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LEVEL

High schools and college after students have

- understood the concept of derivative and integral calculus;
- have a good grasp of conic section in parametric form.

OBJECTIVES

To solve problems on conic section represented parametrically with a graphics calculator.

CORRESPONDING eActivity
PARAMTRC.gle

OVERVIEW

In this activity we will study two problems on parametric equations for conic sections. In
particular the discussion is on using graphics calculator technology to find equations of
tangent, normal and finding the arc length from different approaches.

EXPLORATORY ACTIVITIES

[Note]

We shall use small letter x, y, z instead of capital X, Y, Z as shown on the calculator
throughout the paper.

Here let’s begin with this exploration activity about graphing an ellipse.

Exploration: Suppose a parametric representation of an ellipse is as follow:

x =5cost, y =2sint.

There are a few ways we can graph the ellipse with a graphics calculator.

- Cartesian Form
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One sure way is to express the parametric form to its Cartesian equivalent but the
challenge is always about finding the right Cartesian equation. For these parametric
equations this is not too difficult.

If we now square both sides of these equations then we shall have x2 =52 cos® t,

2 2
y? =22%sin?t or )5(—2 =cos’t, )2/—2 =sin? t. Adding them up gives us the equation of

2 2
X Y _cos?t+sint, or simply
52 22

Open the eActivity PARAMTRC.g1le then the Conic Editor strip "Exp1”. Select to graph the
2 2
ellipse of the form % + g—z =1" by entering the appropriate values. In [Conic] mode

we can choose to find properties of this ellipse such as its focus and eccentricity.

{}:.'—H.':'E o= H.‘-E_l I%
A2
- Ty

: R B

| [ =5 ¥=0

Alternatively, we could graph the ellipse in the Graph mode using a different Cartesian
2 2

equation. If we solve the equation )5(—2 + )2/—2 =1 for y then we would have the following:

2 2 2 2 2

XY Y Xy a2 X

52 22 22 52 52
y?

Graphing these 2 functions on the same set of axes gives us the graph of 5— + 2—2 =1.

Open the Graph Editor strip "Exp2” to graph the two functions.

Flh_Func _:FParam WE=-TT2eCI-He, 0800

a

?L3=251h T
BLdl [—]
WLd: .

¥=- 1. lU4210uz

- Parametric Form
Finally we could graph the ellipse in its original parametric form. Using the strip of "Exp2”,
enter the parametric equations of x =5cost, y = 2sint, then deselect the Cartesian

functions above to graph the ellipse.

T3=Dcos T.Z2=in T
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Any of these 3 approaches can be used to graph other conic sections, depending on the
needs of the problems solving.

Activity 1: The parametric representation of an ellipse is given as x = 3cost,

y = 4sint + 0.5. Find the equations of tangent to the ellipse at t = %

Solution:
A traditional approach is to employ differential calculus to evaluate slope of the ellipse at

t= %, then find the corresponding equation of tangent. With a graphics technology we

can choose to explore the problem graphically first then use a table of values. For this
activity we explore the graph of ellipse in its parametric form.

(a) Open the Graph Editor strip “Act1A”, tap [F3) (F3) to set up [Type] to parametric for
graphing x =3cost, y =4sint + 0.5 and use appropriate View Window setting to view

the graph.

Grarh Func  fFaram = — T
¥i183cos T —1 fI=3ces T-45inm T+0.5
WL184zin T+E.5 ‘/—

- - \

[SEL E0 [ il FlE e o2 ¥=0.5

(b) Trace the graph and try locate where t = % occurs, understanding that % ~1.0472.

Having done that, tap [EN) to enter [Setup] to set [Derivative] on, and re-trace the
graph again.

T1=3co=s T.4d=in T+A.5 Draw Trre EEDHHEGL T1=3co=s T.4d=in T+A.5

(1 (1

_/I Hi-dT=- 2. 628 dY-dT=1. 921

T=1.0EBIUI502
=l.Uys2ei0za2  ¥=U. 00522672 [on [oFs T=1.0EBIYIS02  4%-di=-0.7133

From the graphical exploration of the parametric equations of the said ellipse, we learned

that the point when t = g should occur in first quadrant, and clearly the slope (refer to

% in right screen above) is negative. We should also expect the equation of tangent has

positive y-intercept.
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(c) While tracing of the curve may not able to show the actual point where t = g, we
could tap (F5) (F1) to engage [Y-CAL] to show the actual point. Using g ~1.0472, we

should find that the corresponding point when t :g is (1.5000, 3.9641), correct to 4

decimal places.

I t1=3cos T.d4=in THE. S

Enter T-Ualus I'/_

Til.8d72 '\\ _/,r

T=1.0U12 =CAL|
=1.U499593638 ¥=3.896MIOES13

(d) Finally we need to determine the corresponding slope of the ellipse when t = % which

we could do so at the table of values. While still inside the “Act1A” strip, tap ] to
access other functions where we shall choose to use the Table Editor.

Run

Grarh
ﬁ Grarh Editor
rilon1cs Lrar
W

- LI [G=T

Using (F5) to set up start value of 0 and end value of =, we also use a step size of n/6 to

include the row of t = g Make sure also that [Type] is set to parametric.

Table Sellinag =3cos T.d4=in T+H, drdx

L T__ _Htl i I T8t vRl bl
0.5235 2.598 2.5 - l.5 ] o U EEROR ]
Start:@ 1.0u71 IS 3.59641 -2.598 0.5235 - 1.5 3.UBYI -2.308
End 3, 141539265 1.5701 0 U5 -3 l.0471 -2.588 2
Ster Intg 2.0943 -1.5 3.89641 -2.588 1.5701 -3 o [
1.5 -E. TE98AE4 215
[Fokr [(E0P VAP [E0TT G-Con [6-FLT EDIT [a-COR[GFLT

With the table made, use the arrow keys to explore the table in particular the row where
t = % We should again find the corresponding point as (1.5, 3.9641), with the slope as
-0.7698, correct to 4 decimal places. So using the slope-point form, the equation of
tangent to the ellipse x =3cost, y =4sint +0.5 att = g is
y —3.9641 = -0.7698(x — 1.5) = y -3.9641 = -0.7698x + 1.1547
= y =-0.7698x + 5.1188

We can graph this line equation against the parametric equations of the ellipse to
visualise them (use Graph Editor strip "Act1B".)
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Grarh Func &%= VE=-A.Te30¥+0. 1158
BL1B3cos T [—

YL1Bd4=in T+H.

YZE-H. TE98E+5. 1101

Yo [—1]

ESWIDEL JTYPE]STYL HEMITTTIN =1.U ¥=U. 04108

The graphs drawn support y = -0.7698x + 5.1188 as the tangent we sought. o

In this next problem we want to find the arc length of a section of the circle which is
represented parametrically.

Activity 2: Graph the parametric equations of x =1.7cost, y =1.7sint + 0.85 for

% <t< S?Tt Then, find the arc length of the curve from t = % tot= 5—3“ .
Solution

(a) We begin by exploring the graph of the parametric equations which obviously are the
equations of a circle. Open the Graph Editor strip "Act2A”, set [Type] to parametric for
this matter and graph x =1.7cost, y =1.7sint + 0.85. Use appropriate View Window

setting to view the graph.

c T:Param fi=1.7Tcos T.1.7T=in T+
=in T+HE. 2

Yi3:
[ESMIDEL JTVPELSTYL JGMEH] R

Clearly the graph drawn is a circle, and for the matter of discussion this circle has centre
(0, 0.85) and radius of 1.7.

(b) Trace the graph especially along the section of % <t< 5?“, understanding that

A4 . 2.513 and 2 ~5.236.
5 3

1.7=sin T+ fi=1.7Tcos

T=E.5IEE'1|-IIEE\-I_/ T=5.E'1'15'1555!\-l_d}(

=-1.31532669  '=1.BU823us23 =0.89109055515 ‘=-0.5853574173U

(c) With the circle still drawn, tap (F3 to enter View Window, set [TO@min] as % and

[TBmax] as 5—;, then graph the circle again.

Liew Window [I1ew Mindow fi=1.7Tcos T.1.7=in T+
Ymin f-3.1 “min §-3.

max_ IE.1 max 3.1 (

scalell scalell

amin #4.5m Tamin s2.91327412

max 16.2831853 max 2.31I

FLohiB.BE2E3185 FLchiB. 856283185 [T=5.235981156

=0, B5 ¥=- 0. 6222u3 | BEY
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The section of the circle drawn above is the graph of x =1.7cost, y =1.7sint + 0.85

forﬂgtss—n.
5 3

To find the arc length of the curve for % <t< 5—3“ is to determine the distance traversed

by section of the circle shown in the graphs above. To find the arc length we will use the
integral formula of (see any calculus book)

_ [t dx Y dy2
S = Ll (Ej +[Ej dt.
4r

Here we know that t, =z and t, =5—;; and the derivatives of x =1.7cost and

y =1.7sint + 0.85 with respect to t are
x =1.7cost = — =-1.7sint
dt

y =1.7sint+0.85 = Z—}; =1.7cost

(d) Open the Run strip "Act2B"”. Assign % and 5?75 to some variables; the reason for

doing this is to have more control over the parameters and a tidier screen.

4n
5-}FI

2.5913274123

(e) Tap (F1) to access the definite integral. As the graphics calculator only
performed integration with respect to x, we use x to represent the parameter t in the

following calculations. So now to find the arc length of the curve from t = % to t = on

3
S B RV 2
we enter the definite integral of | (-1.7sint)’ + (1.7 cost)’dt .
Z.5I3Z7A12 Z.SITZTAIZ =T
5-3_n+E %m 5 5. 235937754
. 5. 235987756 . 5. 235987756 JHJ'I:-L?sin w3241, 7
JHDdx JHJ<-1.?sin W32 41 TH q mn:j
lrdil Zi | [E I.rdil 20| [E lrdi] Z0] [E
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And so the arc length of the section of circle from ¢t = % tot= 5—; is = 4.6286. o

EXERCISES
Exercise 1

Redo Activity 1 but this time, find the equation of normal to t = %

Exercise 2
Sketch the curve represented parametrically as x = 2cosht, y =5sinht, from t = —%

tot = % Then, find the arc length of the curve from t = —% tot = E

5

SOLUTIONS to EXERCISES

Exercise 1

For this exercise we will not explore the ellipse graphically as we have done this at
Activity 1. Open the Table Editor strip of "Ex1A"”, then make and explore the table of

values of the ellipse. When t = %, we find the corresponding point as (1.5, 3.9641), with

the slope -0.7698, correct up to 4 decimal places.

Table Func fFaram Table Setlina dwrdx
HL1B3cos T [—1] = T #4717l Ll
YL1B4=in T+A.5 ] o U ERROR ]
Startif 0.5335 - 1.5 3.4EYI -2.309
: End :3,14159265 1.0u11 -2.598 2 JPEIE
HL3: [—1] Ster insg 1.5701 -3 ] [
Y3 -H. TE90AE4215
[N OEL JTVPELSTYLISE T I [Fokr (S0P AP [E0TT |6-CoH [GFLT

Based on the property that slope of normal is the negative reciprocal of slope of tangent,
and using the slope-point form, the equation of normal to the ellipse x =3cost,

y—4sint+05att="isy-3.9641=—1 (x-1.5).0
3 0.7698

Exercise 2
Open the Graph Editor strip "Ex2A”, set [Type] to parametric and enter the parametric
equations of x = 2cosht, y =5sinht (use to access hyperbolic functions.) We

could set [TOmMin] as —r and [T@max] as = to view more of the graph.

Liew Window Grarh Func_ fFaram fil=Zcosh T.2=ink T
Ymin =-12.4 GL1B2cosh T [—1]
max i12.4 YWLiB85sink T
scale:tl Pﬂl
Tamin -3.1415926 :
max M LI [—] E\
FlLchiB. BEZ83185 pansH r=n
[EEMIDEL JTYFESSTYL JGHER] T =2 vz
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Apparently this is one branch of the hyperbola x = 2cosht, y =5sinht . With the

hyperbola still drawn, tap (F3) to enter View Window, set [TBmin] as —% and [T6max] as

2n . . . T 2n
3 and graph again to view the section of the hyperbola for t = ~2 and t = <
Liew Window ti=Zcosh T.5=sinh T
Ymin i-12.4
max i112.4 J
scaleil
Tamin ®-H.7853981 |
max 2ma5
FLochil, BE2233185 IT=0. 2821433388
=2.080UT1B01  %=1.43IE3EULT

The derivatives of x = 2cosht and y =5sinht are % = 2sinht and Z—); =5cosht.

B
Enter the definite integral of J;\ J@sinht)® + (5coshtfdt in the Run strip “Ex2B” to

calculate the arc length. Here A and B are assigned the values of —% and %

respectively.

-8, TERAREE e

n
5 *E

- 1, 256637061
JHJtzsinh w32+ (Booshk
[z [cozhI Ltk lsitib [0k Ralb |

PUMEIDEL JyrnMATH

The arc length of the section of hyperbola from t = —% tot= % is = 12.71. o
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