
MATHEMATICAL THINKING WITH CLASSWIZ
INTRODUCTION

Mathematical thinking entails the application of mathematical concepts to solve various problems most efficiently and to clearly communicate the solutions. A majority of learners are not endowed with a natural mathematical thinking ability. Even where they project an understanding of concepts, they quite often still face challenges applying the concepts in new and unfamiliar situations. Thankfully, Kenya’s Mathematics curriculum encourages the teaching of mathematical thinking as opposed to rote learning. Good teachers, sometimes without even realizing it, do apply techniques that to various extents, are consistent with mathematical thinking. Teaching mathematical thinking is ideally not different from the much acclaimed heuristic teaching methods. It involves engaging learners’ cognitive skills for example in identifying patterns, exploration, discovery, prediction, generalization, identification of mistakes and correcting them, making connections between problems and/or concepts, switching of strategies if one is not working… It is an effective method of motivating learners to explore further when they realize that their own creativity is consistent with established mathematical ideas and that these ideas can be used not only to explain but to solve real-world problems. 
The objective of this presentation is to demonstrate to teachers how CLASSWIZ can be used to prepare simple worksheets to be used during lessons to:

1.Support concept development.

Learners who participate in developing concepts own those concepts and are motivated to apply them in problem solving. 

2.Support learners in making connections between mathematical concepts and between mathematical concepts and problems.

Good problem solving skills require learners to master mathematical concepts, their interrelationships and their relationships with real-world problems.
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WORKSHEET I: INDICES
Key functions for INPUT 
Using the CLASSWIZ to investigate the laws  of indices. 
	INPUT
	OUTPUT
	LAW

	22 x 23
	
	na x nb =

	25 ÷ 22
	
	na ÷ nb =

	20
	
	n0 =

	2-1
	
	n-a =

	2-2
	
	

	2-3
	
	

	4½
	
	n1/a = 


	8⅓
	
	

	16 ¼
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WORKSHEET II: LOGARITHMS TO BASE 10
Key function: 

Use the CLASSWIZ to complete the table below.

	Index notation
	Logarithmic notation

	101 = 10
	log 10 =

	102 = 100
	log 100 =

	
	log 1000 = 3

	
	log 2 = 0.3010 (to 4 s.f.)

	100.4771= 2.999 ≈ 3
	log 3 =


(a)Define log x where x is any number…………………………………………………………….
(b)What is log 10 to base 10?............................................................................................................
(c)Explain why the OUTPUT for log 0 is MATH ERROR………………………………………..
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WORKSHEET III: ANTILOGARITHMS:
Key function:  

Use the CLASSWIZ to complete the table below.

	INPUT (Number)
	OUTPUT (Antilog)

	1
	

	2
	

	3
	

	0.3010
	

	0.4771
	


Define the antilog of a number x…………………………………………………………………..
WORKSHEET IV: LOGARITHMS To BASE n
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  Key function: 

Use CLASSWIZ to complete the table below.
	Index notation
	Logarithmic notation

	21= 2
	log22 =

	22= 4
	log24 =

	23= 8
	log28 =

	
	log21=

	
	log82 =

	34 = 81
	

	
	log31

	
	log5625=

	41/2 = 2
	

	
	log1/416


(a)Given that xn = x, what is the value of n?..............................................................
(b)Given x is any number, what is the value of x0………………………………… 
	ACTIVITY (for teachers)

Develop worksheet that learners may use with CLASSWIZ to discover the laws of logarithms:

(i)log A + log B = log AB (ii) log A – log B = log (A/B) (iii) log An = nlog A




WORKSHEET V: ZERO IN DIVISION.

Where x is any number, use CLASSWIZ to complete the table below.

	INPUT
	OUTPUT
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(a)What is:

(i)zero divided by any number? …………………………………………………….

(ii)any number divided by zero?.................................................................................

Notice that generalization is an important component of mathematical thinking.
	The teacher is to explain to learners the meaning of the OUTPUT for x divided by zero as MATH ERROR and introduce them to infinity (∞)


WORKSHEET VI: INTRODUCING TRIGONOMETRIC RATIOS
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Consider the common right angled triangle with dimensions base,x = 3, height, y = 4 and hypotenuse, r =5 units.

INPUT: 
OUTPUT: r = 5, Ө = 53.130 (to 2 decimal places where Ө is the angle between the hypotenuse and the base)
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By varying r while keeping Ө constant, obtain values of x and y i.e. corresponding dimensions of similar triangles. 
INPUT: 
	R
	x
	Y
	y/x(to 2 d.p)
	y/r (to 2 d.p)
	x/r (to 2 d.p)

	5
	3.000
	4.000
	
	
	

	6
	3.600
	4.799
	
	
	

	7
	4.200
	5.599
	
	
	

	8
	4.800
	6.399
	
	
	


(a) Complete the table.

(b) What do you notice about the ratios y/x, y/r and x/r for Ө = 53.130?

(c)  Is your answer to (b) true for other values of Ө?
	At this point, the learner finds it easy to understand the definitions of Tangent (tan), Sine (sin), Cosine (cos) and their inverses i.e tan-1, sin-1 and cos-1.  


WORKSHEET VII: INVESTIGATING HOW THE THREE TRIGONOMETRIC RATIOS VARY WITH ANGLES BETWEEN 00 AND 900
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Consider a right-angled triangle of base = x units, height = y units, radius, r = 5 units and the angle between the base and the hypotenuse, Ө = 100
INPUT:  
OUTPUT: x = 4.924 units, y = 0.8682 units.
By varying Ө while keeping r constant, complete the table below.

	Ө0
	x
	Y
	y/x
(tangent)
	y/r
(sine)
	x/r
(cosine)

	0
	5.000
	0.000
	
	
	

	10
	4.924
	0.8682
	
	
	

	30
	4.330
	2.500
	
	
	

	50
	3.214
	3.830
	
	
	

	70
	1.710
	4.698
	
	
	

	90
	0.000
	5.000
	
	
	


(a)State the relationship between x and y. 
(b) How tangent, sine and cosine of angles vary between 00 and 900
(c) Explain why tan 00 = sin 00 = 0 and cos 900 = 1

	The teacher may refer learners to the concept of zero as a denominator to explain why the OUTPUT for tan 900 = MATH ERROR (i.e.∞) 


WORKSHEET VIII : NUMBERS AND THEIR PRIME FACTORS
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Use the CLASSWIZ to complete the table below.
Key functions after INPUT:  
	INPUT
	OUTPUT (Prime factors)

	8
	

	44
	

	560
	


(a)Find the largest number that divides all of the above numbers without leaving a remainder. 
………………………………………………………………………………………………………

(b)State the term for the answer in (a) above…………………………………………………
(c)Find the smallest number that all the above number can divide without leaving a remainder.
……………………………………………………………………………………………………

(d)State the term for the answer in (b) above…………………………………………………….
	INTERESTING!

Developing mathematical thinking may be as simple as asking learners to communicate the mathematics behind the differences between CLASSWIZ’S INPUT and the OUTPUT. 
INPUT
OUTPUT

EXPLANATION
-12 ÷ (-3) x 4 – (-15)
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This indicates that calculators even in their basic roles as tools for crunching figures can still be used in learning and not to encourage laziness.
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WORKSHEET IX : FRACTIONS AND DECIMALS
Key functions:  

Use CLASSWIZ to complete the table below.
	INPUT 

Fraction


	OUTPUT

Mixed fraction/Improper fraction
	MATHEMATICAL 
EXPLANATION

OF INPUT TO OUTPUT.
	OUTPUT

Decimal
	MATHEMATICAL 

EXPLANATION

OF INPUT TO OUTPUT.
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*2 hours 30  minutes = 2.30 hours!
WORKSHEET X: SURDS
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Use CLASSWIZ in the default mode to complete the table below. 

Show mathematical explanations where the OUTPUT is different from the INPUT.
	
	INPUT


	OUTPUT
	MATHEMATICAL EXPLANATION

	(i)
	√3
	
	

	(ii)
	√4
	
	

	(iii)
	3√5
	
	

	(iv)
	√2 + 3√2
	
	

	(v)
	3√7 - 2√7
	
	

	(vi)
	2√9
	
	

	(vii)
	5 + 2√7
	
	

	(viii)
	5 x 2√7
	
	

	(ix)
	√7 x √7
	
	

	(x)
	√7 x 3√7
	
	

	(xi)
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	(xii)
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	(xiii)
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	(xiv)
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	(xv)
	√-16
	
	

	(xvi)
	√0
	
	


 (a)List numbers for expressions which you think are not surds. 
……………………………………………………………………………………………………………
(b)What are surds?
………………………………………………………………………………………………………………………………………………………………………………………………………………….....................
WORKSHEET XI : PERCENTAGES, FRACTIONS AND DECIMALS.
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Use CLASSWIZ to complete the table below.

	INPUT(Percentage)
	OUTPUT(Fraction)
	OUTPUT(Decimal)

	50%
	
	

	100%
	
	

	130%
	
	


WORKSHEET XII: INVESTIGATING GRAPHS OF TRIGONOMETRIC FUNCTIONS.

Use the TABLE FUNCTION of CLASSWIZ to complete the table below.
	x0
	0
	30
	60
	90
	120
	150
	180

	y = sin x
	
	
	
	
	
	
	

	y= 2sin x
	
	
	
	
	
	
	

	y= 3sin x
	
	
	
	
	
	
	

	y = sin (x +300)
	
	
	
	
	
	
	

	y= sin (x - 300)
	
	
	
	
	
	
	


(a)Draw the first three graphs on the same axes.
(b)What does n represent in a graph of y = nsinx?....................................................................

(c)Draw the graph of y = sin x and the last two graphs on the same axes.

(d)What do + Ө and – Ө  represent in graph of y = sin (x + Ө) compared to the graph of y = sin x?.................................................................................................................
	ACTIVITY (for teachers)
Develop a worksheet that learners may use with CLASSWIZ to: 

1. Investigate how the number of significant figures in a calculation affects errors in computations. 

2. Investigate relationships between various trigonometric concepts e.g.
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 = tan Ө    (ii) sin2Ө + cos2Ө = 1 etc.

3.To discover the meanings of standard deviation, variance, quartiles…

4. Develop Pascal’s triangle using CLASSWIZ’S nCr function and compare it with one developed using the textbook  method and use them to recognize patterns in Binomial expansions.
5. Investigate the relationship between the sign of a in ax2 + bx + c = 0 and the nature of a quadratic graph.


A DISCUSSION ON STATISTICS

(a)MEAN,MEDIAN AND MODE OF LISTED DATA AS BASIC STATISTICS CONCEPTS

Learners usually face little difficulties with these measures especially for small populations. 

EXAMPLE.

Use the CLASSWIZ (or otherwise) to determine the mean, median and mode of the data set {2,3,4,4,4,5,5,7,9}

Mathematical thinking may be useful for example in deciding on which of the three to use for analyzing a given data set.  

	ACTIVITY (For teachers)

Look for data sets and use them to explain to learners  why one of the measures of central tendency (mean or median or mode) may be more appropriate than the others in data analysis.


Mathematical thinking is necessary when other methods are used in determining the above measures. 

EXAMPLE
Kathy explains an unusual way of finding the mean of the data set  {82,68,50,100}. She says, “First I guess a mean; say it’s 80. Then I find that the differences from 80 of the data are +2, -12, -30, and +20 for a sum of -20. On average, the data values are -20/4, or -5, from my guess. That means that the real mean must be 80 – 5, or 75. Check this out. It really works!” 
(a) Use Kathy’s method to find the mean of the data set {13,29,19,15,24,26}

(b)Explain why Kathy’s method works.

Like in the use of assumed mean to calculate mean, mathematical thinking is necessary to calculate median for grouped data. Learners need to understand the logic behind the formula.
(b)ADVANCED CONCEPTS IN STATISTICS

These include standard deviation, variance, quartiles for data when analyzed with concepts like frequency and groups. In most cases, students do not face serious challenges when they use tabulation methods. Also, CLASSWIZ can be used to conveniently calculate the measures.

EXAMPLE

In a test taken by 40 pupils, the marks obtained out of 10 were:

	Marks
	3
	4
	4
	6
	7
	8
	9
	10

	No of pupils
	2
	1
	3
	11
	12
	8
	3
	0


Determine the statistical calculations (mean, median, standard deviation, variance, quartiles…)

Mathematical thinking goes beyond calculating these measures to an understanding of their meanings and how those meanings may be applied. 
For example, can learners communicate a statistical analysis of the following sets of data representing the scores of two groups of students in a test?

{12, 18, 17, 19, 35, 37, 68, 90} and {44, 45, 40,51, 58, 56, 60, 67}  
CONNECTIONS BETWEEN MATHEMATICAL CONCEPTS AND REAL-WORLD PROBLEMS
The essence of mathematical thinking is to enable humankind solve real-world problems. 
EXAMPLES

1. A farmer has 1700 shares at a cooperative society. He sells 300 shares and later buys 200 shares. Without using the subtraction sign, work out the number of shares he finally had.  

2. A ladder of length √45 m is placed against a vertical wall such that its foot is on a horizontal ground 6 m from the foot of the wall. Find the height at which its head is to be fixed? 

3. A school has 500 students to go for a trip. Each bus carries 44 students. How many buses are needed?

4. After how many years will a principal of KSh. 0.2 million increase by 30% when invested at 15% compounded half-yearly?  

5. What is the significance of the point of intersection of the graphs whose equations are:
    y = 5x – 4 and y = 3x + 2?
6. A factory uses the value of π = 3.1 to calculate cross-section area of cylinders of diameter 20 cm and height 10 cm. Another factory uses π = 3.142 for similar cylinders. For at least how many cylinders manufactured does the amount of material used by each of the two factories differ by 100 cm3?

8. The marks scored by a group of form two students in a mathematical test were as recorded in the table below. Obtain the statistical calculations
	Marks 
	0-9
	10-19
	20-29
	30-39
	40-49
	50-59
	60-69
	70-79
	80-89
	90-99

	Frequency 
	1
	2
	4
	7 
	10
	16
	20
	6
	3
	1


9. A state trooper wondered if the speed distributions are similar for cars travelling northbound and for cars travelling southbound on an isolated stretch of a highway. He uses a radar gun to measure the speed of all northbound and all southbound cars passing a particular location during a fifteen-minute period. The results are below:


Write a few sentences comparing the speeds of the northbound cars and southbound cars at this location during the fifteen minute time period.

10.An oil dealer has two underground tanks of capacities 3000 litres and 5000 litres. He intends to buy an oil tanker that can fill any of the two tanks exactly. Determine the largest capacity of the tanker that he should buy.  
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Prepared for CASIO GAKUHAN – KENYA.
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