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LEVEL
High school or university students who have studied the pre-Calculus subjects such as
polynomial and trigonometric functions.

OBJECTIVES
To explore the use of calculator in understanding the slope of a tangent line at one point
or derivative at one point and its applications.
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OVERVIEW

Many students know how to compute the derivative of a function at one point by
memorizing a proper formula but lack the understanding of the concept. We will use
CASIO 9860 model to explore this concept from various angles.

(i) We will study the concept of derivative at one point numerically and also with an aid of
animations.

(ii) We will use the concept of the derivative at a point to approximate numbers
numerically.

EXPLORATORY ACTIVITIES

[Note]

(@) We shall use small letter x instead of capital X as shown on the calculator throughout
the paper.

(b) Unless otherwise specified, we choose MATH mode in the SET UP menu. Go to RUN
mode in the Menu. Then press A SET UP and choose Math in the Input Mode, which
we show below:
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The derivative of a function f at a number a in its domain is the limit

fla+h)—f(a)

h—0 h

lim
we explore the above limit from the right (A — 0") and from the left (2 — 07).

Activity 1: For f(x)=-x"—x+1,and a=-1.5,
fla+h)-f(a)
h

a) find lim, ,, with h decreasing from h=0.01 to 0.001 with step

size -0.001.

b) find lim,_,,

f(“hz_f(“) with h increasing from h=-0.01 to -0.001 with step

size 0.01.
Solution:

a)
Step 1. (Open limit from the right for Activity 1) Notice that we have defined Y1 to be

YI(-1.5+h) - Y1(-1.5)
h

—x>—x+1 and Y2 to be . We use the following table value before

we explore the table for Y2.

ﬁable Selttine

Fl s 1e-
Ster 1-1e-A3

Step 2. With Y2 being selected, we show the table for Y2 as follows:

V=N I -1 . 5+50-W10-1.
B [

{ 23 l::iﬁJ

2E-3 1.888
IE-3 WIFEEE
1.939

[FORH [P [EnIT G-Con[G-FLT

We notice Y2 is close to 2.

b)
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Step 1. (Open limit from the left for Activity 1) Notice that we have defined Y1 to be

—x*—x+1 and Y2 to be YL+ hz — Y=L . We use the following table value before

we explore the table for Y2.

ﬁable Setting

Fl i-1e-
Ster 11e-63

Step 2. With Y2 being selected, we show the table for Y2 as follows:

V=PI -1. 5+E-YI0-1.
3 ia

E:EE§|

E

We notice Y2 is close to 2.
Step 3. We check the answer numerically by opening ‘check (RUN editor)’. The answer is

shown below:

We recall the derivative of a function f at a number a in its domain is the limit

i, , L@ D=1,

the derivative can be illustrated graphically by drawing a family of secant lines through
the point (a,f(a)) with slopes

fla+h)-f(a)
h

for a variety of values of h that are taken closer and closer to 0. For each chosen value of
h, the equation of the line that joins the points (a,f(a)) and (a+h,f(a+h)) is
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y=f(a)+

f(a+h})l—f(a) (x—a) Equation (1)

Activity 2: Explore the secant lines with h decreases from 2 to 0.1 and step size -0.1.
Solution: Open ‘animation’ under Activity 2. We see that Y1=f(x) and Y2 is the tangent
line equation with various h’s. We proceed as follows:

Step 1. We set the View window to be ‘Standard’:

max =3

.l
[IHIT TRIG[ETD P |

Step 2. We set the variable H (in Y2) to be as follows:

Too Manr Funclions
Eynamlc Setling

Ster :-6.1

Step 3. We execute the animation and ‘conjecture’ that the secant lines will get toward
the tangent line when H gets smaller, which we show in the following screen shots below:

e A

) TN
A /
WAL o d 1\

Therefore, we conjecture that the

lim f(a+h)_f(a)

h—0
h

=1.3

is the slope of the tangent line for the function f at x=a.

We use the tangent line at (a, f(a)) as an approximation to the curve y=f(x) when x is
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near a. An equation of this tangent line is
v = f(a)+ f'(a)(x —a) Equation 2.

And the approximation f(x)= f(a)+ f'(a)(x —a)is called the linear approximation or
tangent line approximation of f at a.

Activity 3: Use a linear approximation to estimate the values 2°* and 2°*.
Solution: Consider Equation 2 above, we see

702 _ A0 + £'(0)(0.2 - 0) and 204 _ »0 + /'(0)(0.4-0).

We open linear approx. of Activity 3, and we see the approximations of 2°? and 2 to
be around 1.138629 and 1.2772589, which we show the screen shots respectively below.

g O, 69314 TIEEE
2 oM 2B M@, 2-@0
. B. 6931471506 1, 1389629436
oM mc@, 2-@0 & -

1. 132629436 SR L

We note that the approximation of 2°* should be better than that of 2°* because 0.2 is

closer to 0 than 0.4 is. We show the true values of 2°% and 2°* below. (Open true
values)

B2

1. 148698353
8. 4

1.319587911
0
pIUMEIDEL JvHATIMATH

EXERCISES
Exercise 1. For f(x)=sinx, and a=0,

fla+h) - f(a)
h

(i) find lim, ,, with h decreasing from h=0.01 to 0.001 with

step size -0.001.
fla+h)-f(a)
h

(i) find lim,

with h increasing from h=-0.01 to -0.001 with

step size 0.01.

Exercise 2. Use a linear approximation to estimate the values +/0.99 , +/1.01 and ~/1.05.
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SOLUTIONS

Exercise 1.
(i) Open Ex 1. (i), we set the values for h as follows:

ﬁable Selttine

Fl -
Ster f-1g-83

to be close to 1 as shown below:

fla+h)-f(a)
h

And we see the table values for

V2= NI B+ =N1 OB+
i i

|

(ii) We open Ex. 1 (ii) and set the values of h to be as follows:

ﬁable Settina

A t-1e-
Ster 11le-83

And we see the table values for is close to 1 as shown below:

fla+h)—f(a)
h

- 1E-3 TEEEH
1, S99 E33

We conjecture that the lim, is to be 1. We open ‘Ex1-check’ to verify

Sf(O0+h) - f(0)
h

our answer:

o . _.
reR = LU PR
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Exercise 2. We use f(x)= f(a)+ f'(a)(x—

a) and f(x)= Jx with @ =1. We open Ex2.

We show the approximations for 4/0.99 and +/1.01 respectively as follows:

d
AT G| g 908, 991

6. 935
a

[MA T 3561 Ak S |d i i IR

T+ TR o %08, 93-F
4 B.995
L WD) ot 81-10
1.885

MA T3 30] HbS | /d e 2 I

We show the approximation for +/1.05 as follows:

T+ V[ o %01 B1-10
4 1.@E5
T D)o #01.85-10
1.825

O

We open Ex 2.-check to check the true values for these three numbers, which we show
below:

B. 9349874571
1. 884927263
1. 824633877
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