle (z —a)* + (y —b)* = r* be C, then for the domain expressed by the inequalities

(x—a)+ -0 <r’(x—a)+@y—>b)>r’, weget the following.

(( i) Domain expressed by the inequality

(x—a)’+(y—>b) <r* — Insidecircle C
Domain expressed by the inequality

(x—a)’+(y—>b) >r* — Outside circle C’)

(i)

In both domains (i) and (ii), the boundary line is a circle C, and when we include the equality sign as in

(x —a) +(y —b)’>7*,then we also include the points on the circle C.

6. Equations of Lines and Circles

&v\

y<mzxtn

56



EAENCIOE

Fo Draw the domains expressed by the following inequalities. Also, determine whether the domain includes the boundary line.
(1) Inequality 22+y—3>0
By transforming the inequality, we get y>—2x+3
Therefore, the domain expressed by this inequality is above the line y=—22+3,
which is the shaded area in the figure on the right.

However, the boundary line is not included.
Boundary line is not included.

(2) Inequality —3z+y+2<0

By transforming the inequality, we get y<3x—2 y=3z—2
Therefore, the domain expressed by this inequality is below the line y=3x—2,
which is the shaded area in the figure on the right.

However, the boundary line is included.

Y

Boundary line is included.

On the scientific calculator, use the Table function to check whether the points

in the domain satisfy the inequality.

Press @), select [Table], press @), then clear the previous data by pressing (D 77 H
Press €, select [Define f()/g(x)], press @), select [Define ()], press
After inputting f(2)=—2x+3, press € -3

fiud s(x?

B Lba —
14
o
(=]
L -1
Lo
k00—

In the same way, input g(x)=32—2.
Press €9, select [Table Range], press
After inputting [Start:—3, End:4, Step:1], select [Execute], press @ 1

fiud xy

O —Jmin
!R
£k

o
M-
o —

Press ® @), scan the QR code to display a graph.

Also, tap the function sheet, and input y>—2x+3 and y<3x—2, respectively.

f(x)=-2x+3
g(x)=3x-2

y>-2x+3
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Fo Solve the following problems with regards to the domain expressed by the inequality z* + 3* > 16
(1) Determine whether the 2 points A (\/g, \/ﬁ) and B(3, 3) are points in the domain, respectively.
Point A(\/g, \/ﬁ),ﬂom (\/gY + (\/E)2 =5+10 = 15 < 16, does not satisfy > + 3> > 16, so itis not a point in

the domain.

Point B(3, 3), from 3 +3° =9+ 9 =18 > 16, satisfies 2> + > > 16, s0 itis a point in the domain.

Point A is not in the domain, and point B is in the domain.

On the scientific calculator, use the VARIABLE function to check whether the 2 points A and B satisfy the inequality.
Press ©), select [Calculate], press
After inputting &° 4+ y* — 16, input the coordinates for point A, and then calculate.

DO@®O®O@ODEO® @VOVE@EO®O@®DO® O
x Vor O Iy

x’+¥°—16

Vo |
%’ +¥°—16

—
o
it

e =y
oo
Lo e i o o e

-1

In the same way, input the coordinates for point B, and then calculate.

VOV ORO® O

=D B=D 22
r-0 D=0 -ty —16
E-D F=D
=3 p=3 |
z=0] 2
OTHER METHODS
On the scientific calculator, use the Table function to check a diagram of the circle.
Press ©), select [Table], press @, then clear the previous data by pressing Q) "E'f' S 1| e
%‘:El ERRDE ERRDE
Press €9, select [Define f(x)/g(x)], press @), select [Define f(x)], press 3 S[zeesr|z.eas
After inputting f(2)=~16 — x* , press € -9
7T
In the same way, input g()=—v16 — x” . e o762, | 252
2 a L -4
Press €9, select [Table Range], press 1 13ems|s.em2
-1
After inputting [Start:—5, End:5, Step:1], select [Execute], press @
7T
Press ® @), scan the QR code to display a graph. e e Wk
10 4 o 1)
Also, tap the function sheet, and input z=+/5 and y= V10 , respectively. 14| 7| FRROR) ERROR a

Finally, add a coordinates sheet, and input (3, 3).

f(x)=y16-x*
g(x)=-y16-%’ /\

x=+5 / \.1<3,3>
v=v10 : \

\/
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(2) Draw the domain. Also, determine whether the domain includes the boundary line.

The domain is the area outside the circle £* + y2 =16, which is the shaded area AY
2 =
in the figure on the right. z*+y*=16 1

However, the boundary line is not included.
Boundary line is not included.

e Solve the following problems with regards to the domain expressed by the inequality z* + y* — 2z — 2y — 2 <0.

(1) Determine whether the 2 points A(2,2) and B(3, 3) are points in the domain, respectively.
Point A(2,2), from 2° +2° —2-2—-2-2 -2 = —2 < 0, satisfies 2° + yy* — 2T — 2y — 2 <0, so itis a point in the
domain.
Point B(3,3), from 3° +3* —2-3—2-3—2 =4 > 0, does not satisfy z* + > —2x — 2y — 2 <0, 50 it is not a point in

the domain.

Point A is in the domain, and point B is not in the domain.

Press ©), select [Calculate], press
DO@POO@OQDOOODOO® GVOLVOMOO®W O
Vo | 7o I Iy

% +y —2x—2y-2 . B0 ! +y —2x—2y-2
E=D F=D
w=z =2 ]
2=0 -2
BLVVVIBOO® O®
2 2 *
=0 B=0 [, PR, PP
- b=i] Xty —2x—2y-2
E=D F=D
w=3 =5 ]
z=0 4

(2) Draw the domain. Also, determine whether the domain includes the boundary line.

Transform the left side of the inequality. K4
Ay 22— 2=(z 17 —1+(y— 1P —1-2 (z—1)+(y—1)=2
=(@x-17+(y—-1-2°

Therefore, the domain is the area inside the circle Lj-—e-

(x —1)° + (y —1)> = 2%, which is the shaded area Q‘l/ x

in the figure on the right.

However, the boundary line is included.

Boundary line is included.
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PRACTICE

Draw the domains expressed by the following inequalities. Also, determine whether the domain includes the boundary line.

(1) Inequality 22—3y+6<0
2
By transforming the equality, we get y= 3 T+2 yl/
Therefore, the domain expressed by this inequality

2
is above the line y= 3  + 2, which is the shaded

area in the figure on the right. 2

However, the boundary line is included.
Boundary line is included.

(2) Inequality x+y—4<0
By transforming the inequality, we get y<—x+4 y=—x+4

Therefore, the domain expressed by this inequality is Yt
below the line y=—x+4, which is the shaded area in
the figure on the right. \4

However, the boundary line is not included. 0 T
Boundary line is not included.

Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press (), select [Define f(x)/g(x)], press @), select [Define f(x)], press
2
After inputting f(x)= 32 + 2, press @

In the same way, input g(x)=—x+4.

Press (), select [Table Range], press

After inputting [Start:—5, End:5, Step:1], select [Execute], press
Press ® (), scan the QR code to display a graph.

2
Also, tap the function sheet, and input y= 3 T+ 2 and y<—x+4, respectively.

f(x)= ;‘ix—z
g(x)=-x+4
y=2x+2
y<—x+4
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Solve the following problems with regards to the domain expressed by the inequality z* + 3* <36.
(1) Determine whether the 2 points A(3, 5) and B(5, 4) are points in the domain, respectively.

Point A(3, 5), from 3* + 5 = 34 <36, satisfies =’ + y” <36, so it is a pointin the
domain.
Point B(5, 4), from 5° + 4° = 41 >36, does not satisfy =’ + y’ <36, so itis nota
point in the domain.

Point A is in the domain, and point B is not in the domain.

Press (©, select [Calculate], press

DO@O®O@®OB®E® VOVVRBOO® O

%*+y°~36 i - x’+y°—36
E=0 F=0
=3 I
7=0 -2
SIOIVIVICITIOIOITENOI
FAC &
2 B ' +-36
E=D F=D
=5
7=0 5
(2) Draw the domain. Also, determine whether the domain includes the boundary line.
The domain is the area inside the circle Y
x* +y* = 36, which is the shaded area in the 6
figure on the right.
However, the boundary line is included. 0 6) =
Boundary line is included.
x’+y>=36
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Solve the following problems with regards to the domain expressed by the inequality * +y* +4x +2y —4 > 0.

(1) Determine whether the 2 points A(—4, —2) and B(2, 1) are points in the domain, respectively.

Point A(—4, —2), from (—4)’ + (—2)* +4-(—4)+2-(—2) —4 = —4 < 0, does not
satisfy «* + y* + 4x + 2y — 4 > 0, so it is not a point in the domain.
Point B(2,1),from 2° +1*+4:2+2-1—4 =11 > 0, satisfies
x’ +y*+4x+ 2y —4 > 0, soitis a point in the domain.
Point A is not in the domain, and point B is in the domain.

T o
x +yl +x+2y—4

DO@ODOO@PO®O®O®OO®

BOOVOPE000e 08 X X Tv———
. =2 ] y

BOOOEEC08 B8 &
g:g =1 11

(2) Draw the domain. Also, determine whether the domain includes the boundary line.
Transform the left side of the inequality.
' +y’+4r+2y—4
=(x+2)°—4+(y+1P°—-1—4
=(x+2)’+(y+1)°-3°
Therefore, the domain is the area outside the circle
(x+2)* + (y +1)° = 3%, which is the shaded area in the
figure on the right. (z+2)*+(y+1)*=3"
However, the boundary line is not included.

S8y

Lol

Boundary line is not included.
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Domains expressed by inequalities (2)~

TARGET To understand about domains expressed by simultaneous inequalities.

STUDY GUIDE

Domains expressed by simultaneous inequalities
A set of points that satisfy multiple inequalities simultaneously is called a domain expressed by simultaneous inequalities.

Inequality (i)

For the simultaneous inequalities ,if we let A be the domain expressed by the inequality (i) and B be the

Inequality (ii)

domain expressed by the inequality (ii), then the domain expressed by the simultaneous inequalities is as follows.

(Common parts of A and B AHBJ

XERCIS

nn
|11
L

@ Draw the domains expressed by the following simultaneous inequalities. Also, determine whether the domain includes

the boundary line.

Yy>r—2
(1) y>-—x+2 _
y—_$+2 AY
The domain expressed by the inequality y>x—2 is above the line y=x—2. \
The domain expressed by the inequality y>—x+2 is above the line y=—x+2. >
The common part of this is the shaded area in the figure on the right. -
However, the boundary line is not included. O 2 z
Boundary line is not included. =2
y=x—2
' +y <9
2) rT—yY+2>0
AY
The domain expressed by the inequality z* + y* <9 is inside the circle 3
2 2 $2+y2:9 2
r+y =9.
By transforming the inequality 2—y+2>0, we get y<a+2

|Y

~—92 O 3
The domain expressed by this inequality is below the line y=x+2. 2 J

The common part of this is the shaded area in the figure on the right.

However, the boundary line is not included.
Boundary line is not included.
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PRACTICE

Draw the domains expressed by the following simultaneous inequalities. Also, determine whether the domain includes

the boundary line.

(1) T+y—2=0
T—Yy—420
By transforming the inequality &+ y—2=0, we get y=—x+2 o
Y=z—T+2
The domain expressed by this inequality is above 5
. . 4,
the line y=—x+2. ol > >
By transforming the inequality — y—4=0, we get
ysxr—4 —4

The domain expressed by this inequality is below y=x—4
the line y=2—4.
The common part of this is the shaded area in the figure on the right.
However, the boundary line is included.

Boundary line is included.

) ' +yi=4
20+1y—2<0
The domain expressed by the inequality x* + y* 24 is Yy=—2+2
A
outside the circle * + y* = 4. J
By transforming the inequality 2+ Yy—2<0, we get 2 x’+y’=4
Ys—21+2 N
. .. . 0|1\2 =«
The domain expressed by this inequality is below the
line y=—2x+2.

The common part of this is the shaded area in the

figure on the right.

However, the boundary line is included.
Boundary line is included.
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__ADVANCED __————

r—2y<0

= Solve the following problems with regards to the simultaneous inequalities | 2+2y—8<0.

l:
:

32—29y=0

(1) Draw the domains expressed by the simultaneous inequalities.

1
By transforming the inequality £—2Yy<0, we get Y= Py T
1
The domain expressed by this inequality is above the line y=, ..(i).
1
By transforming the inequality +2Yy—8<0, we get y<— P r+4
1
The domain expressed by this inequality is below the line y=— Py r+4 ...(i).
. . . 3
By transforming the inequality 3x—29=0, we get y< Py T

3
The domain expressed by this inequality is below the line y= 5 x ...(iii).

The common part of this is the shaded area in the figure on the right.

However, the boundary line is included. 1

. . . y:_§$+4
For the intersection points, we 4y
simultaneously solve (i) and (ii) to get (4, 2) 4 (2,3)

By simultaneously solving (ii) and (iii), we get

2
(2,3) 0 z
The intersection point of (i) and (iii) is the

1
- Y=a®*
origin.

3
=5
Boundary line is included. Y72

(2) Find the area of the domain found in (1).

Since the intercept of the line (ii) is 4 and the intersection of the x axis is 8, we
1 1 1
find th is —-84——+4-2——-8-2=4
ind the area is - > 5
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Press ©), select [Table], press @K, then clear the previous data by pressing (O

Press ¢, select [Define f(x)/g(x)], press @, select [Define f(x)], press
1
After inputting f(x)= o T press (@)
1
In the same way, input g(x)=— 5T +4.

Press ¢, select [Table Range], press
After inputting [Start:—5, End:5, Step:1], select [Execute], press €
Press ® (), scan the QR code to display a graph.

3 1 1
Also, tap the function sheet, and input y= Py T, Y= 5 T, Yys— 5 T +4,and
3
Ys< 5 T, respectively.

In the same way, tap the graph sheet, then display the coordinates of the
intersection of the lines.

LI 3
f(x)= L X }
B {
g(x)=-Fx+4
3 Ao
REa ¢ fca.2)
yZgx .0 [ LN
N
v= %x-i-zl ,/ 1
Yy=—x
3 7 2
y= X
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Domains expressed by inequalities (3)/

&

TARGET To understand about maximums/minimums in domains expressed by inequalities.

STUDY GUIDE

How to find maximum values and minimum values using domains
When a point (z, y) is in a domain that satisfies simultaneous inequalities, then we can find the maximum values and

minimum values of the expression P(x, ) given by zand ¥ by using the domain as follows.

4 )
(1) Draw the domain D expressed by the simultaneous inequalities.
(2) Assume P(x, y)=K, then determine the range of possible

values of k such that the graph of P(x, y)=kand domain D have

common points.
L J

ENERGIS]

L

=) @ Given xand y satisfy the 4 inequalities 2=0, y=0, 22+ y<6, and 2+2y<6, solve the following problems.
(1) Draw the domains that satisfy the 4 inequalities.
Let D be a domain that satisfies the 4 given inequalities. y=—2x+6\4

By transforming the inequality 22+ <6, we get y<—2x+6 ...(i)

1
By transforming the inequality +2y<6, we get y< 5 +3 (i)

y:_%x—% ~
For the point of intersection of the boundary lines of (i) and (ii), 3 (2,2)
Yy=-—-2r+6
_ g
solve Y — _éx 3 to get (z, )=(2,2) o 3\ 5

The domain D'is the inside and perimeter of a quadrangle with 4 vertices at (0, 0), (0, 3), (3,0), and (2, 2), which is the
shaded area in the figure on the right.
(2) Find the maximum value and minimum value of 2+1.
Assume +y=F, then transform it such that y=—x+k for a line with a ,
slope of —1 and a y-intercept at k.
Find the maximum value and minimum value for k such that the line
has common points with the domain D. y=—$+k§
From the figure on the right, we can see that the value of kis maximum -

as it passes through point (2, 2) and minimum as it passes through

point (0, 0). O

A4S

Therefore, 2+ has a maximum value of 24+2=4 when 2=2 and y=2,

and a minimum value of 0+0=0 when 2=0 and y=0.

When =2 and y=2, the maximum value is 4, and
when =0 and y=0, the minimum value is 0
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Press @), select [Table], press @), then clear the previous data by pressing (D
Press €, select [Define f(z)/g(x)], press @, select [Define ()], press @
After inputting f(z)=—22+6, press €

1
In the same way, input g(z)= —57 +3.

Press €9, select [Table Range], press
After inputting [Start:—1, End:6, Step:1], select [Execute], press €
Press ® @), scan the QR code to display a graph.

fiud (xr fimd xy
3 15k
2

g .5 ul
-] 3 -z 1
4 .5 -4 0.5
2 2 E -6 u}

Also, tap the function sheet, and input y=—12+k.

In the same way, tap the graph sheet, then display the
coordinates of the intersection of the lines.

By changing the y-intercept (variable k) of a line with a slope
of —1 on the graph, we can understand how to approach the

solution.

PRACTICE

X Given that zand y satisfy the 4 inequalities =0, y=0, 22+ y<7, and 2+2y<8, solve the following problems.

(1) Draw the domains that satisfy the 4 inequalities.

Let D be a domain that satisfies the 4 given Y="2x Ty

inequalities.

By transforming the inequality 2+ y<7,

y 9 q y Yy yZ—% L4~

we get Yys—2+7 ...(i) 4 (2,3)

By transforming the inequality +2y<8,
1

weget ys——x +4 ...(ii) N
2 0 N T

For the point of intersection of the 2

y=-—2x+7
b d li f (i d (ii), sol 1 t t(x, y)=(2,3
oundary lines of (i) and (ii), solve y . oget (x, y)=(2,3)

The domain D is the inside and perimeter of a quadrangle with 4 vertices at (0, 0),

(0, 4),

7
5 0], and (2, 3), which is the shaded area in the figure above.
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(2) Find the maximum value and minimum value of T+
Assume x+y=Fk, then transform it such that
y=—a+kfor a line with a slope of —1and a

y-intercept at k.

Find the maximum value and minimum value
for k such that the line has common points

with the domain D.

From the figure on the right, we can see
that the value of kis maximum as it passes

/

3
y=—xz+k-

0

through point (2, 3) and minimum as it passes through point (0, 0).

Therefore, + Yy has a maximum value of 2+3=5 when =2 and y=3,and a

minimum value of 0+0=0 when =0 and y=0.

When =2 and y=3, the maximum value is 5, and

when =0 and y=0, the minimum value is 0

Press ©), select [Table], press @K, then clear the previous data by pressing (O
Press (), select [Define f(x)/g(x)], press @), select [Define f(x)], press

After inputting f(x)

. 1
In the same way, input g(x)=— P +4.

Press (), select [Table Range], press

—2x+7, press €

After inputting [Start:—1, End:6, Step:1], select [Execute], press

Press ® @), scan the QR code to display a graph.

i fimd 1]
d.
3.

L e BV

s

1
2 o]
i 1
4| 2

-1

=Ao]
i

=)
E
E
o

4
5
E

flmy

1
-1
-3
-3

L]
2.
1.

= rxcn

Also, tap the function sheet, and input

y=—x+k.

In the same way, tap the graph sheet, then
display the coordinates of the intersection

of the lines.

—Y=—2x+7
/yz—a:+k
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__ADVANCED __————

A manufacturer has 2 types of products, A and B.To Electric power 3 Profit
wn) | 90 | (510000)
produce 1t, A requires 60kWh of electricity and 2m?® L
) o 3 Product A 60 2 2

of gas, and B requires 40kWh of electricity and 6m
Product B 40 6 3

of gas. The profit per 1t is $20,000 for A $30,000 for B.
Maximum 2200 120

Given that this manufacturer receives up to 2200k Wh
of electric power and 120m? of gas each day, then how many t each of A and B should be produced per day to
maximize total profits for products produced in 1 day. Also, find the total profit at that time.

Let production volume for 1 day be xt for A and yt for B.

Production volume is positive, so =0 and ¥=0 ...(i)

From the relation of electric power supply for 1 day, we get 60 +40y<2200 ...(ii)
From the relation of gas supply for 1 day, we get 2x+6y<120 ... (iii)

Therefore, find values for £ and y that maximize total profits k=2x+3vy under
the conditions stated in (i), (ii), and (iii).

3
By transforming (ii), we get y<— P +55 ...(iv)

1
By transforming (iii), we get y<— 3 T+20 ...(v)

3+ 2y =110
T+ 3y =60

For the point the boundary lines of (iv) and (v) intersect, solve
to get (x, y)=(30, 10)

The domain expressed by the simultaneous

inequalities is the inside and perimeter Y
of a quadrangle with 4 vertices at

11 __1
(0, 0), (0, 20), [700] and (30,10), YT T3TTA S

which is the shaded area in the figure above.

2
k=2x+3ywas transformedto y = ——x + k , N
5 3 O 110\ T
which is a line with slope — 3 and y-interceptat —. 3

Thus, the value of kreaches a maximum when it passes through the point (30, 10).
Therefore, 2+3 Yy reaches a maximum value when =30 and y=10, which is
2:30+3-10=90.

The maximum total profit reaches $900,000

when 30t of A and 10t of B are produced.
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Domains expressed by inequalities (4)”
To understand about proofs by using domains expressed by inequalities.

STUDY GUIDE

Proofs using domains
For 2 conditions p and ¢, assuming that all of P satisfy the condition p, and all of () satisfy the condition ¢, then the

following holds.

(prthen q & PC QJ

If 2 +y* <4 then 2° +y*> <9 AY
If we can show that PC () holds for a set P that satisfies condition p: 2 + 1* < 4 Q 3
and a set () satisfies condition ¢: 2* + 4* < 9, then we can prove that if 2
x4y’ <4 then x* +9° <9. ﬁ\ >
Because of this, we simply use a diagram to show that the domain of the set P'is Qj VI
included in the domain of the set ().

RERCIS

lan
iyl
L

=) @ Prove thatif 2° + y* <1 then x+y<2.

[Proof]
Assume a domain P expressed by the inequality z* + > <1 and a domain () Z/—_x‘*“\?y
expressed by the inequality x+y<2. 9

As shown in the figure on the right, Pis the inside and perimeter of the circle

x* +y>=1,and Qs on and below the line y=—1+2. ﬁ\
T

Also, ° + y* =1 and y=—x+2 have no common points. 5
Thus, PC () holds. \
Therefore, if ° + 1° <1 then x+y<2 holds.

flx)=-x+2
x+y=2

x*+yi=1

i
S
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PRACTICE

=) @ Prove thatif 2° + y” <4 then 3z+4y<10.

[Proof] y=—%w+%
Assume a domain P expressed by the w~ 5
inequality = + y’<4 and a domain () 2 (g,g)
expressed by the inequality 3x+4y<10. ﬁ\m
As shown in the figure on the right, P is the QJ 103
inside and perimeter of the circle x* + y*=4. by s
(Q is on and below the line y = % + %

3 53
Also, ° + y’=4and y = ——x + S are tangent at 1 point.

4
Thus, PC (Q holds.
Therefore, if ©° + y*<4 then 3x+4y<10 holds.

ey 3.5
flx)= ixXt3
3x+4v=10

Z4yi=4 M1.2,1.6)
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Domains expressed by inequalities (E’;)/

TARGET To understand about domains bounded by parabolas.

STUDY GUIDE

Parabolas and domains
If we let the parabola y=f(x) be C, then for the domain expressed by the inequalities y>flx) and y<f(x), we get the

following.

4 N\
(i) Domain expressed by the inequality y> f(x)
— Above parabola C
(ii) Domain expressed by the inequality y<f(x)

— Below parabola C )

In both domains (i) and (ii), the boundary line is a parabola C, and when we include the equality sign as in y>f{z), then
we also include the points on the parabola C.

Use the scientific calculator to check the domain P of y> 2? and the domain @) of y< z* (both of which include the
boundary line).

Press @), select [Table], press @), then clear the previous data by pressing (D
Press €9, select [Define f()/g(x)], press @, select [Define ()], press
After inputting f(z)= 22, press €®

Press €9, select [Table Range], press

After inputting [Start:—2, End:1, Step:1], select [Execute], press @

[
[

foan (xd
ERROR
ERROR
ERROR

ERROR

X

A Ldba —

Press ® @, scan the QR code to display a graph.

'
—_— -

Also, tap the function sheet, and input 4= 2 and y< z”.

f(x)=x%
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=) @ Draw the domain expressed by the inequality > —* + 1. Also, determine whether the domain includes the

Ss8s

o

boundary line.

The boundary line y=—x* + 1 expresses a parabola that is upward convex with n
a vertex at (0, 1) and an axis at 2=0. 1
The domain expressed by this inequality is above the parabola y=—x* +1, _1/\1
which is the shaded area in the figure on the right. 0] T
However, the boundary line is not included.

Boundary line is not included.

y=—x2+1

fx)=-x"+1

v -xt+1

PRACTICE

@ Draw the domain expressed by the inequality y< —x* 4+ 2x — 2. Also, determine whether the domain includes the
boundary line.
The boundary line y=—2* + 2 —2=—(x —1)* —1 i .
expresses a parabola that is upward convex with a 1i

Vs

vertex at (1, —1) and an axis at z=1.

The domain expressed by this inequality is below
the parabola y=—(x — 1)’ — 1, which is the shaded
area in the figure on the right.

However, the boundary line is included.
Boundary line is included.
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